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THEME

Most physical systems are ‘distributed’, with independent variables

time and space.

This explains the central role in physics of PDE’s.

N
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THEME

Most physical systems are ‘distributed’, with independent variables
time and space.

This explains the central role in physics of PDE’s.

How do we incorporate this structure in our framework?
What does, for example, controllability mean?

When are such systems dissipative? What is the storage function?

N
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OUTLINE

Examples

Behavioral n-D systems

Systems described by linear PDE’s
Controllability & Observability

3 central theorems

Dissipative distributed systems

Factorization of polynomial matrices
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‘ EXAMPLES '

/
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/1. Heat diffusion

q(x,t)

vy

.

T(x,t)

Examples




/1. Heat diffusion \

q(x,t)
| %
>
X
T(x,t)
The PDE
82
T = T
ot oz2 T4

describes the evolution of the temperature 7' (x, )
(x € R position, t € R time) in a medium

and the heat q(x, T') supplied to / radiated away from it.

- /
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/1. Heat diffusion \

q(x,t)
| %
>
X
T(x,t)
The PDE
82
T = T
ot oz2 T4

describes the evolution of the temperature 7' (x, )
(x € R position, t € R time) in a medium

and the heat q(x, T') supplied to / radiated away from it.

KWe wish to develop a theory that treats « and ¢ on the same footing. /
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/2. Coaxial cable \

!! Model the relation between the voltage V' (x, t) and

the current 7 (x, t) in a coaxial cable.

@ > " TV(X,‘[)
~» The PDE’s
0 0
—V = —Lo—1, (VI)
ox ot
0 0
—I = —Cy—V. (IV)
ox ot

Qith Lo the inductance, and Cj the capacitance per unit length.

/
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These imply the ‘consequences’

and

Wave eqn’s.

N

2 82
—3532‘/ — L()CQ@V,

i I = LyC 82 I
ax2” ~ 0 Yotz

(V)

)

/
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Leads to the questions

e V)+()= (VIH+UV)?
o V)+()+(VI) = (VI)+U{V)?

to decide equivalence.

N

e Are (V), (I) really consequences of (VI)+ (IV)?

e Does (V') express all the constraints on V' implied by (VI)+ (IV)?

e Develop a calculus to obtain all consequences, to compute this elimination,

/
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K’V ith boundary conditions (cable of length L): \

!! Model the relation between the voltages Vj, V7 and

the currents I, I; at the ends of a uniform cable of length L.

- /
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K’V ith boundary conditions (cable of length L): \

!! Model the relation between the voltages Vj, V7 and

the currents I, I; at the ends of a uniform cable of length L.

L

Introduce the voltage V' (x, t) and the current flow I (z,1) 0 < « < L in the

cable.
I(x,t)

Lecture 9 Examples
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~» The equations:

0 0
—V — —LO—I,
ox ot

0 0
—I = —CoV,
ox ot
W(t) = V(0,1),
Vl(t) — V(Lat)a
Iﬂ(t) — I(O?t)a
L(t) = —I(L,t).

- /
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Viewed as a black box
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Gelation between Vg, V;: \

2 2

0
asz = LoCo@V, Vo(-) = V(0,+), Vi(-) = V(L,"),

and between Iy, I4:

3:1:21 = LOCO@I, Io(:) = I1(0,.), I (:) = I(L, ).

- Y,

Lecture 9 Examples




Gelation between V;, V;:

2 2

o0
awzv = L()CO@V, V()() — V(O, '), Vl() — V(L, '),

and between I, I4:

3:1:21 = LOCO@I, Io(:) = I1(0,.), I (:) = I(L, ).

e Two terminal variables are ‘free’, the other two are ‘bound’,
(free = one voltage, one current, bound = one voltage, one current), but
there is no reasonable choice of inputs and outputs!

for ‘off-the-shelf’ modeling.
e What is the role of V (x,%) and I (x,t), 0 < x < L,

in modeling the relation between V, Iy, V7, I1?

N
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/If terminated by an impedance ~» undesirable reflections.

characteristic impedance

R =

Lo

Co => no reflections!

I(x,t)

PLANT

CONTROLLER

+ +
A\A \A

N
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G’ terminated by an impedance ~» undesirable reflections.

characteristic impedance

R =

Lo

Co

I(x,t)

=> no reflections!

PLANT

CONTROLLER

+ +
A\A \A

We view this termination as a behavioral controller. In this ex., the classical

sensor-to-actuator feedback interpretation is an illusion.

Q very many such examples of controllers.

/
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3. Maxwell’s eqn’s

- 1
V-E = — P
€0
- 0 -
VXFE = ——B,
ot
V-B = o0,
c’VxB = —j3+4 —F
€0 ot

Set of independent variables = R x R3 (time and space),
dependent variables = (E . B, ;, P)
(electric field, magnetic field, current density, charge density),
€ R3 x R3 x R® xR,

the behavior = set of solutions to these PDE’s.

- /
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K\I ote: 10 variables, 8 equations! =- d free variables.

N
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/N ote: 10 variables, 8 equations! =- d free variables. \

We wish to see this as an 4-D system,

independent variables: time and space.

- /
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K\I ote: 10 variables, 8 equations! =- d free variables. \

We wish to see this as an 4-D system,

independent variables: time and space.

Which PDE’s describe (p, E , f) in Maxwell’s equations ?

- /
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K\I ote: 10 variables, 8 equations! =- d free variables.

We wish to see this as an 4-D system,

independent variables: time and space.

Which PDE’s describe (p, E , f) in Maxwell’s equations ?

Eliminate B from Maxwell’s equations ~»

V-.-E

a — —
—V-E4+V-j

EOBt + J

0% - o -

—__E VX VXE 4+ —
antz + €oC + atj

N
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Gotential functions

N

and the

The following equations in the

scalar potential ¢ : R x R® — R

vector potential A : R x R3 — R3,

generate exactly the solutions to Maxwell’s equations:

;o =

o}

2 vy
ot ’
V X ff,

82 1 2 2 A 2 1 (9
60@14 — &gC V<A + €oC V(V . A) —+ €O—V¢,
—eoﬁv-fi’— eoV230.

ot

ot

/
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Geads to the following questions:

N

/
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Geads to the following questions:

» Is there a fundamental reason why the behavior of (p, E v 7)

is also described by a PDE?

N

‘Elimination’ issue.

—_

/

Lecture 9

Examples



Geads to the following questions: \

—_

» Is there a fundamental reason why the behavior of (p, E v 7)

is also described by a PDE? ‘Elimination’ issue.

» When and why is a representation in terms of a potential possible?

‘Image representation’ issue.

- /
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Geads to the following questions: \

—_

» Is there a fundamental reason why the behavior of (p, E v 7)

is also described by a PDE? ‘Elimination’ issue.

» When and why is a representation in terms of a potential possible?

‘Image representation’ issue.

! Derive algorithms for elimination, image representation. j

Lecture 9 Examples
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‘ BEHAVIORAL n-D SYSTEMS '

/
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A system = |3 = (T, W, 2B)

T, the set of independent variables,

W, the set of dependent variables,

B C W' : the behavior

N

(= the admissible trajectories).

/
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3

= (T, W, )

For a trajectory w : T — W, we thus have:

w € 5 : the model
w & B : the model

N

allows

forbids

the trajectory w,

the trajectory w.

/
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3

= (T, W, )

For a trajectory w : T — W, we thus have:

w € ‘B : the model
w & B : the model

allows

forbids

the trajectory w,

the trajectory w.

T = R (in continuous-time systems),

T = R* (in n-D systems),

W C R¥ (in lumped systems),

or a finite set (in DES).

N

/

Lecture 9

Behavioral n-D systems



/ > = (T, W, 98) \

For a trajectory w : T — W, we thus have:

w € ‘B : the model allows the trajectory w,

w & B : the model forbids the trajectory w.

T = R (in continuous-time systems),

T = R* (in n-D systems),

W C R¥ (in lumped systems),
or a finite set (in DES).

Emphasis today: T =R", W = R",
\ 8 — solutions of system of linear constant coefficient PDE’s. /
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First principles models invariably contain auxiliary variables,

in addition to the variables the model aims at.

~~» Manifest and latent variables.

Manifest = the variables the model aims at,

Latent = auxiliary variables.

We want to capture this in a mathematical definition.

/
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A system with latent variables = || X = (T, W, L, Brun)

T, the set of independent variables.

W, the set of manifest dependent variables

(= the variables that the model aims at).

IL, the set of latent dependent variables

(= the auxiliary modeling variables).

Bean C (W x L) : the full behavior

N

(= the pairs (w,£) : T — W X L that the model declares
possible).

/

Lecture 9 Behavioral n-D systems



The manifest behavior

The latent variable system X = (T, W, L, B¢,1) induces
the manifest system ¥ = (T, W, B), with manifest behavior

B={w:T—W|3 £:T — L such that (w, £) € B}

N

/
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The manifest behavior

The latent variable system X = (T, W, L, B¢,1) induces
the manifest system ¥ = (T, W, B), with manifest behavior

B={w:T—W|3 £:T — L such that (w, £) € B}

In convenient equations for *5, the latent variables are ‘eliminated’.

N

/
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1. Heat diffusion

Examples

N

q(x,t)

Iy
7

T(x,t)

/
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/ Examples

1. Heat diffusion

q(x,t)

Iy
7

T(x,t)

T = R? (time and space);

W = R4 X R (temperature and heat);

k% = sol’ns to the PDE, the diffusion eq’n.

/
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6 Coaxial cable \

1(x,t)

—_—
+
X
V(x,t)

Consider the voltage as the variable the model aims at.

- /
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6 Coaxial cable

0

Consider the voltage as the variable the model aims at.

T = R? (time and space);
W = R (voltage);

L. = R (current);

B eun = sol’ns to the PDE’s;

K%= sol’ns to

1(x,t)

V(x,t)

_V‘?

/
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/3’. Coaxial cable of length L. \

Consider the terminal variables as the variables the model aims at.

- /
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/3’. Coaxial cable of length L.

Consider the terminal variables as the variables the model aims at.

T = R (time);
W = R* (2 voltages, 2 currents),
latent variables=V (x,-), I(x,-);0 < x < L

(voltage and current in the coax)

B runl = sol’ns to the PDE’s + boundary conditions.

k%= sol’ns to ... ?

/
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6 Maxwell’s eqn’ns

T = R4, W = R'°, B = solutions to ME.

N

/
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6 Maxwell’s eqn’ns \

T = R4, W = R'°, B = solutions to ME.

If we view the electrical variables as manifest, and B as latent
T=R4,W=R",L =R3,

Bran = solutions to ME, 25 — solutions to eliminated eq’ns?

- /
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6 Maxwell’s eqn’ns \

T = R4, W = R'°, B = solutions to ME.

If we view the electrical variables as manifest, and B as latent
T=R4,W=R",L =R3,

Bran = solutions to ME, 25 — solutions to eliminated eq’ns?

If we consider the representation in terms of the potentials ¢, A
T =R, W =R, L = R4,

K%fu]] = solutions to potential eqn’s, 23 — solutions to ME? j

Lecture 9 Behavioral n-D systems
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LINEAR DIFFERENTIAL SYSTEMS '

/
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We now discuss the fundamentals of the theory of n-D systems

> = (R*, R¥, )

that are

- /
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We now discuss the fundamentals of the theory of n-D systems

> = (R*, R¥, )

that are

» linear, meaning [(wi,ws; € B) A (a,8 € R)] = [aw; + Bw, € BJ;

- /
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We now discuss the fundamentals of the theory of n-D systems

> = (R*, R¥, )

that are

» linear, meaning [(wi,ws; € B) A (a,8 € R)] = [aw; + Bw, € BJ;

» shift-invariant, meaning [(w € B) A (x € R?)] = [o%w € B],
where 0% denotes the x —shift: for x = (1, x2,...,2,) € R?,

(c®f)(xy, x5y ... xl) i = f(z) + 1,25 + 22, ..., 2] + )

- /
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We now discuss the fundamentals of the theory of n-D systems

> = (R*, R¥, )

that are

» linear, meaning [(wi,ws; € B) A (a,8 € R)] = [aw; + Bw, € BJ;

» shift-invariant, meaning [(w € B) A (x € R?)] = [o%w € B],
where 0% denotes the x —shift: for x = (1, x2,...,2,) € R?,

(c®f)(xy, x5y ... xl) i = f(z) + 1,25 + 22, ..., 2] + )

» differential, meaning ‘B consists of the solutions of a system of PDE’s.

- /
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n-D systems described by PDE’s

T = R", n independent variables,
W = R", w dependent variables,

S8 — the solutions of a linear constant coefficient system of PDE’s.

N /
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n-D systems described by PDE’s

T = R*,n independent variables,
W = R¥, w dependent variables,

S8 — the solutions of a linear constant coefficient system of PDE’s.

Let R € R**"[&q, - ,&,], and consider

R(aiwla 931%)7”:0 (%)

Define its behavior
B = {w € €°(R*,RY) | (*) holds } =ker(R(8iml, vee %))

N /
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Define its behavior

n-D systems described by PDE’s

T = R", n independent variables,

W = R¥, w dependent variables,

S8 — the solutions of a linear constant coefficient system of PDE’s.

Let R € R**"[&q, - ,&,], and consider

R(ai:m""

aaimn)w =0 (*)

B = {w e €°(R*, RY) | (%) holds } =ker(R(8iml, I 81%))

¢ (R", R") mainly for convenience, but important for some results.

Identical theory for ©’(R", R¥).

/
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Polynomial matrix notation for PDE’s:

PDE:
0?2 0
wy(x1,x2) + s wi(T1,x2) + wa(x1,22) = O
8332 3$1
03 o
’ PN ’ PN ’ = 0
wa(x1,T2) + Bmgwl(wl r2) + 3m‘11w2(m1 T2)
)
Notation:
§1 < 0 §2 < 0
! (9.’21 2 sz
w 14+¢€2 ¢
w = ! , R(&1,&2) = 32 ! Al
_w2_ i 52 1+§1_
0 o0
R( . Jw =0
8:131 Bmz

N

/
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Examples:

Diffusion eq’n, Wave eq’n, Co-axial cable

Maxwell’s equations

- /
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NOMENCLATURE

L7 : the set of such systems with n in-, w dependent variables
£° : with any - finite - number of (in)dependent variables

Elements of £® : [linear differential systems

R( 621 sttty azn Jw = 0: a kernel representation of the

corresponding XY € £%orB € £°

N
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First principles models

I\/)

~

latent variables. In the case of systems described

by linear constant coefficient PDE’s: ~»
o o o o
R(—,---, Yw=M(—,--, )£
0xq ox, 0x1 0x,

with R, M € R***[¢].

N

/

Lecture 9

Systems described by linear PDE’s



N

CONTROLLABILITY and OBSERVABILITY I

/
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Controllability :&
system trajectories must be ‘patch-able’, ‘concatenable’.
Casen = 1, T = R, any w,, w, € B concatenable:
" ﬁ _—

/-\_\‘--....n‘/

0 time

- /
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Generaln, T = R".
Consider any two elements w1, w- of the behavior and any two open sets with

non-overlapping closure C R*:

- /
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Controllability of 25 :=

N

for any O, O, C R", open, non-overlapping closure,
any wi, wog € B,

there is a soI’n w € B that ‘patches’ w; on O; with w5 on Os.

/
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Consider the system 3 = (T, W; x W, B).
Each element of the behavior 3 hence consists of

a pair of trajectories (wq, ws).

- /
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Consider the system 3 = (T, W; x W, B).

Each element of the behavior 253 hence consists of

a pair of trajectories (wq, ws).

"1 SYSTEM Wz
observed to—be—-deduced
variables variables

wy : observed; wo : to-be-deduced.

N

/
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/wz is said to be [observable] from w- \

if ((wy,w}) € B, and (wy,wy) € B) = (wh = wl),

i.e., if on B, there exists a map w; — ws.

N /
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/wz is said to be [observable] from w- \

if ((wy,w}) € B, and (wy,wy) € B) = (wh = wl),

i.e., if on B, there exists a map w; — ws.

We are especially interested in the case
observed = manifest

to-be-deduced = latent

N /
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/wz is said to be [observable] from w- \

if ((wy,w}) € B, and (wy,wy) € B) = (wh = wl),

i.e., if on B, there exists a map w; — ws.

We are especially interested in the case
observed = manifest

to-be-deduced = latent

Qef ’s for ODE’s, PDE’s, difference eq’ns, exactly the same! /
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3 THEOREMS '

/
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6he0rem 1 Algebraization:

N

£ <£> sub-modules of R" [£1, - - , &,]

/
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Gheorem 1 Algebraization:

£ <£> sub-modules of R" [£1, - - , &,]

Theorem 2 Elimination:

N

(Bean € £2) = (B € £2)

/
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Gheorem 1 Algebraization:

£ <£> sub-modules of R" [£1, - - , &,]

Theorem 2 Elimination:

Theorem 3

\_

(Bean € £2) = (B € £2)

Image representation:

Controllabilility < (d Image representation)

/
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Algebraization of £°
Note that
o0 o0
R(—,---, w =10
8%1 0 n
and
0 0 0 0
U(— R(— =0
(a 1, ,an) (am17 7an)w

have the same behavior if the polynomial matrix U is uni-modular (i.e., when

det(U) is a non-zero constant).

N

/
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Algebraization of £°
Note that
o0 o0
R(—,---, w =10
8%1 0 n
and
0 0 0 0
U(— R(— =0
(a 1, ,an) (am17 7an)w

have the same behavior if the polynomial matrix U is uni-modular (i.e., when

det(U) is a non-zero constant).

= R defines B = ker(R(aiwl, cee %)), but not vice-versa!

- /
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(¢ 3 ‘intrinsic’ characterization of 5 € £¥ 77

/
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(¢ 3 ‘intrinsic’ characterization of B8 € £¥ 77

N

/

Define the | annihilators |of B € £ by
o0 o0
My 1= {neRw[Sla"‘asn] |nT(—7"'7 )%:O}
8:131 an
Mo is clearly an R[&q, - - - , &, | sub-module of R¥[£q, -+ , &,].
Lecture 9 3 theorems



-

Define the

0
My 1= {n S Rw[éla” : 7€n] | nT(a—wlv"

Mo is clearly an R[&,, - - -
Let < R > denote the sub-module of R* £, - - -

(¢ 3 ‘intrinsic’ characterization of 5 € £¥ 77

annihilators

of B € £ by

‘o
ox,

, &n] sub-module of R¥[£q, - -+ , &y].

of the rows of R. Obviously < R >C 9tg. But, indeed:

N

My =< R >!

9 B = o}.

, &, spanned by the transposes

/
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(¢ 3 ‘intrinsic’ characterization of 5 € £¥ 77

Define the | annihilators |of B € £ by

9 B = o}.

‘o
ox,

Mo is clearly an R[&q, - - - , &, | sub-module of R¥[£q, -+ , &,].

0
My 1= {n S Rw[éla” : 7€n] | nT(a—wlv"

Let < R > denote the sub-module of R"[£1, - - - , &,] spanned by the transposes
of the rows of R. Obviously < R >C 9tg. But, indeed:

My =< R >!

Note: Depends on €°°; (<) false for compact support soln’s:

for any p # 0, p(aiml,--- ,%)szhassz

Kas its only compact support sol’n. /
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G heorem 1 (Algebraic structure of £7):

N

/
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G heorem 1 (Algebraic structure of £7): \

» Iy =< R >!

0
) Oz,

R(3%, 5 )w = Oifand only if f €< R >.

In particular f (aim goo s )w = 0 is a consequence of

N /
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G heorem 1 (Algebraic structure of £7): \

» Iy =< R >!

In particular f(aiwl, cee 8%)11; — 0 is a consequence of
R(3%, 5 )w = Oifand only if f €< R >.
> £ &Ly sub-modules of RY (€1, 0+, &

N /
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/T heorem 1 (Algebraic structure of £7):

» Iy =< R >!

In particular f( aim ] )w = 0 is a consequence of

.’Bw
R(a%,-l"" ,aiwn)'w = QOifandonlyif f €< R >.

/

> £ &1y sub-modules of R¥ (€1, 0+, &
>
o0 o0 o0 o0
R ( "y Jw =0
8$1 8 awl 0x,
define the same system iff
k <Ri> = <Rs>.
Lecture 9 3 theorems
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The full behavior of R(52-,- -+ , go-)w = M (32, -+ , 52-),
Bean = {(w, £) € €2 (R, R"T¢) |

R(a%l’ "t Bwn)w — M(Bazl "t Bz, )E}
belongs to £71%, by definition.

Elimination

- /
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Elimination

The full behavior ofR(a%l,--- , - )w = M(a%,--- , 52-)L,
Bean = {(w, £) € € (R*,R"TE) |

(8_:131’ ’ Bwn)w — M(Bazl "t Bz, )E}
belongs to £71%, by definition.
Its manifest behavior equals
B = {w € € (R*,R") |

s s _ s s
k 3 ESUChthatR(a—ml,“' ,87)’11] —M(a—ml ,BT)E}.

Lecture 9
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Theorem 2 (Elimination):

N

Does 5 belong to £7 ?

It does!

/
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Does 5 belong to £7 ?

Theorem 2 (Elimination): It does!

Proof: The theorem is a straightforward consequence of the ‘fundamental

principle’: the equation

9] 9]
A(—r, -

’ )
0x1 ox,

)=y

A e RmXr2[gy, ... £ ],y € € (R, R™) given, f € €°°(R", R"2)

unknown, is solvable if and only if for n € Rt [£;,--- , &]
T T, 0
(mnA=0) = (n (;—+,7z)y=0).
8%1 8mn

N
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Gemarks:

N

/
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Gemarks:

» Number of equations for n = 1 (constant coeff. lin. ODE’s)
< number of variables.

Elimination = fewer, higher order equations.

N

/
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Gemarks:

» Number of equations for n = 1 (constant coeff. lin. ODE’s)
< number of variables.

Elimination = fewer, higher order equations.

»  effective computer algebra/Grobner bases algorithms for elimination

(R,M) — R’

N

/
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Gemarks:

» Number of equations for n = 1 (constant coeff. lin. ODE’s)
< number of variables.

Elimination = fewer, higher order equations.

»  effective computer algebra/Grobner bases algorithms for elimination

(R,M) — R’

» Not generalizable to smooth nonlinear systems.

k Why are differential equations models so prevalent?

/
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Examples

1.

2 32
@V Loc()ﬁv

describes indeed the behavior of V' in the coax.

- /
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Which PDE’s describe (p, E . ;) in Maxwell’s equations ?

Eliminate B from Maxwell’s equations ~»

VE = —pP,

ceo—V-E +V-.j] = 0,

2 —) — 8—»
— _E °V xV X E — 7 =
antz + €oC -+ Bt]

Elimination theorem =

this exercise is exact & successful (+ gives algorithm).

/
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It follows from all this that £2 has very nice properties. It is closed under:

N

o Intersection: (2B1,Bs € £¥) = (B1 N Ba € £F).

Addition: (%1, B, € Qﬂ) = (%1 + B, € 2;’1).

Projection: (B € £i17%2) = (I, B € £).

Action of a linear differential operator:
(B € £, P € R=2X"1[&y,. -+, &)])
= (P(50)+ », 52-)B € £i2).

) Oz,

Inverse image of a linear differential operator:
(B € &2, P € R=%¥1gy, .-, £,])
= (P50 y52-)) 1B € £1).

~

/
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Representations of £:

Image representations

R(aiwla 931%)7‘):0

called a ‘kernel’ representation of 8 = ker(R( %));

N

/
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Image representations

Representations of £:

R(aiwla 931%)7‘):0

called a ‘kernel’ representation of 8 = ker(R( %));

o o o o
R(B—wl’... ’a—wn)w:M(a—wl,... ’Bwn)e

called a ‘latent variable’ representation of the manifest behavior
B = (R(aiwla "ty 31%))_1]\4( & ... ’ %)Q:OO(RII,RE)'

3%1 ’

/
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o _ 8 8
Missing link: w = M(a—ml"” ,a—mn)ﬁ
called an ‘image’ representation of %8 = im(M (aiml’ cee %)).

- /
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o _ 8 8
Missing link: w = M(a—ml"” ,a—mn)ﬁ
called an ‘image’ representation of %8 = im(M (aiml’ cee %)).

Elimination theorem => every image is also a kernel.

- /
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o _ 8 8
Missing link: w = M(a—ml"” ,a—mn)ﬁ
called an ‘image’ representation of %8 = im(M (aiml’ cee %)).

Elimination theorem => every image is also a kernel.

¢ Which kernels are also images ??

- /
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Theorem 3 (Controllability and image representation):

The following are equivalent for 5 € £ :

1. *B is controllable,

2. | B admits an image representation,

3. foranya € R"[&1,- - , &,
aT[a%l, cee 8%11]% equals O or all of €°°(R"*, R),

4, RV [E1, -+ 4 & /Dy is torsion free,

etc.

N

/
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N

equations:

Are Maxwell’s equations controllable ?

The following equations in the scalar potential ¢ : R x R®> — R and the vector

potential A:R xR — R3, generate exactly the solutions to Maxwell’s

o =

)

P

ot
V X A,
€08_2A. — £0C?V2A + 9c®?V(V - A) + ¢ 3V(/ﬁ
at2 0 %ot
—EOEV . Z — €0V2¢.
ot

Proves controllability. Illustrates the interesting connection

controllability < 3 potential!

~

/
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Gemarks:

N

/
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Gemarks: \

» Algorithm: R + syzygies + Grobner basis

=>  numerical test for on coefficients of R.

- /
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ﬁ{emarks: \

» Algorithm: R + syzygies + Grobner basis

=>  numerical test for on coefficients of R.

» In the 1-D case there exists always an observable image representation
= flatness.

Not so for general n-D systems: potentials are then hidden variables.
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ﬁ{emarks: \

» Algorithm: R + syzygies + Grobner basis

=>  numerical test for on coefficients of R.

» In the 1-D case there exists always an observable image representation
= flatness.

Not so for general n-D systems: potentials are then hidden variables.

» 1 partial results for nonlinear systems.
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ﬁ{emarks: \

» Algorithm: R + syzygies + Grobner basis

=>  numerical test for on coefficients of R.

» In the 1-D case there exists always an observable image representation
= flatness.

Not so for general n-D systems: potentials are then hidden variables.

» 1 partial results for nonlinear systems.

! Kalman controllability is a straightforward special case. /
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Not all controllable systems admit an observable image representation.

For n = 1, they do. For n > 1, exceptionally so.

- /
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Not all controllable systems admit an observable image representation.

For n = 1, they do. For n > 1, exceptionally so.

Observability means: M (aiwl, vee %) is injective:

£ can be deduced from w in

0 9] 9] 0
rR(-Z . = M(, o)L
8231 8 L1 8wn
3 equivalent R’(aiwl, cen 8imn)w =0,0 = M,(azlv‘ . ain)w‘

N

/
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Not all controllable systems admit an observable image representation.

For n = 1, they do. For n > 1, exceptionally so.

Observability means: M (aiwl, vee %) is injective:

£ can be deduced from w in

0 9] 9] 0
rR(-Z . = M(, o)L
8231 8 L1 8wn
3 equivalent R’(aiwl, cen 8imn)w =0,0 = M,(azlv‘ . ain)w‘

The latent variable in an image representation £ may be ‘hidden’.

Example: Maxwell’s equations do not allow a potential

N

representation that is observable.

/
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‘ DISSIPATIVE DISTRIBUTED SYSTEMS .

/

Lecture 9
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6 dissipative system absorbs supply, ‘globally’ over time and space. \

¢ Can this be expressed ‘locally’, as

rate of change in storage + spatial flux < supply rate

- /
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6 dissipative system absorbs supply, ‘globally’ over time and space. \

¢ Can this be expressed ‘locally’, as

rate of change in storage + spatial flux < supply rate

SUPPLY
il
Y A FLUX

STORAGE =)
\\ B

N\

&vva
DISSIPATION
rate of change in storage + spatial flux
\ = supply rate + (non-negative) dissipation rate ?? /
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Multi-index notation:

= (X1y.--5%n),

k= (kiy.--skn) = (b1y...,41),
Sz(fla"'agn)C:(CI’- 7Cn)77:(7713---977n)9

kn
%:(3351 7333 )’daz"' _(akzla 788:211::11)9
dr = dxidxs ...dx,,

R(%)w =0 for R(aiwl,- cey awn)w = 0,
w=M(Z)l for w=M(z2, 5%

etc.

N

/
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The quadratic map in w and its derivatives, defined by

dk - dE
w — Zk,e(@’w) ‘I’k,e(w’w)

is called quadratic differential form (QDF) on €°°(R™, R¥).

Pp,e € R™¥; WLOG: @pp = @ .

Introduce the 2n-variable polynomial matrix &

®(¢,n) =) Preltnt
k.0

\Denote the QDF as 0 3. /
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We consider only controllable linear differential systems and supply rates that
are QDF’s.

Definition: 5 € £7, controllable, is said to be dissipative

with respect to the supply rate Qs (a QDF) if
Jp Qe (w) dz > 0

for all w € *B of compact support, i.e., for all w € B N D.

- /

Lecture 9 Dissipative distributed systems




4 N

We consider only controllable linear differential systems and supply rates that
are QDF’s.

Definition: 5 € £7, controllable, is said to be dissipative

with respect to the supply rate Qs (a QDF) if
Jp Qe (w) dz > 0

for all w € *B of compact support, i.e., for all w € B N D.

If equality ‘conservative’.

- /
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Assume n = 4: independent variables x, y,z;t : space and time.
Idea: Qs (w)(x,y,z;t) dedydz dt :

rate of ‘energy’ delivered to the system.

Dissipativity : &>

/( Qs (w) dxdydz) dt > 0 forallw € B ND.
R JRS

A dissipative system absorbs net energy.

- /
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Example: Maxwell’s eq’ns:

dissipative (in fact, conservative) w.r.t. the QDF — E . ; .
In other words, if E , ; is of compact support and satisfies
3 — -
eo—V-E 4+ V.73 = 0,

ot
o> . d -
OﬁE -+ €oC V X V X E -+ a] =

then
/( (—E - j) dxdydz) dt = 0.
R JR3

N

/
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Example: Maxwell’s eq’ns:

dissipative (in fact, conservative) w.r.t. the QDF — E . ; .

In other words, if E , ; is of compact support and satisfies

0, — -
o, V' E+ V) = 0,
82177’4- ZVxVxE—Fa* 0
Eo—— EoC S —
08t2 0 Btj ’

then
/( (—E - j) dxdydz) dt = 0.
R JR3

Can this be reinterpreted as: As the system evolves,

energy is locally stored, and redistributed over time and space?

- /
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First principles motivating example: Heat diffusion

I
7 | 7.

: > |
T(x.t)
The PDE
0 T 0? T4
ot Ox2 a

describes the evolution of the temperature 7'(x, t)
(x € R position, t € R time) in a medium and the heat g(x, T") supplied

to / radiated away from it.

N

/
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Gor all sol’ns T', g with T'(x,t) = constant > 0 (and therefore g = 0) outsidea\
compact set, there holds:

First law:

fR2 q(z,t) dz dt

|
=

Second law:

f q(z,t)

5 dx dit
T(z,t)

IA
o

- /
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/For all sol’ns T', g with T'(x,t) = constant > 0 (and therefore g = 0) outsidea\

compact set, there holds:

First law:

Jr2 a(x,t) de dt = 0,

Second law:

¢
] 9(@:t) ar < o
T(x,t) —

Jr

max, {7 (z,t) | g(x,t) > 0} > ming, {T(x,t) | g(x,t) < 0}.

Q is impossible to transport heat from a ‘cold source’ to a ‘hot sink’. j
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Can these ‘global’ versions be expressed as ‘local’ laws?

SUPPLY

FLUX —= E/’ W ‘ AP—» FLUX

IRy
STORAGE

rate of change in storage + spatial flux < supply rate

- /
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Can these ‘global’ versions be expressed as ‘local’ laws?

SUPPLY

FLUX —=< E/’ W ‘ AP—» FLUX
sedd
STORAGE

rate of change in storage + spatial flux < supply rate

To be invented:
an ‘extensive’ quantity for the first law: internal energy

an ‘extensive’ quantity for the second law: entropy

- /
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Define the following variables:

E=T : the stored energy density,
S = In(T) : the entropy density,
o0
Fp=——T : the energy flux,
ox
F 19 T the ent fl
= — —— : the entro ux
S T &z pY ’
10 ., .
Dg = (=—T)“ : the rate of entropy production.
T Ox

- /
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/Local versions of the first and second law:

rate of change in storage + spatial flux < supply rate

Conservation of energy:
0 FE + 0 Fg =
ot ox " &
Entropy production:
96+ %, =%4D Since (Dg>0) =
- —Fs = — . ince
ot dxr > T s 5=
s+ 2 Fg> g
ot oz T

Our problem:

\ theory behind these ad hoc constructions of £/, F' and S, Fs.

/
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/ Assume that a system is ‘globally’ dissipative. \

¢¢ Can this dissipativity be expressed through a ‘local’ law??

Such that in every spatial domain there holds:

% Storage + Spatial flux < Supply.

SUPPLY

M ﬁ
Y

STORAGE =Y.

Y
&vv"
DISSIPATION

\ Supply = Stored + radiated + dissipated. /
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Main Theorem:

B € LY, controllable, is dissipative w.r.t. the supply rate Qg | iff

3  animage representation w = M (%)E of B,

an n—vector of QDF’s Q¢ = (Qw,s...,Qw_)
on € (R*, R4m(£)) called the flux,

such that the local dissipation law

V-Qu(f) < Qs (w)

holds for all (w, £) that satisfy w = M ( %)E.

Asusual V - Qg := 32162\111 + e+ %Q\Pn-

N

<+ the QDF induced by (¢ + ) " ¥ (¢,

17)/
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6ssume n — 4: independent variables =, y, z;t : space and time.

Let B € £ be controllable. Then

/( Qs (w) dxdydz) dt > 0
R JR3

if and only if

N

forall w € B N 3.

~

/
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Gssume n — 4: independent variables =, y, z;t : space and time.
Let B € £ be controllable. Then

/( Qs (w) dedydz) dt > 0 forallw € B ND.
R JRs

if and only if

3 an image representation w = M ( 86:13 , aay, ;’z, gt )2 of B,
and QDF’s S, the storage, and
F,, F,, F,, the spatial flux,

such that the local dissipation law

5:5(0) + 5n Fo(£) + 5, Fy(€) + 52 F=(€) < Qa(w)

\holds for all (w, £) that satisfy w = M ( (,fw, aays (,fz ] gt)ﬁ.

~

/
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Note: the local law involves

(possibly unobservable, - i.e., hidden!)

latent variables (the £°s).

N

/
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/ EXAMPLE: ENERGY STORED IN EM FIELDS

Maxwell’s equations are dissipative (in fact, conservative) with respect to
— E. f, the rate of energy supplied.
Introduce the stored energy density, S, and

the energy flux density (the Poynting vector), ﬁ,

6062 — —
B. B,

S(E,B) := —FE-FE
(B, B) := - + =
F(E, B) := eoc*E x B.

The following is a local conservation law for Maxwell’s equations:

5,5(5,B) + ¥ - F(E,B) = B3,

Local version involves B, unobservable from F and 7,

k the variables in the rate of energy supplied.
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Schematic of the proof

Using controllability and image representations, we may assume WLOG:

N

B = €°(R*, k)

/
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Global dissipativity :< Qs (w) > 0forallw € ®
Rn

$ (Parseval)

P (—itw,tw) > 0forallw € R”

- /
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P (—itw,tw) > 0forallw € R”

{ | (Factorization equation)

I D: &(—¢&,¢) =D (—€)D(8)

/
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9 ¥

4 D :

®(—¢,6) = D' (=€)D(¢)

T (easy)

¢+n) "¥EKn) =2(n) — D" ({)D(n)

/
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9 ¥

Local diss.

¢+n) "¥EKn) =2(n) — D" ({)D(n)

= 4 v

$ (clearly)

V:Qu(w) < Qsp(w)forallw € €°°

/
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Global dissipativity :< Qs (w) > 0forallw € ®
Rn

$ (Parseval)

P (—itw,tw) > 0forallw € R”

{ | (Factorization equation)

3 D: ®(—¢€) =D'(—€)D(8)
T (easy)
3¥: (C+n) ' ¥ECn) =20 —D'()D(n)

$ (clearly)

Localdiss. :<& I ¥: V- -Qu(w) < Qs(w) forallw € €

- /
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THE FACTORIZATION EQUATION I

/
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Consider

X' (—€)X(§) =Y ()

with Y € R***[£] given, and X the unknown. Solvable??

- /

Lecture 9 Factorization of polynomial matrices




-

Consider

112

X1 (—€)X(&) =Y(¢)

with Y € R®**®[£] given, and X the unknown. Solvable??

X' (€)X () =Y(¢

with Y € R®***®[£] given, and X the unknown.

Under what conditions on Y does there exist a solution X ?

N

/
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X' (€)X () =Y(¢

with Y € R®***®[£] given, and X the unknown.

Under what conditions on Y does there exist a solution X ?

Scalar case: !! write the real polynomial Y as a sum of squares

Y =af 4+ 22+ ---+ 2.

/
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Consider

112

X1 (—€)X(&) =Y(¢)

with Y € R®**®[£] given, and X the unknown. Solvable??

X' (€)X () =Y(¢

with Y € R®***®[£] given, and X the unknown.

Under what conditions on Y does there exist a solution X ?

N

Y =af 4+ 22+ ---+ 2.

Scalar case: !! write the real polynomial Y as a sum of squares

/
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XT(6)X(&)=Y(

/
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Forn = 1and Y € R[£], solvable (for X € R?[£] ) iff

XT(6)X(&)=Y(

Y(a) >0 for all o« € R.

- /
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XT(6)X(&)=Y(

Forn = 1,and Y € R®**®[£], it is well-known (but non-trivial) that this

factorization equation is solvable (with X € R®*®[£]!) iff

Y(a)= Y () >0 foralla € R.

- /
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XT(6)X(&)=Y(

For n > 1, and under the obvious positivity req., this eq’n can nevertheless in

general not be solved over the polynomial matrices, for X € R®*®[£],

N

/
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XT(6)X(&)=Y(

For n > 1, and under the obvious positivity req., this eq’n can nevertheless in

general not be solved over the polynomial matrices, for X € R®*®[£],

\but it can over the matrices of rational f’ns, i.e., for X € R®*®(&).

/
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Forn = 1and Y € R[£], solvable (for X € R?[£] ) iff

XT(6)X(&)=Y(

Y(a) >0 for all o« € R.

Forn = 1,and Y € R®**®[£], it is well-known (but non-trivial) that this

factorization equation is solvable (with X € R®*®[£]!) iff

Y(a)= Y () >0 foralla € R.

For n > 1, and under the obvious positivity req., this eq’n can nevertheless in

general not be solved over the polynomial matrices, for X € R®*®[£],

\but it can over the matrices of rational f’ns, i.e., for X € R®*®(&). /
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G his factorizability is a simple consequence of Hilbert’s 17-th pbm! \

Solve p = p? + pZ + ---+ pZ, pgiven

- /
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G his factorizability is a simple consequence of Hilbert’s 17-th pbm! \

Solve p = p? + pZ + ---+ pZ, pgiven

1 pe R[éla e agn]a Withp(ala s 7an) Z 0 for all
(a1y...,05) € R* can in general not be expressed as a sum of squares of

polynomials, with the p;’s € R[&1,--- , &

- /
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G his factorizability is a simple consequence of Hilbert’s 17-th pbm! \

Solve p = p? + pZ + ---+ pZ, pgiven

1 pe R[Ela e agn]a Withp(ala s 7an) Z 0 for all
(a1y...,05) € R* can in general not be expressed as a sum of squares of

polynomials, with the p;’s € R[&1,--- , &

But a rational function (and hence a polynomial)
D E R(Ela e agn)a with p(ala cey an) 2 0, forall

(a1y...,05) € R, can be expressed as a sum of squares of (x = 2") rational

kfunctions, with the p;’s € R(&1,--+ ,&n). /
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/:> solvability of the factorization eq’n \

P (—itw,tw) > 0forallw € R”

{ | (Factorization equation)

I D: &(—¢&,¢) =D (—€)D(8)

over the rational functions,

i.e., with D a matrix with elements in R(&1,:-- ,&,).

- /
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/:> solvability of the factorization eq’n \

P (—itw,tw) > 0forallw € R”

{ | (Factorization equation)

I D: &(—¢&,¢) =D (—€)D(8)

over the rational functions,

i.e., with D a matrix with elements in R(&1,:-- ,&,).

The need to introduce
rational functions in this factorization
an image representation of 5 to reduce the pbm to €

are the causes of the unavoidable presence of (possibly unobservable, i.e.,

k‘hidden’) latent variables in the local dissipation law. /
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ﬁ\lon-uniqueness of the storage function stems from 3 sources \

- /
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ﬁ\lon-uniqueness of the storage function stems from 3 sources \

» The non-uniqueness of the latent variable £ in various (non-observable) image

representations.

- /
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ﬁ\lon-uniqueness of the storage function stems from 3 sources \

» The non-uniqueness of the latent variable £ in various (non-observable) image

representations.

» The non-uniqueness of D in the factorization equation

®(—¢,8) = D' (—€£)D(8)

- /
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ﬁ\lon-uniqueness of the storage function stems from 3 sources \

» The non-uniqueness of the latent variable £ in various (non-observable) image

representations.

» The non-uniqueness of D in the factorization equation

®(—¢,8) = D' (—€£)D(8)

» The non-uniqueness (in the case n > 1) of the solution W of

¢+n) ¥ mn) =2 n) — D' (¢)D(n)

- /
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/Non-uniqueness of the storage function stems from 3 sources \

» The non-uniqueness of the latent variable £ in various (non-observable) image

representations.

» The non-uniqueness of D in the factorization equation

®(—¢,8) = D' (—€£)D(8)

» The non-uniqueness (in the case n > 1) of the solution W of

¢+n) ¥ mn) =2 n) — D' (¢)D(n)

For conservative systems, ®(—¢&, &) = 0, whence D = 0,

but, when n > 1, the third source of non-uniqueness remains, even when

Qorking with a specific image representation. j
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It seems to be a very real non-uniqueness, even for EM fields. Cfr.

The ambiguity of the field energy

... There are, in fact, an infinite number of different possibilities for u [the internal

energy| and S [the flux] ... It is sometimes claimed that this problem can be
resolved using the theory of gravitation ... as yet nobody has done such a delicate
experiment ... So we will follow the rest of the world - besides, we believe that it

[our choice] is probably perfectly right.

The Feynman Lectures on Physics,

Volume 11, page 27-6.
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» Dissipative distributed system :<> dissipates supply integrated over time and

space
» For £7, QDF’s: global dissipation <~  a local storage function

» Local storage function involves hidden latent variables

» Proof = Hilbert’s 17-th problem
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