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Theme

◮ Bilinear and quadratic functionals of system variables
arise in many applications.

◮ These functionals can be represented by two-variable
polynomial matrices.

◮ A calculus can be developed in which operations and
properties of the functionals are reflected in those of
their representations.
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Outline

◮ Motivation;

◮ Bilinear- and quadratic differential forms;

◮ Two-variable polynomial representation;

◮ Calculus of B/QDFs;

◮ Lyapunov theory for higher-order systems.
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Motivation
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Dynamics and functionals in systems and control

Instances: Lyapunov theory, performance criteria, etc.

Linear case=⇒ quadratic and bilinear functionals.
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But tearing and zooming do not yield state space equations!
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Dynamics and functionals in systems and control

Instances: Lyapunov theory, performance criteria, etc.

Linear case=⇒ quadratic and bilinear functionals.

Usually: state-space equations, constant functionals.

But tearing and zooming do not yield state space equations!

¡High-order differential equations!

...involving alsolatent variables...
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Example : a mechanical system

m1
d2w1

dt2 + k1w1− k2w2 = 0

−k1w1 +m2
d2w2

dt2 +(k1 + k2)w2 = 0
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Example : a mechanical system

m1
d2w1

dt2 + k1w1− k2w2 = 0

−k1w1 +m2
d2w2

dt2 +(k1 + k2)w2 = 0

Eliminate w2:

m1m2
d4

dt4w1 +(k1m1 + k2m1 + k1m2)
d2

dt2w1 + k1k2w1 = 0
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Example : a mechanical system

m1
d2w1

dt2 + k1w1− k2w2 = 0

−k1w1 +m2
d2w2

dt2 +(k1 + k2)w2 = 0

Eliminate w2:

m1m2
d4

dt4w1 +(k1m1 + k2m1 + k1m2)
d2

dt2w1 + k1k2w1 = 0

¿Stability, stored energy, conservation laws?
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Aim

An effective algebraic representation
of bilinear and quadratic functionals

of the system variables and their derivatives:

Operations/properties of functionals
m

algebraic operations/properties of representation

...acalculusof these functionals!
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Bilinear and quadratic
differential forms
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Bilinear differential forms (BDFs)

Φ :=
{

Φk,ℓ ∈ R
w1×w2

}

k,ℓ=0,...,L

LΦ : C ∞(R,Rw1)×C ∞(R,Rw2) → C ∞(R,R)

LΦ(w1,w2) :=
[

w⊤
1

dw1
dt

⊤
. . .

]













Φ0,0 Φ0,1 . . .

Φ1,0 Φ1,1 . . .

...
... · · ·

Φk,0 Φk,1 . . .

...
... · · ·



















w2

dw2
dt
...







= ∑k,ℓ

(
dk

dtk w1

)⊤
Φk,ℓ

(
dℓ

dtℓ
w2

)
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Quadratic differential forms (QDFs)

Φ :=
{

Φk,ℓ ∈ R
w×w

}

k,ℓ=0,...,L symmetric, i.e.Φk,ℓ = Φ⊤
ℓ,k

QΦ : C ∞(R,Rw) → C ∞(R,R)

QΦ(w) :=
[

w⊤ dw
dt

⊤
. . .

]













Φ0,0 Φ0,1 . . .

Φ1,0 Φ1,1 . . .

...
... · · ·

Φk,0 Φk,1 . . .

...
... · · ·



















w
dw
dt
...







= ∑L
k,ℓ=0

(
dkw
dtk

)⊤
Φk,ℓ

(
dℓw
dtℓ

)
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Example: total energy in mechanical system

m1
d2w1

dt2 + k1(w1−w2)−F = 0

−k1w1 +m2
d2w2

dt2 +(k1 + k2)w2 = 0
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Example: total energy in mechanical system

m1
d2w1

dt2 + k1(w1−w2)−F = 0

−k1w1 +m2
d2w2

dt2 +(k1 + k2)w2 = 0

Total energy is

1
2

m1

(
d
dt

w1

)2

+
1
2

m2

(
d
dt

w2

)2

+
1
2

k1(w1−w2)
2 +

1
2

k2w2
2

=
[

w1 w2 F d
dt w1

d
dt w2

d
dt F

]















1
2k1 − 1

2k1 0 0 0 0

− 1
2k1

1
2(k1 + k2) 0 0 0 0

0 0 0 0 0 0

0 0 0 1
2m1 0 0

0 0 0 0 1
2m2 0

0 0 0 0 0 0





























w1

w2

F
d
dt w1

d
dt w2

d
dt F
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Two-variable polynomial
representation
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Two-variable polynomial matrices for BDFs

{
Φk,ℓ ∈ R

w1×w2
}

k,ℓ=0,...,L
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Two-variable polynomial matrices for BDFs

{
Φk,ℓ ∈ R

w1×w2
}

k,ℓ=0,...,L

LΦ(w1,w2) =
L

∑
k,ℓ=0

(
dkw1

dtk )⊤Φk,ℓ
dℓw2

dtℓ
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Two-variable polynomial matrices for BDFs

{
Φk,ℓ ∈ R

w1×w2
}

k,ℓ=0,...,L

LΦ(w1,w2) =
L

∑
k,ℓ=0

(
dkw1

dtk )⊤Φk,ℓ
dℓw2

dtℓ

Φ(ζ ,η) = ∑L
k,ℓ=0Φk,ℓ ζ kηℓ
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Two-variable polynomial matrices for BDFs

{
Φk,ℓ ∈ R

w1×w2
}

k,ℓ=0,...,L

LΦ(w1,w2) =
L

∑
k,ℓ=0

(
dkw1

dtk )⊤Φk,ℓ
dℓw2

dtℓ

Φ(ζ ,η) = ∑L
k,ℓ=0Φk,ℓ ζ kηℓ
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Two-variable polynomial matrices for BDFs

{
Φk,ℓ ∈ R

w1×w2
}

k,ℓ=0,...,L

LΦ(w1,w2) =
L

∑
k,ℓ=0

(
dkw1

dtk )⊤ Φk,ℓ
dℓw2

dtℓ

Φ(ζ ,η) = ∑L
k,ℓ=0Φk,ℓ ζ k ηℓ

2-variable polynomial matrix associated withLΦ
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Two-variable polynomial matrices for QDFs

{
Φk,ℓ ∈ R

w×w

}

k,ℓ=0,...,L symmetric (Φk,ℓ = Φ⊤
ℓ,k)

QΦ(w) =
L

∑
k,ℓ=0

(
dkw
dtk )⊤ Φk,ℓ

dℓw
dtℓ

Φ(ζ ,η) = ∑L
k,ℓ=0Φk,ℓ ζ k ηℓ

symmetric: Φ(ζ ,η) = Φ(η ,ζ )⊤
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Example: total energy in mechanical system

QE (w1,w2,F) =

[

w1 w2 F d
dt w1

d
dt w2

d
dt F

]















1
2k1 − 1

2k1 0 0 0 0

− 1
2k1

1
2(k1 + k2) 0 0 0 0

0 0 0 0 0 0

0 0 0 1
2m1 0 0

0 0 0 0 1
2m2 0

0 0 0 0 0 0





























w1

w2

F
d
dt w1

d
dt w2

d
dt F















E(ζ ,η) =






1
2k1 −1

2k1 0
−1

2k1
1
2(k1 + k2) 0

0 0 0




+






1
2ζη 0 0

0 1
2ζη 0

0 0 0
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Example: total energy in mechanical system

QE (w1,w2,F) =

[

w1 w2 F d
dt w1

d
dt w2

d
dt F

]















1
2k1 − 1

2k1 0 0 0 0

− 1
2k1

1
2(k1 + k2) 0 0 0 0

0 0 0 0 0 0

0 0 0 1
2m1 0 0

0 0 0 0 1
2m2 0

0 0 0 0 0 0





























w1

w2

F
d
dt w1

d
dt w2

d
dt F















E(ζ ,η) =






1
2k1 −1

2k1 0
−1

2k1
1
2(k1 + k2) 0

0 0 0




+






1
2ζη 0 0

0 1
2ζη 0

0 0 0
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Example: total energy in mechanical system

QE (w1,w2,F) =

[

w1 w2 F d
dt w1

d
dt w2

d
dt F

]















1
2k1 − 1

2k1 0 0 0 0

− 1
2k1

1
2(k1 + k2) 0 0 0 0

0 0 0 0 0 0

0 0 0 1
2m1 0 0

0 0 0 0 1
2m2 0

0 0 0 0 0 0





























w1

w2

F
d
dt w1

d
dt w2

d
dt F















E(ζ ,η) =






1
2k1 −1

2k1 0
−1

2k1
1
2(k1 + k2) 0

0 0 0




+






1
2ζη 0 0

0 1
2ζη 0

0 0 0
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The calculus of B/QDFs
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The calculus of B/QDFs

Using powers ofζ and η as placeholders,

B/QDF ! two-variable polynomial matrix
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The calculus of B/QDFs

Using powers ofζ and η as placeholders,

B/QDF ! two-variable polynomial matrix

Operations
and properties

of B/QDF
!

algebraic
operations/properties

on two-variable matrix
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Differentiation

Φ ∈ Rw×w

s [ζ ,η ].
•
Φ derivative of QΦ:

Q •
Φ

: C
∞(R,Rw) → C

∞(R,R)

Q •
Φ
(w) :=

d
dt

(QΦ(w))

...a QDF, evidently... what is its two-variable representation?

– p. 18/??



Differentiation

Φ ∈ Rw×w

s [ζ ,η ].
•
Φ derivative of QΦ:

Q •
Φ

: C
∞(R,Rw) → C

∞(R,R)

Q •
Φ
(w) :=

d
dt

(QΦ(w))

...a QDF, evidently... what is its two-variable representation?

•
Φ(ζ ,η) = (ζ +η)Φ(ζ ,η)

Two-variable version of Leibniz’s rule
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Integration

D(R,R•): set ofC ∞-compact-support trajectories

LΦ : D(R,Rw1)×D(R,Rw2) → D(R,R)

∫
LΦ : D(R,Rw1)×D(R,Rw2) → R

∫
LΦ(w1,w2) :=

∫ +∞
−∞ LΦ(w1,w2)dt

Analogous for QDFs
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Combining dynamics and functionals: B/QDFs zero along behaviors

QΦ zero onB (denotedQΦ
B
= 0) if

QΦ(w) = 0 for all w ∈ B
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Combining dynamics and functionals: B/QDFs zero along behaviors

QΦ zero onB (denotedQΦ
B
= 0) if

QΦ(w) = 0 for all w ∈ B

Theorem: Let B = kernel(R( d
dt )). Then

QΦ
B
= 0⇐⇒∃ F ∈ R

•×•[ζ ,η ] such that

Φ(ζ ,η) = R(ζ )⊤F(ζ ,η)+F(η ,ζ )⊤R(η)
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Combining dynamics and functionals: B/QDFs zero along behaviors

QΦ zero onB (denotedQΦ
B
= 0) if

QΦ(w) = 0 for all w ∈ B

Theorem: Let B = kernel(R( d
dt )). Then

QΦ
B
= 0⇐⇒∃ F ∈ R

•×•[ζ ,η ] such that

Φ(ζ ,η) = R(ζ )⊤F(ζ ,η)+F(η ,ζ )⊤R(η)

QDF induced by the 2-variable polynomial matrix on RHS is
instantaneouslyzero for w ∈ B = kernel R

(
d
dt

)
.
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Example: conservation laws

Oscillator: m d2

dt2w+ kw = 0 ; r(ξ ) = mξ 2 + k

Total energy isQE(w) = 1
2m

(
dw
dt

)2
+ 1

2kw2. A QDF.
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Example: conservation laws

Oscillator: m d2

dt2w+ kw = 0 ; r(ξ ) = mξ 2 + k

Total energy isQE(w) = 1
2m

(
dw
dt

)2
+ 1

2kw2. A QDF.

Two-variable representation isE(ζ ,η) = 1
2mζη + 1

2k.
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Example: conservation laws

Oscillator: m d2

dt2w+ kw = 0 ; r(ξ ) = mξ 2 + k

Total energy isQE(w) = 1
2m

(
dw
dt

)2
+ 1

2kw2. A QDF.

Two-variable representation isE(ζ ,η) = 1
2mζη + 1

2k.

Physics: total energy isconserved

d
dt

E(w) = 0 for all w ∈ B
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Example: conservation laws

Oscillator: m d2

dt2w+ kw = 0 ; r(ξ ) = mξ 2 + k

Total energy isQE(w) = 1
2m

(
dw
dt

)2
+ 1

2kw2. A QDF.

Two-variable representation isE(ζ ,η) = 1
2mζη + 1

2k.

Physics: total energy isconserved

d
dt

E(w) = 0 for all w ∈ B

Indeed,

(ζ +η)E(ζ ,η) =
1
2

(
mζ 2 + k

)
η +

(
mη2 + k

)
ζ = ζ r(η)+ r(ζ )η

zero alongB.
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Equivalence of QDFs

QΦ1

B
= QΦ2 if QΦ1(w) = QΦ2(w) for all w ∈ B

If B = kernel(R( d
dt )), QΦ1

B
= QΦ2 equivalent with

Φ1(ζ ,η)−Φ2(ζ ,η) = R(ζ )⊤F(ζ ,η)+F(η ,ζ )⊤R(η)

¿Canonical representative ?
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Preliminary: R-canonical polynomial differential operators

B = kernel(R( d
dt )) autonomous:R ∈ Rw×w[ξ ] det(R) 6= 0.

D( d
dt )

B
= P( d

dt ) if D( d
dt )w = P( d

dt )w for all w ∈ B.

D( d
dt ) is R-canonicalif DR−1 is strictly proper.

Every D( d
dt ) is equivalent alongB to an R-canonical

polynomial differential operator:

DR−1 = P
︸︷︷︸

polynomial

+ S
︸︷︷︸

strictly proper

=⇒ D
B
= D−PR
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R-canonical quadratic differential forms

QΦ R-canonicalif R(ζ )−⊤Φ(ζ ,η)R(η)−1 strictly proper.
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R-canonical quadratic differential forms

QΦ R-canonicalif R(ζ )−⊤Φ(ζ ,η)R(η)−1 strictly proper.

Theorem: Every QΦ is B-equivalent to aR-canonical QDF.
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R-canonical quadratic differential forms

QΦ R-canonicalif R(ζ )−⊤Φ(ζ ,η)R(η)−1 strictly proper.

Theorem: Every QΦ is B-equivalent to aR-canonical QDF.

1. Compute factorizationΦ(ζ ,η) = N(ζ )⊤M(η);

2. ComputeR-canonical repr. M′ for M, and N′ for N;

3. R-canonical repr. of Φ is Φ′(ζ ,η) := N′(ζ )⊤M′(η)
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R-canonical quadratic differential forms

QΦ R-canonicalif R(ζ )−⊤Φ(ζ ,η)R(η)−1 strictly proper.

Theorem: Every QΦ is B-equivalent to aR-canonical QDF.

1. Compute factorizationΦ(ζ ,η) = N(ζ )⊤M(η);

2. ComputeR-canonical repr. M′ for M, and N′ for N;

3. R-canonical repr. of Φ is Φ′(ζ ,η) := N′(ζ )⊤M′(η)

Factorization of step 1: factorizecoefficient matrix







Φ0,0 Φ0,1 . . .

Φ1,0 Φ1,1 . . .

...
... . . .








=








N′
0

N′
1
...








[

M′
0 M′

1 · · ·
]
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Example: the scalar case

r0w+ r1
dw
dt

+ · · ·+
dnw
dtn w = 0
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Example: the scalar case

r0w+ r1
dw
dt

+ · · ·+
dnw
dtn w = 0

Any quadratic expression ofw and its derivatives with terms

containing dkw
dtk for k ≥ n rewritable in terms of w and its

derivatives up to dn−1w
dtn−1 .
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Example: the scalar case

r0w+ r1
dw
dt

+ · · ·+
dnw
dtn w = 0

Any quadratic expression ofw and its derivatives with terms

containing dkw
dtk for k ≥ n rewritable in terms of w and its

derivatives up to dn−1w
dtn−1 .

E.g. since forw ∈ kernel r
(

d
dt

)

dnw
dtn = −

(

r0w+ r1
dw
dt

+ · · ·+
dn−1w
dtn−1 w

)

it holds

(
dnw
dtn

)2

=

(

r0w+ r1
dw
dt

+ · · ·+
dn−1w
dtn−1 w

)2
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Example: the scalar case

r0w+ r1
dw
dt

+ · · ·+
dnw
dtn w = 0

Any quadratic expression ofw and its derivatives with terms

containing dkw
dtk for k ≥ n rewritable in terms of w and its

derivatives up to dn−1w
dtn−1 .

Same for terms containingdn+1w
dtn+1 , etc.
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Example: the scalar case

r0w+ r1
dw
dt

+ · · ·+
dnw
dtn w = 0

Any quadratic expression ofw and its derivatives with terms

containing dkw
dtk for k ≥ n rewritable in terms of w and its

derivatives up to dn−1w
dtn−1 .

“Rewriting in terms of lower order derivatives” equivalent to
“taking the r-canonical representative”.
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Nonnegativity and positivity

QΦ ≥ 0 if QΦ(w) ≥ 0 for all w ∈ C ∞(R,R•)

Prop.: QΦ ≥ 0 if and only if exists D ∈ R
•×w[ξ ] s.t.

Φ(ζ ,η) = D(ζ )⊤D(η)

– p. 26/??



Nonnegativity and positivity

QΦ ≥ 0 if QΦ(w) ≥ 0 for all w ∈ C ∞(R,R•)

Prop.: QΦ ≥ 0 if and only if exists D ∈ R
•×w[ξ ] s.t.

Φ(ζ ,η) = D(ζ )⊤D(η)

QΦ > 0 if QΦ ≥ 0, and [QΦ(w) = 0] =⇒ [w = 0]

Prop.: QΦ > 0 if and only if exists D ∈ R
•×w[ξ ] s.t.

Φ(ζ ,η) = D(ζ )⊤D(η)

rank(D(λ )) = w for all λ ∈ C

– p. 26/??



Nonnegativity and positivity along a behavior

QΦ
B

≥ 0 if QΦ(w) ≥ 0 ∀ w ∈ B

Prop.: QΦ
B

≥ 0 iff ∃ Φ′ ∈ R
w×w[ζ ,η ] such that

Φ(ζ ,η)
B
= Φ′(ζ ,η) and QΦ′ ≥ 0

– p. 27/??



Nonnegativity and positivity along a behavior

QΦ
B

≥ 0 if QΦ(w) ≥ 0 ∀ w ∈ B

Prop.: QΦ
B

≥ 0 iff ∃ Φ′ ∈ R
w×w[ζ ,η ] such that

Φ(ζ ,η)
B
= Φ′(ζ ,η) and QΦ′ ≥ 0

Prop.: Let B = kernelR( d
dt ). Then QΦ

B

≥ 0 iff there exist
D ∈ R•×w[ξ ], X ∈ R•×w[ζ ,η ] such that

Φ(ζ ,η) = D(ζ )⊤D(η)
︸ ︷︷ ︸

≥0 for all w

+R(ζ )⊤X(ζ ,η)+X(η ,ζ )⊤R(η)
︸ ︷︷ ︸

=0 if evaluated onB
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Nonnegativity and positivity along a behavior

QΦ
B

> 0 if QΦ
B

≥ 0, and [QΦ(w) = 0] =⇒ [w = 0]

Prop.: QΦ
B

> 0 iff ∃ Φ′ ∈ R
w×w[ζ ,η ] such that

Φ(ζ ,η)
B
= Φ′(ζ ,η) and Φ′(ζ ,η) = D(ζ )⊤D(η) with

rank col(R(λ ),D(λ )) = w for all λ ∈ C
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Nonnegativity and positivity along a behavior

QΦ
B

> 0 if QΦ
B

≥ 0, and [QΦ(w) = 0] =⇒ [w = 0]

Prop.: QΦ
B

> 0 iff ∃ Φ′ ∈ R
w×w[ζ ,η ] such that

Φ(ζ ,η)
B
= Φ′(ζ ,η) and Φ′(ζ ,η) = D(ζ )⊤D(η) with

rank col(R(λ ),D(λ )) = w for all λ ∈ C

Prop.: Let B = kernelR( d
dt ). Then QΦ

B

> 0 iff there exist
D ∈ R•×w[ξ ], X ∈ R•×w[ζ ,η ] such that

Φ(ζ ,η) = D(ζ )⊤D(η)
︸ ︷︷ ︸

≥0 for all w

+R(ζ )⊤X(ζ ,η)+X(η ,ζ )⊤R(η)
︸ ︷︷ ︸

=0 if evaluated onB

and moreoverrank col(R(λ ),D(λ )) = w for all λ ∈ C

– p. 27/??



Remarks

◮ Property of functional (positivity, nonnegativity along a
behavior, etc.) translated into algebraic properties of its
two-variable representation;
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Remarks

◮ Property of functional (positivity, nonnegativity along a
behavior, etc.) translated into algebraic properties of its
two-variable representation;

◮ Standard polynomial computations to obtain
R-canonical representative=⇒ positivity, negativity
along behaviors easy to check.

– p. 28/??



Lyapunov theory
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Lyapunov theory

B is asymptotically stable ⇐⇒ limt→∞ w(t) = 0 ∀ w ∈ B

This implies B is autonomous.
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Lyapunov theory

B is asymptotically stable ⇐⇒ limt→∞ w(t) = 0 ∀ w ∈ B

This implies B is autonomous.

Algebraic characterization:

Theorem: B = kernel R( d
dt ) stable,

R ∈ R
w×w[ξ ]

⇐⇒ det(R) Hurwitz
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Lyapunov theory

B is asymptotically stable ⇐⇒ limt→∞ w(t) = 0 ∀ w ∈ B

This implies B is autonomous.

Algebraic characterization:

Theorem: B = kernel R( d
dt ) stable,

R ∈ R
w×w[ξ ]

⇐⇒ det(R) Hurwitz

Lyapunov functional characterization:

Theorem: B asymptotically stable iff

existsQΦ such thatQΦ
B

≥ 0 andQ •
Φ

B

< 0

– p. 30/??



Example

B = kernel

(
d2

dt2 +3
d
dt

+2

)

; r(ξ ) = ξ 2 +3ξ +2

– p. 31/??



Example

B = kernel

(
d2

dt2 +3
d
dt

+2

)

; r(ξ ) = ξ 2 +3ξ +2

ChooseΨ(ζ ,η) s.t. QΨ
B

< 0, e.g.Ψ(ζ ,η) = −ζη ;
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Example

B = kernel

(
d2

dt2 +3
d
dt

+2

)

; r(ξ ) = ξ 2 +3ξ +2

ChooseΨ(ζ ,η) s.t. QΨ
B

< 0, e.g.Ψ(ζ ,η) = −ζη ;

Find Φ(ζ ,η) s.t. d
dt QΦ(w) = QΨ(w) for all w ∈ B:

(ζ +η)Φ(ζ ,η) = Ψ(ζ ,η)+ r(ζ )x(η)+ x(ζ )r(η)
︸ ︷︷ ︸

=0 on B
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Example

B = kernel

(
d2

dt2 +3
d
dt

+2

)

; r(ξ ) = ξ 2 +3ξ +2

ChooseΨ(ζ ,η) s.t. QΨ
B

< 0, e.g.Ψ(ζ ,η) = −ζη ;

Find Φ(ζ ,η) s.t. d
dt QΦ(w) = QΨ(w) for all w ∈ B:

(ζ +η)Φ(ζ ,η) = Ψ(ζ ,η)+ r(ζ )x(η)+ x(ζ )r(η)
︸ ︷︷ ︸

=0 on B

Equivalent to solvingpolynomial Lyapunov equation

0 = Ψ(−ξ ,ξ )
ξ 2

+ r(−ξ )
ξ 2−3ξ+2

x(ξ )+ x(−ξ ) r(ξ )
ξ 2+3ξ+2

; x(ξ ) = 1
6ξ
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Example

B = kernel

(
d2

dt2 +3
d
dt

+2

)

; r(ξ ) = ξ 2 +3ξ +2

ChooseΨ(ζ ,η) s.t. QΨ
B

< 0, e.g.Ψ(ζ ,η) = −ζη ;

Find Φ(ζ ,η) s.t. d
dt QΦ(w) = QΨ(w) for all w ∈ B:

(ζ +η)Φ(ζ ,η) = Ψ(ζ ,η)+ r(ζ )x(η)+ x(ζ )r(η)
︸ ︷︷ ︸

=0 on B

Φ(ζ ,η) =
−ζη +(ζ 2 +3ζ +2)1

6η + 1
6ζ (η2 +3η +2)

ζ +η

=
1
6

ζη +
1
3

> 0
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Main points

◮ Functionals of system variables and derivatives thereof;
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Main points

◮ Functionals of system variables and derivatives thereof;

◮ Two-variable polynomial representation;

◮ Operations/properties in time domain;

algebraic operations on two-variable representation;

◮ Lyapunov theory for higher-order systems.
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End of Lecture VII
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