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THEMES

Mathematical models, the behavior

Dynamical systems

Examples

Linear differential systems ~» 3 basic theorems:

1.

2.
3.

Characterization as submodules and Structure of kernel
representations

Elimination theorem
Input/output representability
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Generalities

What is a model? As a mathematical concept.
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Generalities

What is a model?

What is a dynamical system? As a mathematical concept.
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What is a model?

Generalities

What isa dynamical system?

What is the role of differential equations in thinking about

dynamical models?
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Generalities

Intuition

We have a ‘phenomenon’ that produces ‘outcomes’ (‘events’).

We wish to model the outcomes that can occur.

Before we model the phenomenon:

the outcomes are in a set, which we call the universum.

After we model the phenomenon:
the outcomes are declared (thought, believed)
to belong to the behavior of the model,
a subset of the universum.

This subset is what we call the mathematical model.
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Generalities

This way we arrive at the

Definition

A mathematical model is a subset 53 of a universum 3l of
outcomes,

B C .

'8 is called the behavior of the model.
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Features

Generality, applicability

shows the role of model equations
~~ notion of equivalent models
~~ notion of more powerful model

Structure, symmetries
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In these lectures, we will only consider deterministic models.
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In these lectures, we will only consider deterministic models.

Stochastic models: there is a map P (the ’probability’)

P:A— [0,1]

with A a ‘o-algebra’ of subsets of il.
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In these lectures, we will only consider deterministic models.

Stochastic models: there is a map P (the ’probability’)

P:A— [0,1]

with A a ‘o-algebra’ of subsets of il.
P(®8) = ‘the degree of certainty (belief, plausibility,

relative frequency) that outcomes are in $5’;
= the degree of validity of 5 as a model.
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In these lectures, we will only consider deterministic models.

Stochastic models: there is a map P (the ’probability’)

P:A— [0,1]

with A a ‘o-algebra’ of subsets of il.

Fuzzy models: there is a map u (the ‘membership function’)

po: 3 — [0, 1]
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In these lectures, we will only consider deterministic models.

Stochastic models: there is a map P (the ’probability’)

P:A— [0,1]

with A a ‘o-algebra’ of subsets of il.

Fuzzy models: there is a map u (the ‘membership function’)

po: U — [0,1]

p(x) = ‘the extent to which x € 3l belongs to the model’.
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In these lectures, we will only consider deterministic models.

Stochastic models: there is a map P (the ’probability’)

P:A— [0,1]

with A a ‘o-algebra’ of subsets of il.

Determinism: A = {, 93, 3¢omplement (1

Fuzzy models: there is a map u (the ‘membership function’)

po: 3 — [0, 1]

Determinism: (s is ‘crisp’:
image(p) = {0,1}, B = p ' ({1}) :={z € Y| p(z) = 1}
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Dynamical systems

In dynamics, the outcomes are functions of time ~»

EVENTS
™ time

Which event trajectories are possible?
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Dynamical systems

Definition

A dynamical system= |X := (T, W, 28)

with T C R, the time-axis (= the relevant time instances),
W, the signal space
(= where the variables take on their values),

B C W' | the behavior (=the admissible trajectories).
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A dynamical system =

Dynamical systems

Definition

> = (T, W, 28)

with T C R, the time-axis (= the relevant time instances),

W, the signal space

(= where the variables take on their values),

B C W' | the behavior (=the admissible trajectories).

N

Totality of ‘legal’ trajectories =: the behavior
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Dynamical systems

Definition

A dynamical system= |X := (T, W, 28)

with T C R, the time-axis (= the relevant time instances),

W, the signal space
(= where the variables take on their values),

B C W' | the behavior (=the admissible trajectories).

For a trajectory (‘an event’) w : T — W, we thus have:

w € *B : the model the trajectory w,
w ¢ B : the model forbids the trajectory w.
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Dynamical systems

Definition

A dynamical system= |X := (T, W, 28)

with T C R, the time-axis (= the relevant time instances),

W, the signal space
(= where the variables take on their values),

B C W' | the behavior (=the admissible trajectories).

Usually,
T = R, or [0, 00), etc. (in continuous-time systems),
or Z, or N, etc. (in discrete-time systems).
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Dynamical systems

Definition

A dynamical system= |X := (T, W, 28)

with T C R, the time-axis (= the relevant time instances),

W, the signal space
(= where the variables take on their values),

B C W' | the behavior (=the admissible trajectories).

Usually,
W C RY (in lumped systems),
a function space
(in distributed systems, time a distinguished variable),
a finite set (in DES)’ etc.
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Dynamical systems

Definition

A dynamical system= |X := (T, W, 28)

with T C R, the time-axis (= the relevant time instances),

W, the signal space
(= where the variables take on their values),

B C W' | the behavior (=the admissible trajectories).

Emphasis:
T = R,
W = Rv,

% — solutions of system of linear constant coefficient
ODE'’s, or difference eqn’s, or PDE’s.
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More structure

> = (T, W, 2B)

is said to be
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More structure

> = (T, W, B)

is said to be |linear

if W is a vector space, and 8 a linear subspace of W',
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More structure

> = (T, W, 2B)

is said to be |time-invariant

if [ = R, R4 ,Z, orZ4 and if *5 satisfies
o’ C Biorallt € T.

ot denotes the shift, ot f(t') := f(t' + t).
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More structure

> = (T, W, 2B)

is said to be |differential

if [ = R, or Ry, etc., and if °5 is the solution set of a (system of)

ODE'’s.

a | difference system

if, etc.
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More structure

> = (T, W, B)

is said to be | symmetric

w.r.t. the transformation group {T,;,g € &} on w

if T8 = Bforallg € 6.

Examples:

1. time-invariance, time-reversibility

2. permutation symmetry, rotation symmetry, translation
symmetry, Euclidean symmetry,

3. etc., etc.
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A series of examples
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Planetary motion

Let’s put Kepler and Newton in this setting.
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Planetary motion

Let’s put Kepler and Newton in this setting.

Planet‘W

How does it move?

22?
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Kepler’s laws

Johain]]es .
Kepler | ¢
1571-1630 :

=
£
& o3
=
&
<
=

Johannes Kepler (1571-1630)

Kepler’s first law:

Ellipse, sun in focus

PLANET
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Kepler’s laws

Johaiﬁ]]es .
Kepler

MAGYAR POSTA

1571-1630

Kepler’s second law:

= areas in = times
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Kepler’s laws

/)[E/([Ed-JQ[dQ)I

Johaiﬁ]]es .
Kepler | ¢
1571-1630 .

-
4
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=

34 months
Johannes Kepler (1571-1630) "\

:o’ LenTTT ‘ 1 yé.al’
Kepler’s third law: ! . ;

L)
]
.......

(period)? = (diameter)®
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Kepler’s laws

This obviously defines a dynamical system X = (T, W, 23)

T =R,
W = R3,
B = allw : R — R3 that satisfy Kepler’s 3 laws.
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Kepler’s laws

This obviously defines a dynamical system X = (T, W, 23)
T = R,

W = R3,

B = allw : R — R3 that satisfy Kepler’s 3 laws.

Nice example of a dynamical model ‘without equations’.
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Kepler’s laws

This obviously defines a dynamical system X = (T, W, 23)

T =R,
W = R3,
B = allw : R — R3 that satisfy Kepler’s 3 laws.

Nice example of a dynamical model ‘without equations’.

Is it a differential system?

This question turned out to be of revolutionary importance...
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The state of the planet

What determines the orbit uniquely?

PLANET
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The state of the planet

What determines the orbit uniquely?

PLANET

The position?
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The state of the planet

What determines the orbit uniquely?

PLANET

The position and the direction of motion?
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The state of the planet

posmon
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velocity
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The state = position and velocity
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The equation of the planet

Consequence:
acceleration = function of position and velocity

2

& gult) = Adw(®), L w(®)
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The equation of the planet

Consequence:
acceleration = function of position and velocity

2

< sw(t) = Aw(®), - w(t)

~» Via calculus and calculation

d? lw@
w(t) + pep =
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The equation of the planet

~> Via calculus and calculation

2 1,
2w (®) + e = 0

This defines the dynamical system X = (T, W, 23)

T = R,
W = R3,
B = allw : R — R3 that satisfy this differential eq’n.
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The equation of the planet

~> Via calculus and calculation

d? Lwwy _
a2 () + e =

This defines the dynamical system X = (T, W, 23)

T = R,

W = R3,

B = allw : R — R3 that satisfy this differential eq’n.

Is it really equivalent to K.1, K.2, K.3 ?
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Kepler’'s laws
K1, K.2, & K.3

Joheiri;’nes
Kepler | ¢
1571-1630 | «

z
£
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<
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Kepler’s laws
K1,K.2, & K3

johérinés
Kepler
1571-1630
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Specimen

Cw(®)? T
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Kepler’s laws
K1,K.2, & K3

johérinés
Kepler
1571-1630

" MAGYAR POSTA
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Hypotheses
non
fingo

lw®)[?
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‘MAGYAR POSTA

Joheiri;’nes
Kepler

1571-1630

I AR R EEERENEERNNERERE RN WY

Kepler’'s laws
K1, K.2, & K.3

Hypotheses
non
fingo
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More examples

d
~a(t) = £((t)),

%3 — all state trajectories.
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More examples

Observed flows

d
—2(t) = f(=@); y(t) = h(z(t)),
B — all possible output trajectories.

Note:

1. It may be impossible to express 5 as the solutions of a
differential equation involving only v.

2. The auxiliary (latent variable) nature of .

—p.14/25



More examples

Input / output systems
2
Fa(y(t), - y(t), Y () t)
d2
= fa(u(t), d—u(t), Eu(t), couyt)

T =R (time),
W = U X Y (input X output signal spaces),
% — all input / output pairs.
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More examples

Input / output systems

2

Fu(0)s S u(0)s 3y,

= fa(u(t), —u(t), u(t), couyt)

T = R (time),
W = U X Y (input X output signal spaces),
B — all input / output pairs.
Of course, more is required to justify calling
u ‘input’ and y ‘output’.

Not a good starting point!! Why not?
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More examples

Input / state / output systems

() = Fa(0),u(t), 1), y(&) = h((D),u(t), 1

£

What do we want to call the behavior?
the (u, y, x)’s, or the (u, y)’s?

Is the (u, y) behavior described by a differential eq’n?
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More examples

Heat diffusion a(, t)

iy

v l/ )

T(xz,t)

Diffusion describes the evolution of the temperature 1" (x, t)
(x € R position, ¢ € R time) along a uniform bar (infinitely long),
and the heat g(x,T') supplied to the bar. ~» the PDE

T = R (time),

W = €>°(RR, R?) all (temperature, heat) distributions,
B =allT(-,t),q(,t)-pairs that satisfy the PDE.
Note: We view t as a distinguished variable.
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More examples

Codes

A = the code alphabet, say, A = ", [ afinite field,
[ = anindex set, say,

[ =(1,--- ,n) in block codes,

I = N or Z in convolutional codes,
¢ C A' = the code; yields the system ¥ = (I, A, €).

Redundancy structure, error correction possibilities, etc., are
visible in the code behavior €.

It is the central object of study.
The encoder and decoder can be put (temporarily) into the
background.
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More examples

Example:

The following error detecting code:
[=7Z,A=TF={0,1},
% — all compact support sequences w : Z — [ such that

w(t) = pol(t) + p1l(t —1) + -+ + pol(t — 1)

for some £ : Z — IF, with pg, p1,...,pn € F design parameters.
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More examples

Formal languages

A = a (finite) alphabet,

£ C A* = the language = all ‘legal’ ‘words’ aias - - -

A* = all finite strings with symbols from A.
yields the system 3 = (N, A, £).

Examples: All words appearing in the van Dale
All IASTEX documents.
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More examples

Thermodynamics

Thermodynamics is the only theory of a general nature of
which | am convinced that it will never be overthrown.
Albert Einstein

The law that entropy always increases — the second law of
thermodynamics — holds, I think, the supreme position

among the laws of nature.
Arthur Eddington
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More examples

Thermodynamics

Work
Heating (Qh’rlil) terminal

terminal
Thermodynamic
Engine

QT ¢

. . Cooling
time-axis: R terminal

Q: Variables of interest? A: Qp,1h,Qc, Ty, W
~» signal space: W = Ry X Ry X Ry X Ry X R
Behavior *55: a suitable family of trajectories.

But, there are some universal laws that restrict the $5’s that are
‘thermodynamic’.
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Thermodynamics

First and second law:

More examples

Work
Heating (Qh’rlil) terminal

terminal
Thermodynamic
Engine

QT ¢

Cooling
terminal

Q

&

]{(Qh_Qc_W)dt:(); ]{(———)dtgo.

h Q
T, T.

These laws deal with ‘open’ systems.

But not with input/output systems!
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Conclusion

The framework

> = (T, W, *B)

with 23 = the ‘behavior’

Is a very flexible, universal, pedagogical approach to the theory of
models in general and dynamical systems in particular!
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Linear Differential Systems
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R[£] := the polynomials with real coefficients in the

‘indeterminate’ .

Polynomials
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Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

Addition, multiplication defined in the obvious way.

This makes R[] into a ‘ring’.
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Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

A polynomial vector is a vector of polynomials, ~» R"[£]
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Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

A polynomial vector is a vector of polynomials, ~» R"[£]

Addition, multiplication by polynomials (‘scalar multiplication’)
defined in the obvious way.

This makes R" [£] into a ‘module’ over R[£].
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Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

A polynomial vector is a vector of polynomials, ~» R"[£]

Addition, multiplication by polynomials (‘scalar multiplication’)
defined in the obvious way.

This makes R" [£] into a ‘module’ over R[£].

A submodule of R"[£] is a subset of R"[£] that is closed under
addition and scalar multiplication.

—p17/25



Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

A polynomial vector is a vector of polynomials, ~» R"[£]

Example of a submodule: Let g1, 92, ...,g9x € R*[£] and
consider all elements of the form

P1g1 + P2g2 + * -+ + PxGx

with p1, p2, ..., px € R[£]. This is obviously a submodule of
R [£], called the submodule ‘generated by’ g1, g2, - - . , gx (‘the
generators’).

Notation:

< g1+5925-+-:9gx > OF <G>

if we organize the g’s into the matrix G = [gl gs - gk]

—p17/25



Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

A polynomial vector is a vector of polynomials, ~» R"[£]

Example of a submodule: Let g1, 92, ...,g9x € R*[£] and
consider all elements of the form

P1g1 + P2g2 + * -+ + PxGx

with p1, p2, ..., px € R[£]. This is obviously a submodule of
R [£], called the submodule ‘generated by’ g1, g2, - - . , gx (‘the
generators’).

Every submodule of R"[£] is actually of this form: “finitely
generated’; max. # of generators required is, in fact, n.

Exercise: Prove this.
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Polynomials

R[£] := the polynomials with real coefficients in the
‘indeterminate’ .

A polynomial vector is a vector of polynomials, ~» R"[£]

A polynomial matrix is a matrix of polynomials.

Notation: RP[£], R®[€], R™ Xn2[£], R[], R2¥®[£], R***[£].

Add and multiply as if they were ordinary matrices.
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Polynomials

In R**"[£] we can add and multiply elements:

it is a ‘non-commutative’ ring.
So, elements could be invertible (in R™*™[£]}).
These are an important type of square polynomial matrices:

Definition: P € R"*"[£] is said to be unimodular if 3
Q € R**"[¢] suchthat QP = I .

This Q is denoted as P~ 1. Easy: PP~ ' = P 1P =1I,4,
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Polynomials

In R**"[£] we can add and multiply elements:

it is a ‘non-commutative’ ring.
So, elements could be invertible (in R™*™[£]}).
These are an important type of square polynomial matrices:

Definition: P € R"*"[£] is said to be unimodular if 3
Q € R**"[¢] suchthat QP = I .

This Q is denoted as P~ 1. Easy: PP~ ' = P 1P =1I,4,

Proposition: P € R**"[£] is unimodular if and only if
det(P) = a, with0 # o € R.
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Polynomials

The following result is very useful in proofs. It shows that, by pre-
and postmultiplying by unimodular matrices, polynomial matrices
can be brought in Smith form, a simple, diagonal like form
(reminiscent of the Jordan form).
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Let P € R™ *"2[£]. There exist unimodular polynomial matrices

Polynomials

U c RxMg]land V € R*2%"2[£] such that

UPV =

where 7 = rank(P), p1,p2,...,pr € R[£],and py11 isa

diag(plv P2y, pr)

0(nl—r) Xr

factorof pfork = 1,2,...k — 1.

Oy (n2—r)

0(n1 —r) X (n2 —r)_

P1s P2, - - - s Pr are called the invariant factors of P.
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Polynomials

Exercises:

1. Prove the Smith form. Hint: Consider a non-zero element of P of
smallest degree. Assume that in the same row or column as this
element there is a second non-zero element. Now use an
elementary row or column operation (meaning: replace this second
row or column by the sum of this row or column and a polynomial
multiple of the first row or column) to create either a new zero
element, or a non-zero element of lower dgeree. Show that this
process ends in a finite humber of steps, and that it ends if, up to a
permutation of rows and columns, the matrix is in Smith form.

2. Use the Smith form to prove that every submodule of R"[£] is
finitely generated, and that the matrix formed by the generators as
columns can be taken to have full row rank, and hence that the
number of generators is at most n.
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We discuss the fundamentals of the theory of dynamical systems

that are

Linear time-invariant differential systems

> = (R, RY, 5B)
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Linear time-invariant differential systems

We discuss the fundamentals of the theory of dynamical systems
3 = (R, R, 2B)

that are

1. | linear | meaning (‘superposition’)

(w1, w2 € B) A (o, 8 € R)) = (aw; + Bws € B);
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Linear time-invariant differential systems

We discuss the fundamentals of the theory of dynamical systems
3 = (R, R, 2B)

that are

1. | linear | meaning (‘superposition’)

(w1, w2 € B) A (o, 8 € R)) = (aw; + Bws € B);

2. [time-invariant] meaning

((w € B) A (t €R)) = (c'w € B))
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Linear time-invariant differential systems

We discuss the fundamentals of the theory of dynamical systems
3 = (R, R, 2B)

that are

1. | linear | meaning (‘superposition’)

(w1, w2 € B) A (o, 8 € R)) = (aw; + Bws € B);

2. [time-invariant] meaning

((w € B) A (t €R)) = (c'w € B))

3. [ differential, ] meaning
5 consists of the sol’ns of a system of differential eqg’ns.
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Linear time-invariant differential systems

Variables: w1, wa, ... wy, up to n-times differentiated, g
equations. ~~

W 0 1 d dn

W 0 1 d W n d®
) _1R ’UJJ —|— EJ_le JE’UJJ —I— oo —|— Ej:1R2,j%w

W 0 1 d n i
i1 hy jwy + ZJ_le i dt w4 EJ—lRSaJ din

W;

Coefficients Rij: 3 indices!

1=1,...,g : for the 1-th differential equation,
j = 1,...,w :forthe variable w; involved,
dk

= Of differentiation.

k=1,...,n : for the order
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Linear time-invariant differential systems

In vector/matrix notation:

k k k
w1 R1,1 R1,2 " Rl,w
k k k
w2, R2,1 Rz,z e Rz,w
w = . Rk p— .
k k k
| W _ R Ry R,
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Linear time-invariant differential systems

In vector/matrix notation:

Yields

i ] [ Dk k k |
w1 R1,1 R1,2 " Rl,w
k k k
w2, R2,1 Rz,z Rz,w
w = . Rk p— .
k k k
| Wy _ _Rg71 Rg72 R87W_

with Ry, R1,--- , R, € R&XV,
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Linear time-invariant differential systems

Yields
Row + R d +---+ R, ul 0,
w —w —+ - —w =
) 't ® dte
with Ry, R1,--- , R, € R&XV,
Combined with the polynomial matrix
R(§) = Ro + R1§ + --- + Ru&",

we obtain the mercifully short notation

R(— )w—O

~p.18/25



Other similar situations:
Difference equationson Z ~»
R(o)w = 0;
Difference equations on Z ~~»
R(o,0 ) w = 0;
PDE’s on R"* ~»
0 0 .

R(3%, 52 )w = 03

Differential delay systems on R ~»
d _
R(E,U,O' 1)w = 0;

etc.

Execise: State and prove the appropriate version of the 3 basic
theorems for discrete-time systems, with T = Z and Z..
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The behavior of R(%)w =0

What do we mean by the behavior
of this system of differential equations?

When do we want to call w : R — R" a solution?
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The behavior of R(%)w =0

What do we mean by the behavior
of this system of differential equations?

When do we want to call w : R — R" a solution?

Possibilities:

Strong solutions?

Weak solutions?

€>° (IR, RY) (infinitely differentiable) solutions?
Distributional solutions?

Compact support solutions, etc.
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The behavior of R(%)w =0

¢°°-solutions:
w : R — R"isa €>°-solution of R(%)w = 0 if

1. w is infinitely differentiable (=: w € €°°(R, R") ), and
2. R(%)w = 0.
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The behavior of R(%)w =0

¢>°-solutions:
w: R — R"isa €>°-solution of R(%)w = 0 if

1. w is infinitely differentiable (=: w € €°°(R, R") ), and
2. R(%)w = 0.

Weak solutions:
w : R — R" is a weak solution of R(%)w = 0 if

1. [} ||w(t)|] dt < coforalltg,t; € R, and

2. [TX(RT(=2)a)T (t)w(t) dt = 0 forall

a € €°(R, RFOWdim(R)) of compact support
(i.e., a is zero outside some finite interval).
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The behavior of R(%)w =0

¢>°-solutions:
w: R — R"isa €>°-solution of R(%)w = 0 if

1. w is infinitely differentiable (=: w € €°°(R, R") ), and
2. R(%)w = 0.

Weak solutions:
w : R — R" is a weak solution of R(%)fw = 0 if

1. [} ||w(t)|] dt < coforalltg,t; € R, and

2. [TX(RT(=2)a)T (t)w(t) dt = 0

‘Pragmatic’, easy way out: | €°° soln’s! | Transmits main ideas,
easier to handle, easy theory, sometimes (t00) restrictive
(step-response, state property etc.).
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The behavior of R(%)w =0

Whence, R(%)w = 0 defines the system X = (R, R", ) with

B = {w € € [R,R") | R(Z)w = 0}.

Proposition: This system is linear and time-invariant.
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The behavior of R(%)w =0

Whence, R(%)w = 0 defines the system X = (R, R", ) with

B = {w € € [R,R") | R(Z)w = 0}.

Proposition: This system is linear and time-invariant.

NOTATION

£° . all such systems

(with any - finite - number of variables)
LY . with w variables

B = ker(R(2))
B € £Y (no ambiguity regarding T, W)
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The behavior of R(%)w =0

Whence, R(%)w = 0 defines the system X = (R, R", ) with

B = {w € € [R,R") | R(Z)w = 0}.

Proposition: This system is linear and time-invariant.

NOMENCLATURE

Elements of £® : linear differential systems

R(%)fw = 0 : a kernel representation of the
corresponding X € £%orB c £°

R(%)w = 0 ‘has’ behavior 5

3. or B: the system induced by R € R®**®[]
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The behavior of R(%)w =0

Some other properties of 25 € £":

(w € B) = (Lw € B);
(w €8 and p € R[¢]) = (p(%)w € B);
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The behavior of R(%)w =0

Some other properties of 25 € £":

(w € B) = (Lw € B);
(w €8 and p € R[¢]) = (p(%)w € B);

Further niceties:

(weWB and f € €E°(R,R)) = (f *xw € B),
% denotes convolution

¢°C-solutions of R(%)fw = 0 are dense in the set of
weak (or distributional) solutions.
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3 theorems about £°
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3 theorems about £°

Theorem 1:

There is a one-to-one relation between £V
and the submodules of R" [£].
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3 theorems about £°

Theorem 1:

There is a one-to-one relation between £V
and the submodules of R" [£].

Theorem 2 (Elimination theorem):

£° is closed under projection.
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3 theorems about £°

Theorem 1:

There is a one-to-one relation between £V
and the submodules of R" [£].

Theorem 2 (Elimination theorem):

£° is closed under projection.

Theorem 3 (Input / output representation):

For each 8 € £° there is a componenentwise partition

of the variables into inputs and outputs.
This partition is not unique, but the numbers
of input and output variables is invariant.
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Submodule theorem

R € R**°®[£] defines B = ker(R(%)), but not vice-versal!

Obviously, R(%)w = 0 and U(%)R(%)w = 0 define the same
behavior whenever U is unimodular.

¢¢ 3 ‘intrinsic’ characterization of B8 € £¥ 77
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Submodule theorem

R € R**°®[£] defines B = ker(R(%)), but not vice-versal!

Obviously, R(%)w = 0 and U(%)R(%)w = 0 define the same
behavior whenever U is unimodular.

¢¢ 3 ‘intrinsic’ characterization of B8 € £¥ 77

Is there a mathematical ‘object’ that characterizes a3 € £V7?

Define the annihilators of 5 € £V by

Ny :={n € R'[¢] | nT (F)B = 0}.

Proposition: 1y is a R[] sub-module of R¥[£].
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Submodule theorem

My := {n € R*[¢] | nT (L)% = 0}

Let < R' > denote the submodule of R¥ [£] spanned by the
transposes of the rows of R. Obviously < R' >C ‘)tker( R())"

And, indeed:

Meer(r(2) =< R >

Note: Depends on €°°. False for compact support soin’s.
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Submodule theorem

Ny := {n € R[] | nT (5)B = 0}.

Meer(r(2)) =< B’ >

Denote by 9t the set of submodules of R”[£]. Associate elements
of £" with those of )1 as follows:

Becl — DNg eM
MeMm, — {w]|n'(der)w =0Vn € M
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Denote by 9t the set of submodules of R”[£]. Associate elements

Submodule theorem

Ny := {n € R[] | nT (5)B = 0}.

Meer(r(2)) =< B’ >

of £¥ with those of )t as follows:

Theorem 1:

B c L

o 1:1 M

— gy € I
MeMm, — {w]|n'(der)w =0Vn € M
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Submodule theorem

Consequence (Structure of kernel representations):

1. Let Rl(%)w = 0 have behavior 231, and Rz(%)w — 0 have
behavior B5. Then B, C B, ifandonlyif I F € R**®[£]
suchthat R, = FR;.

2. R(%)w — 0 is a minimal kernel representation (has a minimal
number of rows over all kernel representations of a given behavior)
if and only if R is of full row rank.

3. Let U be unimodular. Then R(%)fw = 0 and
U(%)R(%)w = 0 have the same behavior.

4. Let R(%)w = 0 be minimal. All minimal kernel representations

with the same behavior are obtained by pre-multiplying I by a
unimodular polynomial matrix.
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Elimination theorem

Motivation: In many problems, we want to eliminate variables.
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Elimination theorem

Motivation: In many problems, we want to eliminate variables. For
example, first principle modeling

- -
i

~> model containing both variables the model aims at (‘manifest’
variables), and auxiliary variables introduced in the modeling
process (‘latent’ variables).

¢ Can these variables be eliminated from the equations ?
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Elimination theorem

This leads to the following important question, first in polynomial
matrix language. Consider

d d
Ri(—)wi = Ra(—)ws.
1(dt)w1 2(dt)w2

Obviously, the behavior of the (w7, w2)’s is described by a system
of differential equation.

¢, But is the behavior of the w1’s alone also ?
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Elimination theorem

In the language of behaviors:

Let B3 € £¥11TV2 Define

B = {w; € €°(R,R") | I ws suchthat (w1, ws) € B}.

Does ‘B belong to £"* ?
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Elimination theorem

In the language of behaviors:

Let B € £+ 1T¥2, Define
B = {w; € €°(R,R") | I ws suchthat (w1, ws) € B}.

Does ‘B belong to £"* ?

Theorem 2: It does!

£° is closed under projection !

Proof: follows from the ‘fundamental principle’.
Exercise 1: Prove the eliminationn th’m, using the fund. pr.
Exercise 2: Prove the fund. pr. for const. coeff. lin. ODE’s.
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Elimination theorem

Example: » The ubiquitous

ditgp:Aac+Bu; y = Cz + Du, w = (u,y).

Which eq’ns describe the (u, y) (input-output) behavior?

Elimination theorem => it is a system of differential eq’ns:
d d
P(—)y = —)u
(—)y=Q(-)

with P square and det(P) # 0. Why the latter?: soon!
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Elimination theorem

Example: » The descriptor system

d
—Fx + Foe + Gw = 0.
dt

Which egn’s describe the w behavior?

Elimination theorem => it is a system of differential eq’ns:
d
R(—)w =0
dt

! Compute (E, F,G) — R.
Row dimension of minimal kernel representation?
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Elimination theorem

Example: Consider a linear RLCTG circuit.
First principles modeling (= CE’s, KVL, & KCL)
~~» linear constant coefficient differential equations. All of

them algebraic, only the L's and C’s differential.
These include as variables both the external port and the internal

branch voltages and currents.
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Elimination theorem

Example: Consider a linear RLCTG circuit.
First principles modeling (= CE’s, KVL, & KCL)
~~» linear constant coefficient differential equations. All of
them algebraic, only the L's and C’s differential.
These include as variables both the external port and the internal

branch voltages and currents.
Can the port behavior be described by a system of linear constant
coefficient differential equations?
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Elimination theorem

Example: Consider a linear RLCTG circuit.
First principles modeling (= CE’s, KVL, & KCL)
~~» linear constant coefficient differential equations. All of

them algebraic, only the L's and C’s differential.
These include as variables both the external port and the internal
branch voltages and currents.
Can the port behavior be described by a system of linear constant
coefficient differential equations?
YES, because:

1. The CE’s, KVL, & KCL are all linear constant coefficient
differential equations.

2. The elimination theorem.

Row dimension of minimal kernel representation?
Interesting things can be said, using passivity! ...
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Elimination theorem

There exist effective algorithms for

(Rl, Rz) — R

incorporating, if desired, minimality of R(%)w = 0.
~» Computer algebra.

Start from R, R>. We want to compute R.
Find a set of generators 127, 12, . . . , 13 for the ‘left syzygy’ of the
module < Ro >, i.e. for the module

{n c Rcoldim(Rz) S] | ’I’LTR2 — O}.

Define [N = [nl ng --+ nNgl.Then R = NTR;.
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Elimination theorem

It follows from all this that £° has very nice properties. In
particular, it is closed under:

9

9o

9

Intersection: (2B1,B2 € £) = (B1 NV, € £Y).
Addition: (2B1,B2 € £¥) = (B + By € LV).
Projection: (B € £11"2) = ([1,,B € £7).

I1,,, := projection
Action of a linear differential operator:
(B € £, P € R2X"[¢]) = (P(L)B € £7).
Inverse image of a linear differential operator:
(B € £, P € R2XM[¢]) = (P($)) 1B € gn.
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I/0 representation theorem

When is a system variable an input? An output?
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I/0 representation theorem

When is a system variable an input? An output?

Intuition

Our choice: the input is a free variable which, together with the
‘Initial conditions’, determines the output.
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When is a system variable an input? An output?

Our choice: the input is a free variable which, together with the

I/0 representation theorem

Intuition

‘Initial conditions’, determines the output.

These concepts (input, output) are strongly domain dependent. We

follow the usual Systems & Control setting.

Central is, of course, that the input must in some way cause the

output.
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I/0 representation theorem

In real-time signal processing and control, hon-anticipation
must be an important feature.

But not in hon-real-time signhal processing problems, or when
the independent variable is not time.

In many problems (e.g. computing, signal processing) inputs
may have to be structured, in order for machines or algorithms
to be able to accept them.

In control, it is customary to assume that inputs are free, and
that outputs are bound (determined by the inputs and the initial
conditions). We will follow this tradition.

Often systems are non-anticipating both forward and backward
in time.
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I/0 representation theorem

3 = (T, W, ), with T = R orZ, is said to be autonomous if

(w1, we € B A [t € T] A [wi(t) = wa(t) VE <

Autonomous:= the past implies the future.

‘Closed’ systems.

= (w1 = wa].
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I/0 representation theorem

Let X = (R, R": 1%z $8) € £¥11¥2 Then w; is said to be an
input/output system with wq the input and w2 the output if

1. the wi-behavior B; = € (R, R"), i.e., w1 is free,

2. forall wi € By, the system X, := (R, R"2,B") is
autonomous,

where 2B, denotes the w2 behavior with fixed w1, i.e.,

%1201 — {’wz | (’wl,’wz) & %}

input = free; output = bound (det. by input + initial cond’s).
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I/0 representation theorem

Let X = (R, R": 1%z $8) € £¥11¥2 Then w; is said to be an
input/output system with wq the input and w2 the output if
1. the wi-behavior B; = € (R, R"), i.e., w1 is free,

2. forall wi € By, the system X, := (R, R"2,B") is
autonomous,

where 2B, denotes the w2 behavior with fixed w1, i.e.,

%1201 — {’wz | (’wl,’wz) & %}

input = free; output = bound (det. by input + initial cond’s).
In keeping with tradition

w1 — u; RY* — R" (m input variables),

w2 — y; RY2 — RP (p output variables).
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I/0 representation theorem

Let T = (R,R", M) € €%, withR" = R® X RP,w = m + p.

If ¥ = (R, R™ X RP, B) is an input/output system,
then we call w = (u,y) an input/output partition of w.
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I/0 representation theorem

Notation for vectors and matrices of rational functions:

R(&)™, R(£)®, R(&)™ =2, R(£)**", R(£)"**, R(£)* ™.

a
A rational function - € R(&) is said to be

proper if degree(a) < degree(b),
strictly proper if degree(a) < degree(b),
and bi-proper if degree(a) = degree(b).

~~ vectors, matrices of (strictly) proper rational functions.
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I/0 representation theorem

Proposition: Consider the kernel representation

P(5 )y = QC )uw = (u,y),

Then u isfree < rank([P Q]) = rank(P),

and y is bound < P is of full column rank,
i.e. rank(P) = dim(y).

It defines an input/output partition if and only if
rank([P Q]) = rank(P) = dim(y).

If it is a minimal kernel representation, then I/O partition if and only
if P is square, and det(P) # 0.

Call |G :=P'Q| € R(&PX™ itstransfer function.
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I/0 representation theorem

Theorem 3:

Every system X € £° admits an input/output partition.
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I/0 representation theorem

Theorem 3:

Every system X € £° admits an input/output partition.

even a componentwise 1/O partition
:= some well-chosen components of w are the inputs,
the others are the outputs
2 up to re-ordering of the variables, w = (u, y),
i.e., (u, y) = IMw, with IT a permutation matrix.

In fact, 4 a componentwise partition with GG proper.

If one can choose the basis, and then the partition, even with G
strictly proper.

—p.24/25



Notes:

1. For a given B8 € £°, which variables are input variables, and

I/0 representation theorem

which are input variables, is not fixed.

Examples:

An Ohmic resistor V = RI R # 0 may be viewed as
a current controlled or as a voltage controlled device.

Often, a transfer function is bi-proper, and then there is no reason
to prefer one input/output partition over another.

etc., etc.

THIS IS A GOOD THING!
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I/0 representation theorem

2. The number of input and the number of output variables are fixed

by B € £°.
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I/0 representation theorem

Notation: Define the 3 maps w,m,p : £* — Z, by

w(X) =w(2B) := the number of variables
m(X) = m(2B) := the number of input variables
p(X) = p(2B) := the number of output variables

In terms of the kernel representation R(%)w = 0, we have

w(X) = coldim(R),
m(X) = coldim(R) — rank(R),
p(X) = rank(P)

In particular,m 4+ p = w.
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End of the Lecture |
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