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Road Map

What is a dynamical system ?
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Historically:

Road Map

What is a dynamical system ?

® ‘Closed’ systems ~» aw = f(x)

® Input/output map?

® Input/state/output structure ?

Assumes |I/O partition. Possible? Obtainable? How? Needed?

very limited

® Other possibilities? CS? Graph theory? Object oriented

modeling?
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Road Map

What is a dynamical system ?

What is a mathematical model, really? ~»

Dynamical system := | (T, W, 28) |with B C (W)" the ‘behavior’.
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Road Map

What is a dynamical system ?

Dynamical system := | (T, W, 28) |with B C (W) the ‘behavior’.

Behavioral eq’ns contain latent variables
~~» elimination thms, algorithms.
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Road Map

What is a dynamical system ?

Dynamical system := | (T, W, 28) |with B C (W) the ‘behavior’.

Basic notions

® Controllability ~~» image representation
® Observability

® (Dissipative systems)
® (Stability)
o

State ~~» state representation algorithms
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Road Map

What is a dynamical system ?

Dynamical system := | (T, W, 28) |with B C (W) the ‘behavior’.

Basic problems

® Modeling from data (system ID)

Modeling by interconnecting components

I
® | Control (= interconnection)| ~ LQ, Ha, Hoo
r

—p.2/89



Road Map

What is a dynamical system ?

Dynamical system := | (T, W, 28) |with B C (W) the ‘behavior’.

Projects
® N-d systems and PDE’s (Rocha, Shankar, Pillai, Zerz, Oberst)
Software

o
® Stochastic systems
o
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THEME

1. Modeling by tearing and zooming

© o oo 0@

General ideas

Terminals

Modules

Interconnection architecture
Examples

RTCT circuits
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Implementability
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THEME

1. Modeling by tearing and zooming

© o o0 @

9

General ideas

Terminals

Modules

Interconnection architecture
Examples

RTCT circuits

2. Control

9
K

Control by interconnection
Implementability

3. Conclusions
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TEARING and ZOOMING

How do we model a complex interconnected system?

-
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TEARING and ZOOMING

How do we model a complex interconnected system?

-

When systems are interconnected, what really happens?
How do we obtain a model from
the components and the interconnections?
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TEARING and ZOOMING

How do we model a complex interconnected system?

-

‘Tearing’ the system into subsystems,
and, in order to model, ‘zooming’ on the individual subsystems
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TEARING and ZOOMING

™,

The ingredients of the language and methodology that we propose:
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TEARING and ZOOMING

=

The ingredients of the language and methodology that we propose:

1. Modules : the subsystems
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TEARING and ZOOMING

™,

The ingredients of the language and methodology that we propose:

1. Modules : the subsystems

2. Terminals : the physical links between subsystems
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TEARING and ZOOMING

™,

The ingredients of the language and methodology that we propose:

1. Modules : the subsystems
2. Terminals : the physical links between subsystems

3. The interconnection architecture
the layout of the modules and their interconnection
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TEARING and ZOOMING

™,

The ingredients of the language and methodology that we propose:

1. Modules : the subsystems
2. Terminals : the physical links between subsystems

3. The interconnection architecture
the layout of the modules and their interconnection

4. The manifest variable assignment
which variables does the model aim at?
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TEARING and ZOOMING

Features:

® Reality — ‘physics’ — based

® Uses behavioral systems concepts
more akin to bond-graphs and across/through variables,
than to input/output thinking.

® Hierarchical: allows new systems to be build from old
® Models are reusable, generalizable & extendable

® Assumes that accurate and detailed modelling is the aim
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TEARING and ZOOMING

Features:

® Reality — ‘physics’ — based

® Uses behavioral systems concepts
more akin to bond-graphs and across/through variables,
than to input/output thinking.

® Hierarchical: allows new systems to be build from old
® Models are reusable, generalizable & extendable

® Assumes that accurate and detailed modelling is the aim

System theory with its inputs and outputs and signal flow graphs,
as implemented e.g. in SIMULINK® is hopelessly inadequate.
MODELICA® is much better.
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TERMINALS

A terminal is specified by its type.

—p.7/89



TERMINALS

A terminal is specified by its type.

The type implies an ordered set of terminal variables.
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TERMINALS

A terminal is specified by its type.

The type implies an ordered set of terminal variables.

Example:

An electrical terminal (type)
implies a (voltage, current) pair of real terminal variables.
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Examples

Type of terminal Variables Signal space
electrical (voltage, current) R?
mechanical (1-D) (force, position) R?
mechanical (2-D) ((position, attitude), (R? x S1)
(force, torque)) X (R? x T*S1)
mechanical (3-D) ((position, attitude), (R? x S%)
(force, torque)) X (R? x T*S?)
thermal (temp., heat flow) R?
fluidic (pressure, flow) R?
thermal - fluidic (pressure, temp., R4

mass flow, heat flow)
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Examples

Type of terminal Variables Signal space
chemical
input Uu UCR
output Y YCR
m-dim input (U1, U2y« ey Ugp) UCR"
p-dim output (Y1,Y2y -+ Yp) Y C RP
etc. etc. etc.

~p.9/89



MODULES

A module is specified by
® its type,
® its parametrization,

® and its parameter values.
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MODULES

A module is specified by
® its type,
® its parametrization,

® and its parameter values.

The idea is the following.

By specifying the module type, we give the variables living on its
terminals. We want a fully automated way of specifying the
behavior of these variables. This typically happens by specifying
some parameters, and a map, the parametrization, which maps
these parameters into the correct behavior.
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Example

Example: The module is a 3 Ohm resistor:

}39
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Example

Example: The module is a 3 Ohm resistor:

The module type is ‘Ohmic resistor’.

}39
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Example

Example: The module is a 3 Ohm resistor: I,

%39
v
The module type is ‘Ohmic resistor’.
This means that it has two electrical terminals
~» terminal variables ((V1, I1), (V2, I2)).

The possible behaviors form a family of two-dimensional linear
subspaces of R4.
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Example

Example: The module is a 3 Ohm resistor: I

%39
v
The module type is ‘Ohmic resistor’.
This means that it has two electrical terminals
~» terminal variables ((V1, I1), (V2, I2)).

The possible behaviors form a family of two-dimensional linear
subspaces of R4.

The resistance parametrization is the map from R € [0, co) into
the behavioral eg’ns
Vi—Ve=RI;, I + 1 =0.
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Example

Example: The module is a 3 Ohm resistor: I

%39
v
The module type is ‘Ohmic resistor’.
This means that it has two electrical terminals
~» terminal variables ((V1, I1), (V2, I2)).

The possible behaviors form a family of two-dimensional linear
subspaces of R4.

The resistance parametrization is the map from R € [0, co) into
the behavioral eg’ns
Vi—Ve=RI;, I + 1 =0.

The parameter value equals 3, via the parametrization ~~»
Vi— Vo =31, I + I, = 0.
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Module type

The module type specifies an ordered set of terminals

(t1,t2,...,1y).
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Module type

The module type specifies an ordered set of terminals

(t1,t2,...,1y).

Together with the terminal types,
~»> ah ordered set of terminal variables

((wt1,19 Wty,29 « - °)7 © ooy (th,la Wity,29 « - ))
taking values in the product space of the terminal signal spaces.
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Module type

The module type specifies an ordered set of terminals

(t1,t2,...,1y).

Together with the terminal types,
~»> ah ordered set of terminal variables

((wt1,19 Wty,29 « - °)7 © ooy (th,la Wity,29 « - ))
taking values in the product space of the terminal signal spaces.

The module type also specifies a set [3
of possible behaviors of the terminal variables of the module.
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Parametrization

We assume that the module is further specified by
a parametrization of 3,

that is, a surjective map 7 from a parameterspace P into the space
of behaviors B.
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Parametrization

We assume that the module is further specified by
a parametrization of [B,

that is, a surjective map 7 from a parameterspace P into the space
of behaviors B.

B

Space of Behaviors

Parameterspace

[P is typically a combination of a set of integers and real numbers.
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Parametrization

We assume that the module is further specified by
a parametrization of 3,

that is, a surjective map 7 from a parameterspace P into the space
of behaviors B.

A module is further specified by giving the value of the
parameters .
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Parametrization

We assume that the module is further specified by
a parametrization of [B,

that is, a surjective map 7 from a parameterspace P into the space
of behaviors B.

B

Space of Behaviors

Parameterspace
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MODULES

By specifying a module, we thus obtain the behavior of the
variables

(wla W2y e 9wn)

on the terminals of the module.
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MODULES

By specifying a module, we thus obtain the behavior of the
variables

(wla W2y e 9wn)

on the terminals of the module.

This way we obtain a dynamic model of the interaction
of the module with its environment.
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Examples

ELECTRICAL MODULES

Module type Parametrization Parameter value

2-terminal resistance R in ohms

Ohmic resistor T:Ry — -

2- terminal conductance G in mhos

Ohmic resistor TRy — .-

2- terminal current all maps: p:R—-R

driven resistor R—R

capacitor capacitance C' in farads
TRy — .-

inductor inductance L in henrys

TRy — .-
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Examples

Module type Parametrization domain Parameter value
linear N (number of ports) Z € R~xn[g]
impedances X RX2(§)

resistive A R R in ohms

Y with linear (R2[€])° (R1, R2, R3)

diff. systems € RIX2[¢]
transformer R n € R
transmission line (Ry)® L,8,c,rs,1p
transistor

etc. etc. etc.
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Examples

MECHANICAL MODULES

Module type Parametrization Parameters

mass T:Ry — - m in kg

solid bar length, mass/unit length L,m
T:Ry X Rpy — -

spring

damper

multi-terminal mass geometry

flexible bar

etc. etc. etc.
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Examples

OTHER DOMAINS

Module type | Parametrization Parameters
servo joint My, Mgy Jpy Js,
LR, K
2 inlet tank geometry
etc. etc. etc.
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Examples

LINEAR SYSTEMS

Module type | Parametrization Parameters
e ge N x {ker,im, etc.} (w, ker, R € R®**¥[£])
XR.X.[é],or... oo
Segee | Nx {im,...} (w, M € R¥%®[¢]),
e el | NxNx {ifn, m,p, G € RPX"[¢]
co o X ROX®(E)yenn | -
> E»Si/S/o N3,--- m, n, P, (AaBaCaD)

etc.

etc.

etc.
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INTERONNECTION ARCHITECTURE

Let
T = {t1,t2,... 7t|T|}

be a set of terminals.
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INTERONNECTION ARCHITECTURE

Let
T = {t1,t2,... 7t|T|}

be a set of terminals.

The interconnection architecture is a set of terminal pairs
(unordered, disjoint, and with distinct elements), denoted by 1.

If {t;, tj} € I, then we say that these terminals are connected.

—p.20/89



INTERONNECTION ARCHITECTURE

The interconnection architecture is a set of terminal pairs
(unordered, disjoint, and with distinct elements), denoted by 1.

If {¢i,1;} € I, means that these terminals are connected.

We impose that connected terminals must be adapted.
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INTERONNECTION ARCHITECTURE

The interconnection architecture is a set of terminal pairs
(unordered, disjoint, and with distinct elements), denoted by 1.

If {¢i,1;} € I, means that these terminals are connected.

We impose that connected terminals must be adapted.

In the case of physical terminals, this means that they must be of
the same type (both electrical, 2-D mechanical, thermal, etc.).

In the case of logical terminals (input or output terminals), this
means that if one of the connected terminals is an m-dimensional
input terminal, the other must be an m-dimensional output terminal.
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Interconnection constraints

Pairing of adapted terminals imposes an interconnection law .
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Interconnection constraints

Pairing of adapted terminals imposes an interconnection law .

Example: pairing 2 electrical terminals ~~»

Vi=Vy, I+ 12=0.
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Interconnection constraints

Pairing of adapted terminals imposes an interconnection law .

Pair of Terminal Terminal Interconnection law
terminals 1 2

electrical (Vi, I1) (Va, I2) Vi=Vo,I1 +1I3 =0
1-D mech. (F1,q1) | (F2,q2) Fi 4+ F>; =0,q91 = q2
2-D mech.

thermal (Q1,T1) (Q2,T3) Q1 +Q> =0,T1 =15
fluidic (P1, f1) (P2, f2) p1=p2, f1+ f2=0
info m-input u m-output y u=1vy

processing

etc. etc. etc. etc.
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MANIFEST VARIABLE ASSIGNMENT

We finally assume that the modeler assigns the variables at which
the model aims. These are the manifest variables .
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MANIFEST VARIABLE ASSIGNMENT

We finally assume that the modeler assigns the variables at which
the model aims. These are the manifest variables .

The model unavoidably contains many other variables. These latent
variables could be
either
interconnection variables,
or
latent variables used to describe the behavior of the modules.
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MODEL GENERATION

So, in order to obtain a model of an interconnected system, specify:
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MODEL GENERATION

So, in order to obtain a model of an interconnected system, specify:

® A setof modules My, Ms,:-- , My
so, for each module,
the type, the parametrization, and parameter value.
This yields a list of terminals T' = {t1,12,..., 7|}
and the behavior °5;,i = 1,...,m, for the terminal variables.

Denote B/ =B, X --- X B,.
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MODEL GENERATION

So, in order to obtain a model of an interconnected system, specify:

® Asetof modules My, Mo,--- , My
Denote B’ = 9, X -+ X B,.

® Interconnection architecture TonT = {t;,t2,..., t|T|}
~~ interconnection laws,
and a behavior 23’/ for the terminal variables
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MODEL GENERATION

So, in order to obtain a model of an interconnected system, specify:

® Asetof modules My, Mo,--- , My
Denote B’ = 9, X -+ X B,.

® Interconnection architecture TonT = {t;,t2,..., t|T|}
~~ interconnection laws,
and a behavior 23’/ for the terminal variables

® The manifest variable assighment.

— p.24/89



MODEL GENERATION

So, in order to obtain a model of an interconnected system, specify:

® Asetof modules My, Mo,--- , My
Denote B’ = 9, X -+ X B,.

® Interconnection architecture TonT = {t;,t2,..., t|T|}
~~ interconnection laws,
and a behavior 23’/ for the terminal variables

® The manifest variable assighment.

® Theyields B’ N B = the full behavior
contains both latent variables and manifest variables.
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MODEL GENERATION

So, in order to obtain a model of an interconnected system, specify:

® Asetof modules My, Mo,--- , My
Denote B’ = 9, X -+ X B,.

® Interconnection architecture TonT = {t;,t2,..., t|T|}
~~ interconnection laws,
and a behavior 23’/ for the terminal variables

® The manifest variable assighment.

® Theyields B’ N B = the full behavior
contains both latent variables and manifest variables.

® Elimination of latent variables — the manifest behavior 3.
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Examples

RLC circuit

environment system

—p.25/89



RLC circuit

TEARING

1 —@—
@«
s

9
/‘ionnectoﬂ
10 11
12
)\connectorz
13 14

Rc
o
R

- p.26/89



RLC circuit

ZOOMING

The list of the modules & the associated terminals:

Module Type Terminals | Parameter
Rc resistor (1, 2) R in ohms
Ry resistor (3, 4) R in ohms

C capacitor (5, 6) C in farad
L inductor (7, 8) L in henry
connector1 | 3-terminal connector | (9, 10, 11)
connector2 | 3-terminal connector | (12, 13, 14)
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The interconnection architecture:

Pairing
{10,1}
{11,7}

12,5}

18,3}

{6,13}
(4,14}
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RLC circuit

Manifest variable assignment:

the variables
Vo, Ig, V12, 112

on the external terminals {9, 12}, i.e,

a = Vo, 1q = 19,V = V12, Iy = I12.
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RLC circuit

Manifest variable assignment:

the variables
Vo, Ig, V12, 112

on the external terminals {9, 12}, i.e,

Vo = Vo, 14 = Ig, Vi = V12, Iy, = I13.

The internal terminals are
{1,2,3,4,5,6,7,8,10,11,13,14}
The variables on these terminals are latent variables.
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RLC circuit

Equations for the full behavior:

Modules Constitutive equations
Rc I,+1, =0 Vi— Vo = Rcl;
Ry, I +1Is =0 Ve — Vs = Rp1Iy
C Is+ 16 =0 CL(Vs—Vg) =1Is
L Ir+1Is =0 Vi — Vs =LaIy
connectori | Ig + I19+ 111 =0 Vg = Vig = V11
connector2 | I15 + I13+ 114 =0 Vie = Vig = Vi
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RLC circuit

Interconnection pair

Interconnection equations

{10,1} Vio=Vi | Iio+ I = 0
{11,7} Viir=Ve | Iii + Iy = 0
{2,5} Va=Vs | L +I5=0
{8, 3} Ve=Vs | Is+1I3=0
{6,13} Vo = Vis | Is + 13 = 0
{4,14} Va=Via | I+ T4 =0

~p.31/89



RLC circuit

All these eq’ns combined define a latent variable system in the
manifest variables

w = (Vaa Iy, Vp, Ib)

with latent variables

= (Vla Ila V29 I29 V37 I37 V47 I4a V57 I57 V69 Iﬁa V77 I79
Vs, Is, V1o, 110, Vi1, 111, V13, 113, V14, 114).
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RLC circuit

All these eq’ns combined define a latent variable system in the
manifest variables

w = (Vaa Iy, Vp, Ib)

with latent variables

= (Vla Ila V29 I27 V37 I37 V49 I49 V57 I57 VGa Iﬁa V77 I77
Vs, Is, V1o, 110, Vi1, 111, V13, 113, V14, 114).

The manifest behavior X5 is given by

B ={(Va, Ia, Vi, Ip)) :R = R* | T £: R = R** ...}
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RLC circuit

Elimination: for example, using Grobner bases.
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RLC circuit

Elimination: for example, using Grobner bases.

L
Case1: CR —.
ase c;éRL
Rc Rc d L d?
— 1+ —)CRc— +CRc— —=)(Va — V;
(g, T+ g, )CRog + CRop G5 (Va = V)

d L d
— (1+ CReZY1+ — 2 YRA1.,.
1+ CRc)( +RLdt) Cla

Io +1p,, =0
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RLC circuit

Elimination: for example, using Grobner bases.

Case 1:

L
CRc # —.

c#RL

Rc Rc d L d?

€ L 14+ ZC)YCRoE + CRe— 2 ) (Vo — V4
(g, T+ g, )CRog + CRop G5 (Va = V)

L d

d

Io +1p,, =0

Rc d d
— CR~—)(V, — V; = (1 CR~—)R~1I
(RL+ Cdt)(a » = (14 Cdt) cl,

Io +1Ip, =0
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force, position, torque, angle

force, position

CART
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CART

force, position, torque, angle

force, position

________________

Required modules: Solid bars, cart, servo’s.
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CART

Solid bar

Terminals: 2 mechanical 2-D terminals.

Parameters:

L € R, (length), m € R, (mass per unit length).
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Behavioral equations:

det2 Te = Fp, + F,,,
det2 Yo = Fy, + F,, — mLg,

3 .
m%%@c = T1 —I— Tz — £Fw1 sm(Ol)

+ %Fyl cos(61) — Lsz sin(62) + Fy2 cos(02),

6, =0.,0; =0, + m,

r1 = T + %COS(O ), L2 = Le — %COS(HC)’

Y1 = Ye + = sin(0.), y2 = yo — 2 sin(6,).

Note: Contains latent variables ., 6..
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Hinge with servo

Terminals: 2 mechanical 2-D terminals, 2 electrical.

Parameters:

rotor mass m,., the stator mass mg, the rotor inertia .J,., the stator

inertia J, the inductance L, the resistance R of the motor circuit,
the motor torque constant K.

- p.37/89



CART

Behavioral equations:

(m'r +ms)j?$1 — Fazl ‘l‘Fmg
(mr ‘I‘ms)j?yl = Fp, + Fy,

J’l"dtzgl _T]_ _I_T
Jsdt202 =13 — T,

Vs —Vi=L2I;+ RI; + K2(6;, — 6,)
KiIz =T,,1I3 = —14
L1 = L2,Y1 = Y2

Terminal variables: (x1,Y1,601, Fy,, Fy,, 11,
L2 Y2, 027 sza Fyza T23 V39 I49 V49 I4)°

The motor torque 7', is a latent variable.
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Terminals:
terminal.

Parameters:

1 mechanical 1-D terminal,

mass M.

CART

cart

1 mechanical 2-D
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CART

Behavioral equations:

d2
Mmml = F]_ —|— sz
L2 = &,

Y2 = U,
92:71'/2
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CART

TEARING
1
Qk 35? s
X 6
4 Servo
9 7
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CART

ZOOMING

The list of the modules & the associated terminals:

Module | Type | Terminals Parameter
Link 1 bar (7,8) Li,mq
Link 2 bar (1,2) Lo, mo
Cart cart (13,14) M
Hinge 1 | servo | (9,10,11,12) | M., , Mg,y Jp s Jp, s L1, R1, K1
Hinge 2 | servo | (3,4,5,6) | My, Mg,y Jryy Jryy Loy, Roy Ko
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CART

The interconnection architecture:

Pairing
{2,3}
{4,7}

{8,9}
{10,13}

— p.43/89



CART

The interconnection architecture:

Pairing
{2,3}
{4,7}

{8,9}
{10,13}

Manifest variable assignment:

the variables on the external terminals {1, 5, 6, 11, 12, 14}.

All other variables are latent variables.

— p.43/89



CART

Equations for the full behavior:

mq L4 ;—;mcl = Fyp, + F,,
mq L g—:zycl = Fy, + Fy, —milg,
m1f—§j—;9c1 =11 +1T2—
%le sin(61) + %Fyl cos(01) — %sz sin(62) + %Fyz cos(6-2),
0, = 0,,
0 = 0, + ,
r1 = T, + % cos(6., ),
Lo = Te, — % cos(6., ),
Y1 = Ye, + % sin (0, ),

Y2 = Y, — % sin(6, ),
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CART

d? _
mZLZchz — Fa:7 + Fwsa

2
mszg?y@ — Fy'r + F’ys — maLag,

L3 42

My 12 g20e, = Tr 4+ Ts — 2 Fy, sin(67) + 2 Fy, cos(0r),
— %Fws Sil’l(eg) + %Fys COS(Hs),

6, = 0.,,

0s = 07 + 7,

Ty = T, + 5+ c0s(0e;),
T8 — Lcy — % cos(fc,),
Y7 = Ye, T % sin(6c, ),

Ys = Yeco, — % Sin(002)7
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CART

d2
MFm14 — F14 + Fw14
L14 — L13,
y13 = 0,

013 = 7‘-/29
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CART

2
(m'rl +msl)j?m3 — Fw3 + Fw49
(m’r‘l +m81);?y3 — F’ys + Fy49
Jrlg—:zofi = T3 + T},

Jsl ;_;04 — T4 - Tma

Vs — Ve = L1215+ RiI5 + KZ(03 — 64),

K1I5 p— Tmla

L3 — L4,Y3 — Y4,

I5 — _I67
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d2
(m’rz +msz)ﬁm9 — ng + leo?

d2
(M, —I—m32)$y9 = Fy, + Fy,0,

CART

Jry E 09 = Ty + Ty,

2 dt2

Js d 010 = Tho — T'm,

2 dt?

Vii — Via = L2%111 + Ral11 + K%(gg — 6010),

Kol =T,

10 — 115 Y10 — Y11,

Ill — _1129
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CART

Fp, + Fy, =0, Fy, + Fy, =0, 3 = 3, Y2 = ys,
02 =03+ mw, T2 + T35 = 0,

Fey + Fz, =0, Fy, + Fy, =0, x4 = x7, Y2 = Y1,
04 =07+ 7, Ty +1T7 =0,

Fpg + Fry =0, Fy, + Fy, = 0, xg = X9, Ys = Yo,
O0s = 09 + w, Tg + 19 = 0,

Fe.o +Fp,, =0, Fp,, + F;,, =0,

L£10 = L13y Y10 =— Yi3-
010 = 013 + 7w, Tho + 113 = 0.
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INPUT - to - OUTPUT CONNECTIONS

The inappropriateness of input - to - output connections is best
illustrated by the following simple physical example:

T |
s o e J - F

12, f12 D21, f21 D22, f22

Logical choice of inputs: the pressures p11, P12, P21, P22, and of
the outputs f11, f12, f21, fo2.

In any case, the choice should be ‘symmetric’.
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INPUT - to - OUTPUT CONNECTIONS

',

|
o - L

P11, fu P12 = P21 D225 fa2
fiz = —fa

Interconnection constraints:

P12 = p21, Jfi2 = fa1.

Equates two ‘inputs’ and two ‘outputs’.
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LINEAR RLCT CIRCUITS

BUILDING BLOCKS

Module Types:
Resistors, Capacitors, Inductors, Transformers, Connectors.

All terminals are of the same type: electrical

There are 2 variables associated with each terminal, (V, I),

V' the potential,
I the current (counted > 0 when it flows into the module).

~> terminal signal space R?.
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LINEAR RLCT CIRCUITS

SPECIFICATION of the BEHAVIOR of the MODULES

Resistor:

2-terminal module.

Parameter: R (resistance in ohms, say).

Device laws:

Vi—Vo=RI;; I+ I,=0.
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LINEAR RLCT CIRCUITS

Capacitor: 2-terminal module.

Parameter: C (capacitance in farads, say).
Device laws:

d
Ca(vl—VQ):Il; I + I, = 0.
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Inductor:

LINEAR RLCT CIRCUITS

2-terminal module.
Parameter: L (inductance in henrys, say).
Device laws:

d
LEIlzvl—Vz; Il—l—I2:O.
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LINEAR RLCT CIRCUITS

1 I._ 3,
+
Vi . Vi
V L v,
\ SRSt
N

2 I

Transformer: 4-terminal module; terminals (1,2): primary;
terminals (3,4): secondary.
Parameter: [N (the turns ratio, € (0, c0) ).
Device laws:

V3 — V4= NV1 — Va); I. = —NlI3;
I +12 =0; I3 + 14 =0.
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LINEAR RLCT CIRCUITS

Connector: many-terminal module.
Parameter: n (hnumber of terminals, an integer).
Device laws:

i=Vo=-.-=Vys ILit+Iz+---+1,=0.
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LINEAR RLCT CIRCUITS

MODULES and TERMINAL ASSIGNMENT

Modules

Resistors T1,T2,...,7n., parameters R;, Ro,...
Capacitors cj,C2,...,Cp., parameters C1,Co,...

Inductors li,2,...,0,,, parameters L1, Lo,...

Transformers 17,15,...,15,., parameters N1, Na,...

Connectors k1,ko,...,kn, parametersni,ns,...

This yields the set of terminals

T = {1,2,...,2(ny+nc+n¢)+4nr+n3+na2+...
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LINEAR RLCT CIRCUITS

INTERCONNECTION ARCHITECTURE '

Interconnection architecture :

I = a set of disjoint (unordered) pairs of different elements
(i.e., doubletons) from T.
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LINEAR RLCT CIRCUITS

MANIFEST VARIABLE ASSIGNMENT

External terminals = E := T — U {a,b}.

Manifest variables = external terminal voltages and currents
= IIyer (Vi, Ix). Denote the manifest variables by

I xer (Vi I) as (V,I) € R*".

Manifest behavior: C (R?*)K,
Denote further the full behavior (the behavior of all the terminal

voltages and currents) by B C (R2")T,
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LINEAR RLCT CIRCUITS

FULL BEHAVIORAL EQUATIONS

1. Module Laws:

1.1 Resistors: for each resistor 7y, terminals (¢1*, t5°),
VtIn - Vt;’n = Rn It’:’L’n 3 It’:'l"n + It"z"n = 0.
1.2 Capacitors: for each capacitor ¢y, terminals (£*, t3),
d — . —
acn (‘/Tl;;'—n — Vtgn) —_ It‘in ’ It;-'—n + It;—n _— O.
1.3 Inductors: for each inductor £;, terminals (ti“,te“),

2
d . _
ELnItin —‘/tgn, Itin_l_Itgn = 0.

1.4 Transformers: for each transformer T}, terminals (trfn, t;rn, tgn, t:fn),

‘/'-bfn - ‘/tZH — Nn(‘/tg'n - ‘/t;fn) ; Itg'n — _NnIt'fn
It'fn-|—Itg~n=0; Itg“n+ItIn=O,

1.5 Connectors: for each connector ky, terminals (tli“, e ,tiiﬂ ),
‘/tlin:"'zv-tkn; Itlin-l_"'-l_-[tkn-

Dky Bky
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LINEAR RLCT CIRCUITS

2. Interconnection Laws:

For each ‘connected’ terminal pair {a, b} € I :
Vo =Vp; 1Ig+ Ip = 0.
Solution of behavioral equations ~» B.

After elimination of internal variables ~~» ‘By.
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LINEAR RLCT CIRCUITS

PROPERTIES of ‘B I

Whenis B C (R2*)K
the external terminal behavior of a circuit
containing a finite number of positive
R’s, L’s, C’c, T’s, and connectors?

It is possible to derive necessary & sufficient conditions!
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LINEAR RLCT CIRCUITS

1. Br € o2k

2. KVL:

((V,I) € Br)and (a € €°(R,R))) = ((V + ce) €
Br)
with

3. KCL:

(V,I) € Bg) = (e' I =0)
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LINEAR RLCT CIRCUITS

4. Input cardinality: m(Bg) = E

5. Hybridicity:

There exists an input/output choice such that the input
variables (w1, us2, ..., ur) and output variables

(yla Y2y yE) pair as follows:
{uia yi} — {‘/19 Ii}

Each terminal is either current controlled or voltage controlled.
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LINEAR RLCT CIRCUITS

6. Passivity:

Assume for simplicity By € L2 . . . There holds

+0o0o
/ VT (@)I(t) dt > 0
0

forall (V,I) € Bx of compact support.

This states that the net electrical energy flows into the circuit.
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LINEAR RLCT CIRCUITS

7. Reciprocity:

Assume again for simplicity By € ngEntmuable. There holds

+00o +o0
/ V' (t)I2(—t) dt:/ I (t)Va(—t) dt

— OO — OO

forall (Vi, I1), (Va, Is) € By of compact support.

Equivalently: By = rev(%]JEfz),
where rev denotes time-reversal, and ¥ = | % 5 ].

This curious properties may be translated into:

The influence of terminal 1 on terminal j is equal
to the influence of terminal j on terminal 1.
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LINEAR RLCT CIRCUITS

Proof of necessity:

Show that the modules satisfy properties (1) to (7).
Show that these properties remain valid after one interconnection.

The difficult part here is (4).

Proof of necessity:

‘Synthesis’.
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TERMINALS or PORTS?

Note that (for instance for electrical circuits) we have used the
terminal description. It is simply more appropriate and more
general than the port description (even when using only ‘port’
devices).

The port description is not ‘closed under interconnection’.
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TERMINALS or PORTS?

Note that (for instance for electrical circuits) we have used the
terminal description. It is simply more appropriate and more
general than the port description (even when using only ‘port’

devices).

The port description is not ‘closed under interconnection’.

Example:

*3
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TERMINALS or PORTS?

Note that (for instance for electrical circuits) we have used the
terminal description. It is simply more appropriate and more
general than the port description (even when using only ‘port’
devices).

The port description is not ‘closed under interconnection’.

However, port descriptions are more parsimomious in the choice of
variables (it halves their number). It is important to incorporate this
parsimony.
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RECAPITULATION

® Modelling interconnected systems

12

Interplay of
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RECAPITULATION

Modelling interconnected systems = Interplay of
® modules and their behavior

# terminals and their type

#® the interconnection architecture

#® interconnection laws
o

manifest variable assighment
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RECAPITULATION

® Modelling interconnected systems = Interplay of
® modules and their behavior
# terminals and their type
#® the interconnection architecture
#® interconnection laws

#® manifest variable assighnment
® Adapted to computer assisted modelling

® Hierarchical, reusable, extendable

—p.70/89
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RECAPITULATION

Y/

Modelling interconnected systems Interplay of

modules and their behavior

terminals and their type

»
»
#® the interconnection architecture
& interconnection laws

»

manifest variable assighment
Adapted to computer assisted modelling
Hierarchical, reusable, extendable

Many latent variables, many equations (many static relations,
i.e., algebraic equations). Far distance from i/o, i/s/o, tf. f'ns.

Importance of elimination algorithms
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CONCLUSION

* for physical systems (= <= signal processors) *
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CONCLUSION

* for physical systems (= <= signal processors) *

® External variables are basic, but what ‘drives’ what , is not.
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* for physical systems (= <= signal processors) *

® External variables are basic, but what ‘drives’ what , is not.

o

Interconnection, variable sharing, rather that input selection,
Is the basic mechanism by which a system interacts with its

environment.

CONCLUSION
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BONDGRAPHS

Views interconnected systems indeed in terms of
ports, modules, and interconnections.
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BONDGRAPHS

Views interconnected systems indeed in terms of

ports, modules, and interconnections.
It is assumed that for each of the terminals the interconnection
variables come in pairs:

an effort variable and a flow variable

their (inner) product must be power.
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BONDGRAPHS

Views interconnected systems indeed in terms of
ports, modules, and interconnections.

It is assumed that for each of the terminals the interconnection

variables come in pairs:

an effort variable and a flow variable

their (inner) product must be power.

Examples:

® Electrical ports: effort: voltage, flow: current

® Mechanical ports: effort: force, flow: velocity
® Thermal ports: effort: T', flow: Q /T

® etc. etc.

—p.72/89



BONDGRAPHS

® Bondgraphs ideas very good, brilliant
® certainly superior to SIMULINK®
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BONDGRAPHS

Bondgraphs ideas very good, brilliant

certainly superior to SIMULINK®

notation very awkward, mathematical notions primitive
terminal variable structure seems limited to linearity

some interconnections fail their assumptions:
mechanical terminals equate positions, NOT velocities

—p.73/89
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BONDGRAPHS

Bondgraphs ideas very good, brilliant

certainly superior to SIMULINK®

notation very awkward, mathematical notions primitive
terminal variable structure seems limited to linearity

some interconnections fail their assumptions:
mechanical terminals equate positions, NOT velocities

effort/flow, while apparently deep, remains unexplored
interconnections happen via terminals, not ports.

there is more structure to interconnection variables than
effort/flow.

—p.73/89



CONTROL in a BEHAVIORAL SETTING



FEEDBACK CONTROL

The usual paradigm for control:

exogenous
inputs

> Actuators

control inputs

Controller

I -

Sensors

measured outputs

£

‘Intelligent’ Control

to—be—controlled
outputs
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BEHAVIORAL CONTROL

to—be—controlled

variables

PL ANT - CONTROLLER

control
variables

CONTROLLED
SYSTEM

Control as interconnection
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BEHAVIORAL CONTROL

to—be—controlled
variables

PLANT Vfl(l)‘;:{)(l);s = CONTROLLER \

Before interconnection
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BEHAVIORAL CONTROL

to—be—controlled
variables

control

PLANT variables | CONTROLLER

Before interconnection

to—be—controlled
variables

control

CONTROLLER \
variables
\I\ CONTROLLED
SYSTEM

After interconnection

Control = designhing a subsystem

—p.76/89



Feedback control as an example

to—be—controlled variables

exogenous
inputs

to—be—controlled
—] outputs

> Actuators

\ Controller J= /
N\ /

control variables

- p.77/89



‘Example’

Many practical control devices do not function as feedback
controllers! Dampers, heat fins, pressure valves, overflows,
turbulence control strips, characteristic impedances, etc. etc.
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‘Example’

Many practical control devices do not function as feedback
controllers! Dampers, heat fins, pressure valves, overflows,

turbulence control strips, characteristic impedances, etc. etc.

Mechanical object

Mechanical object
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‘Example’

Many practical control devices do not function as feedback
controllers! Dampers, heat fins, pressure valves, overflows,
turbulence control strips, characteristic impedances, etc. etc.

Mechanical object
Mechanical object

CONTROLLER

PLANT
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‘Example’

Many practical control devices do not function as feedback
controllers! Dampers, heat fins, pressure valves, overflows,
turbulence control strips, characteristic impedances, etc. etc.

AR

damper

ainges

spring

door

—p.78/89



‘Example’

Many practical control devices do not function as feedback
controllers! Dampers, heat fins, pressure valves, overflows,
turbulence control strips, characteristic impedances, etc. etc.

o A v

PLANT spring

door

e AN VA

damper ONTROLLER

ring

door
—p.78/89



e AN v

PLANT spring

door

e AL wan

damper, ONTROLLER

ring

door

‘Example’

Equation of motion of the door (the plant):

d?0
M,F = Fc + Fe

0: opening angle,

F.. force device, Fe exogenous force.

Door closing mechanism (the controller):

d?e dé
M’,F + Da —|— K@ = —Fc.

—p.78/89



‘Example’

Equation of motion of the door (the plant):

o LWL w® _p g
dt2 C e
0: opening angle,

PLANT spring F.. force device, Fe exogenous force.

door

Door closing mechanism (the controller):

T AN AN WAAR v ”—T—— dt - =
M e + D . + K6 Fe.

damper, ONTROLLER
Controlled behavior:

ring

d?0 do
d
oor M/ M’I D_ KB o F

Specs: small overshoot, fast settling, not-to-high gain from Fe —> 0. Controller~» M ', K and D.

Note: Plant: second order; Controller: second order; Controlled plant: second (not fourth) order.

Note: PDD controller, but no noise problems
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MATHEMATIZATION

Domain of the to-be-controlled variables: W
Domain of the control variables: C
Typically: families of time-signals
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MATHEMATIZATION

Full plant behavior:

Prul = {(w, c) € W x C | allowed by plant laws}

Controller:

C = {c € C | allowed by controller laws }

—p.79/89



MATHEMATIZATION

Full plant behavior:

Prul = {(w, c) € W x C | allowed by plant laws}

Controller:

C = {c € C | allowed by controller laws }

Controlled behavior:

K:={weW| dceC
such that (w,c) € Pranand ¢ € C}.

—p.79/89



MATHEMATIZATION

Controlled behavior:

K:={weW| dceC
such that (w,c) € Pranand c € C}.

We say that C implements IC , and that /C is implementable
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MATHEMATIZATION

Controlled behavior:

K:={weW| dceC
such that (w,c) € Pranand c € C}.

We say that C implements IC , and that /C is implementable

Questions:
® Which C implements the desired controlled behavior D?
® Given Pgyjp, which K C W are implementable?

—p.80/89



2.

We henceforth restrict attention to
linear time-invariant differential systems.
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S.

We henceforth restrict attention to
linear time-invariant differential systems.

The behavior 3 belongs to £"
<=
3 a polynomial matrix R € R®”*¥[£] such that

B = {w € €°(R,R") | R(Z)w = 0}.
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S.

Plant:
Controller:

Controlled system:

IC = {w & QOO(R, ]RW) | dc € C: (w,c) & Pfull}.

—p.82/89



2.

Plant:
Controller:

Controlled system:
IC = {w & QOO(R, RW) | dc e C: (w,c) & Pfull}.
By the ‘elimination theorem’

K e £”
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IMPLEMENTABILITY

Which behaviors IC € £" can be implemented by
attaching a controller C € £° to a given plant

Prann € LVTC¢2
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IMPLEMENTABILITY

Which behaviors IC € £" can be implemented by
attaching a controller C € £° to a given plant

Prann € LVTC¢2

This question has a very concrete and intuitive answer.

Theorem: Let Prui € £7T°C be given.
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IMPLEMENTABILITY

where N € £V is the hidden behavior defined by
N = {w & Q:OO(R, RW) | (w,O) c Pfull}a
and P is the manifest plant behavior defined by

P:={we E°(R,RY) |Tec: (w,c) € Pran}-
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IMPLEMENTABILITY

N € £7 the hidden behavior

H—

to—be—controlled

control
variables 0

variables

PLANT

—H
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IMPLEMENTABILITY

P € £¥, the manifest plant behavior

to—be—controlled
variables

H—

l

PLANT

—H

control
variables

—p.83/89



IMPLEMENTABILITY

This theorem reduces control to linear algebra / functional analysis:
finding suitable subspaces wedged between given subspaces.

Example:
Assume observability of the to-be-controlled variables w from the
control variables ¢ < N = {0}. Assume P # {0}, controllable.

—> pole assignability = stabilizability

e.d., %m = Ax + Bu,y = Cx + Du,c = (u,y),w = x.
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IMPLEMENTABILITY

This theorem reduces control to linear algebra / functional analysis:
finding suitable subspaces wedged between given subspaces.

LQ-control and H o, control are very neatly worked out from this
point of view/
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Regularity

The full controlled behavior ICsau1 € Prull is defined by

Kean := {(w,¢) € Paan | ¢ € C}.
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Regularity

The full controlled behavior ICsau1 € Prull is defined by
Kean := {(w,c) € Pran | ¢ € C}.

Consider the mapsm,p : £ — {0,1,...,w}
with m(*23) the number of input variables,
and p(®8) the number of output variables in 3.
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Regularity

The full controlled behavior ICsau1 € Prull is defined by
Kean := {(w,c) € Pran | ¢ € C}.

Consider the mapsm,p : £ — {0,1,...,w}
with m(*23) the number of input variables,
and p(®8) the number of output variables in 3.

The controller C € £° is said to be regular if

P(Ktun) = p(Prun) + p(C)

—p.84/89



Regularity

to—be—controlled
variables

control

PLANT variables | CONTROLLER

to—be—controlled
variables

CONTROLLER \
\l\ CONTROLLED
SYSTEM

control
variables

Regularity :=
if the controller has p bound (i.e. output) variables, then the plant
looses p free variables after interconnection.
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Regularity

A controller is regular if and only if it can be realized as a feedback
controller with a (possibly non-proper) transfer function from an
output to an input in Py, for an input/output partition of c.

exogenous to—be—controlled
inputs = - B  outputs

control inputs measured outputs
Controller |
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Regularity

exogenous to—be—controlled
inputs = - B  outputs

control inputs measured outputs
Controller |

=> A controller is regular if and only if it can be viewed as an
‘Intelligent controller’ that processes sensor inputs outputs into
actuator inputs.
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Regularity

—> A controller is regular if and only if it can be viewed as an
‘intelligent controller’ that processes sensor inputs outputs into
actuator inputs.
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Regularity

—> A controller is regular if and only if it can be viewed as an
‘intelligent controller’ that processes sensor inputs outputs into
actuator inputs.

In feedback control, we have the additional property that the
controller can be (de)coupled at any time. No state perparatiuon is
required in attaching the controller.
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A LOOK BACK

What have we been trying to do, really ?
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A LOOK BACK

What have we been trying to do, really ?

Set up a ‘correct’ mathematical framework for discussing

dynamical systems.

Usable in control, sighal processing, econometrics, and, especially,

incorporating in an honest way the classical models of physical

systems.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:
® Any reasonable theory takes open systems as the basic
paradigm.

® Most dynamical models will be described by (differential or
difference) equations, but we need a basic notion of
equivalence of models.

® First principles models invariably contain auxiliary variables

#® - acomplete theory for linear time-invariant systems.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

® Any reasonable theory takes open systems as the basic
paradigm. ~~» the predominance in mathematical research of
closed systems is very hard to comprehend.

® Most dynamical models will be described by (differential or
difference) equations, but we need a basic notion of
equivalence of models.

® First principles models invariably contain auxiliary variables

® - acomplete theory for linear time-invariant systems.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:
® Any reasonable theory takes open systems as the basic
paradigm.

® Most dynamical models will be described by (differential or
difference) equations, but we need a basic notion of
equivalence of models. ~~»the behavior.

® First principles models invariably contain auxiliary variables

#® - acomplete theory for linear time-invariant systems.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

® Any reasonable theory takes open systems as the basic
paradigm.

® Most dynamical models will be described by (differential or
difference) equations, but we need a basic notion of
equivalence of models.

® First principles models invariably contain auxiliary variables
~~»manifest and latent variables.

® - acomplete theory for linear time-invariant systems.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

® Any reasonable theory takes open systems as the basic

o

L

paradigm.

Most dynamical models will be described by (differential or
difference) equations, but we need a basic notion of
equivalence of models.

First principles models invariably contain auxiliary variables

- a complete theory for linear time-invariant systems.
~~polyomial matrix based models, with as highlights the
elimination thm., controllability, and image repr.
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A LOOK BACK

What have we been trying to do, really ?
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

® The manifest variables of systems do not come as input/output

© o @

pairs. On a physical terminal, many variables live
simulaneously. I/O structures give the wrong suggestion. An
I/0 partition, if possible at all, is usually not unique, and if
needed, depends on the purpose of the model.

An input/output model is simply not a ‘map’.
The state is a construct, and so are the input and output.

Many technologically very relevant controllers are not
sensor-output-to-actuator-input signal processors.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

o

© o @

The manifest variables of systems do not come as input/output
pairs. On a physical terminal, many variables live
simulaneously. I/O structures give the wrong suggestion. An
I/0 partition, if possible at all, is usually not unique, and if
needed, depends on the purpose of the model.

~~ The classical I/O framework fails in the first and most
elementary examples.

An input/output model is simply not a ‘map’.
The state is a construct, and so are the input and output.

Many technologically very relevant controllers are not
sensor-output-to-actuator-input signal processors.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

o

L

The manifest variables of systems do not come as input/output
pairs. On a physical terminal, many variables live
simulaneously. I/O structures give the wrong suggestion. An
I/0 partition, if possible at all, is usually not unique, and if
needed, depends on the purpose of the model.

An input/output model is simply not a ‘map’.
~~ This is the historical raison d’étre of state models .

The state is a construct, and so are the input and output.

Many technologically very relevant controllers are not
sensor-output-to-actuator-input signal processors.

—p.88/89



A LOOK BACK

What have we been trying to do, really ?

Basic observations:

® The manifest variables of systems do not come as input/output

L

pairs. On a physical terminal, many variables live
simulaneously. I/O structures give the wrong suggestion. An
I/0 partition, if possible at all, is usually not unique, and if
needed, depends on the purpose of the model.

An input/output model is simply not a ‘map’.

The state is a construct, and so are the input and output. ~
Algorithmically well worked out for linear time-invariant
systems.

Many technologically very relevant controllers are not
sensor-output-to-actuator-input signal processors.
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A LOOK BACK

What have we been trying to do, really ?

Basic observations:

o

© o @

The manifest variables of systems do not come as input/output
pairs. On a physical terminal, many variables live
simulaneously. I/O structures give the wrong suggestion. An
I/0 partition, if possible at all, is usually not unique, and if
needed, depends on the purpose of the model.

An input/output model is simply not a ‘map’.
The state is a construct, and so are the input and output.

Many technologically very relevant controllers are not
sensor-output-to-actuator-input signal processors.

The behavioral approach is consistent, pedagogically
attractive, pragmatic, and practical. pse



Thank you

Thank you

Thank you

Thank you

Thank you

Thank you

Thank you

Thank you




End of the Lecture V

—p.90/89



	small cbby {Road Map}
	small �b {THEME}
	small �b {TEARING and ZOOMING}
	small �b {TEARING and ZOOMING}
	small �b {TEARING and ZOOMING}
	small �b {TERMINALS}
	small Examples
	small Examples
	small �b {MODULES}
	small Example
	small Module type
	small Parametrization
	small �b {MODULES}
	small Examples
	small Examples
	small Examples
	small Examples
	small Examples
	small �b {INTERONNECTION ARCHITECTURE}
	small �b {INTERONNECTION ARCHITECTURE}
	small Interconnection constraints
	small �b {MANIFEST VARIABLE ASSIGNMENT}
	small �b {MODEL GENERATION}
	small Examples
	small �b { RLC circuit}
	small �b { RLC circuit}
	
	small �b { RLC circuit}
	small �b { RLC circuit}
	small �b { RLC circuit}
	small �b { RLC circuit}
	small �b { RLC circuit}
	small �b {CART}
	small �b {CART}
	
	
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {CART}
	small �b {INPUT - to - OUTPUT CONNECTIONS}
	small �b {INPUT - to - OUTPUT CONNECTIONS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {LINEAR~~ RLCT ~~ CIRCUITS}
	small �b {TERMINALS or PORTS?}
	small �b {RECAPITULATION}
	small �b {CONCLUSION}
	small �b {BONDGRAPHS}
	small �b {BONDGRAPHS}
	
	small �b {FEEDBACK CONTROL}
	small �b {BEHAVIORAL CONTROL }
	small Feedback control as an example
	small `Example'
	small �b {MATHEMATIZATION}
	small �b {MATHEMATIZATION} 
	small �b {$Ldot $}
	small �b {$Ldot $}
	small �b {IMPLEMENTABILITY}
	small Regularity
	small Regularity
	small Regularity
	small �b {A LOOK BACK}
	small �b {A LOOK BACK}
	 
	

