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DIFFERENTIAL FORMS
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» Bilinear and quadratic functionals of system variables
arise in many applications.

» These functionals can be represented by two-variable
polynomial matrices.

» A calculus can be developed in which operations and
properties of the functionals are reflected in those of
their representations.
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Motivation;

Bilinear- and quadratic differential forms;
Two-variable polynomial representation;
Calculus of B/QDFs;

Lyapunov theory for higher-order systems.
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Motivation




Dynamics and functionals in systems and contrc

Instances: Lyapunov theory, performance criteria, etc.

Linear case— quadratic and bilinear functionals.
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Dynamics and functionals in systems and contrc

Instances: Lyapunov theory, performance criteria, etc.

Linear case—> quadratic and bilinear functionals.
Usually: state-space equations, constant functionals.

But tearing and zooming do not yield state space equations!
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Dynamics and functionals in systems and contrc

Instances: Lyapunov theory, performance criteria, etc.

Linear case—> quadratic and bilinear functionals.
Usually: state-space equations, constant functionals.

But tearing and zooming do not yield state space equations!
iHigh-order differential equations!

...Involving alsolatent variables...
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Example : a mechanical systen

- d2W1
k, k, 7 My 5 +kiwg —kow, = 0
m, /NN m, /\/\/\/ dt
L d2w,
I e O koW + M2 + (ki ke)wz = 0
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Example : a mechanical systen

- d2W1
m, /\//\\l/\ m, /\ji/\Z ml dt2 _|_ lel - k2W2 — O
z 2w,
NP, R —kawy +Mmp——~ o 2 +(kp+ko)w, = 0
Eliminate wy:
d4 d2
mMymp—— Wi + (Kgmg + komy 4+ kimp) —wi + kikowy =0

dt4 dt2
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Example : a mechanical systen

k k ? md2W1+kw kow, = 0
m AN MAND Lgrz T 22 =
L d2
e oy w4 (ki ke)we = 0
Eliminate wy:
d4 d?2
MMz W + (kg + ko + kgp) Gz 1 kakowy =0

¢, Stability, stored energy, conservation laws?
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Aim

An effective algebraic representation
of bilinear and quadratic functionals
of the system variables and their derivatives:

Operations/properties of functionals

0

algebraic operations/properties of representation

..acalculusof these functionals!
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Bilinear and quadratic
differential forms




Bilinear differential forms (BDFs)

D= {Pp e R 00

Lo : €°(R,R™) x €°(R,R"2) — ¢°(R,R)
_CDo,o Do 1 )
P1o P1g
Lo (W1, Wo) := [WI %T } ' '

Do P2

T
_ d« d
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Quadratic differential forms (QDFs)

® = {PD, € RV _ Symmetric, 1.e. @y y = CDZk

Tki=o...

Qo : 7°(R,RY) — €*(R,R)

Poo Po1
CDl’o CDl’l W
.\ dw [ : : d
o= & [0 ] |
Pro Py N

_ gL (dw) g (dw
= 2 k(=0 \ Gk k¢ \ gtz
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Example: total energy in mechanical systen

|~ d2W1 K
A A/A\A—MAZ M2 + ka(wp —wp) —F
),% _____ é d2W2
me I —kywy + Mgz T (kg + ko )wo
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Example: total energy in mechanical systen

2
- d W1
. - m Ki(wg—wo)—F = 0
F A e 1z k(W —we)
I R 2
e ’% d<w,
We-=======-ssssccssscome----d _k]_W]_ _|_ m2 d 2 (kl —|_ k2) — O
Total energy is
1 /d \° 1_/d \* 1 , 1
_ml(dtW1> + mz(dth> ‘|‘§k1(W1_W2> +§sz%
_Ekl —%‘k]_ 0 0 0_ _W]__
—%kl %(k1+k2) 0 0 0 W2
0 0 0 0 Q| F
=w w F gW;|_ gW2 QF
[ dt dt dt] 0 0 0 %ml 0 0 %Wl
0 0 0 Im o [dw
0 0 0 0o g L[3dF]
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Two-variable polynomial
representation




Two-variable polynomial matrices for BDFs

{Prr € Rwlxwz}k,ezo,...,L
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Two-variable polynomial matrices for BDFs

{Prr € Rwlxwz}k,ezo,...,L

L de1 d€W2
Lo (Wp,W2) = (=) Prp—r
k’;:() dtk dt’
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Two-variable polynomial matrices for BDFs

{Prr € Rwlxwz}k,ezo,...,L

L de1 d€W2
Lo (Wp,W2) = (=) P p—
uz dtk dt’

O(L,N) =Yk —oPre {0’
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Two-variable polynomial matrices for BDFs

{Prr € Rwlxwz}k,ezo,...,L

L de1 dEWZ
Lo (W1, W) = e R Y —
uz dtk dt’

D(L,N) =Tk —oPre {0’
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Two-variable polynomial matrices for BDFs

{Prr € Rwlxwz}k,ezo,...,L

L dkwg dfws
Lo (We,Wo) = e Y —
MZ:O dtk dt

D(Z,N) = Yk—oPre (N

2-variable polynomial matrix associated withLg
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Two-variable polynomial matrices for QDFs

(D e R} o | symmetric (®y = cbZk)
L k 1
d“w d‘w
Qo (W) = (mc) | Pur —
MZ:O dtk dt

D(Z,N) = Ykr—oPre N

symmetric: ®(Z,n) =®(n,{)"
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Example: total energy in mechanical systen

QE(W17W27F) —
[ 3k —zk O 0 O [wy |
—3ki  3(ki+k) O 0 0| w
[Wl wy F %Wl %WZ %F} 0 0 0 1m1 0 0 ng
> dt
0 0 0 o0 Im o |dw
0 0 0 0 q|§F.
— 1 1 m '1 Y
1, 1 1
E((,n)=|—3k 3(kitky) O+ | O 3{n O
0 o o |0 o0 o
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Example: total energy in mechanical systen

QE(W17W27F) —
sk -3k O 0 O fw
—%kl %(kl—FkZ) 0 0 0 W2
0 0 0 0 0| F
[Wl wy, F %Wl %WZ %F} 0 0 0 im 0 0| | 4wy
> dt
0 0 0 AR FAY
0 0 0 0 q|§F.
_ 1 1 m '1 ]
1 1 1
E((,n)= |3k slkitke) O+ | 0 3{n O
0 0 0 0 0 O
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Example: total energy in mechanical systen

QE(W17W27F) —
sk 3k O 0 O fw
—%kl %(kl—FkZ) 0 0 0 W2
0 0 0 0 0| F
[Wl wy, F %Wl %WZ %F} 0 0 0 im 0 0| | 4wy
> dt
0 0 0 M Of | Gwe
0 0 0 0 0o [§F|
_ 1 1 m '1 ]
1 1 :
E((,n)= | -3k 3lkitky) O+ | O 3{n O
0 0 0 0 0 O

—n. 1527



The calculus of B/QDFs




The calculus of B/QDFs

Using powers of¢ and n as placeholders,

B/QDF «~ two-variable polynomial matrix
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The calculus of B/QDFs

Using powers of¢ and n as placeholders,

B/QDF «~ two-variable polynomial matrix

Operations algebraic
and properties  «~ operations/properties
of B/QDF on two-variable matrix
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Differentiation

® c RZ*Y[Z,n]. ® derivative of Qo:
Q&, " (R,R") - €7 (R,R)
d
QW) == (Qo(w))

...a QDF, evidently... what is its two-variable representaon?
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Differentiation

® c RZ*Y[Z,n]. ® derivative of Qo:

Q. : ¢”(R,R") — € (R,R)

()

QW) 1= +(Qa(w)

...a QDF, evidently... what is its two-variable representaon?
®({,n)=({+nP(,n)

Two-variable version of Leibniz’s rule

—n. 187



Integration

2(R,R*®): set of *°-compact-support trajectories

Lo : 2(R,R¥1) x (R, R%2) — Z(R,R)

[Lo: 2(R,R™) x 2(R,R") — R

J Lo (Wi, W) 1= [T Lo (Wi, wa)dt

Analogous for QDFs
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Combining dynamics and functionals: B/QDFs zero along behaors

Qo zero ons (denotedQg 2 0) If
Qo(w) =0forall we B
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Combining dynamics and functionals: B/QDFs zero along behaors

Qo zero ons (denotedQg 2 0) If
Qo(w) =0forall we B

Theorem: Let 8 = ker nel (R($)). Then

Qo 20« JFc R***[{, n] such that

®(,n)=R()"'F({,n)+F(n,0)"R(n)
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Combining dynamics and functionals: B/QDFs zero along behaors

Qo zero ons (denotedQg 2 0) If
Qo(w)=0forall we B

Theorem: Let 8 = ker nel (R($)). Then

Qo 20« JFc R***[{, n] such that

®(,n)=R()"'F({,n)+F(n,0)"R(n)

QDF induced by the 2-variable polynomial matrix on RHS is
instantaneouslyzerofor w € % =ker nel R($).
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Example: conservation laws

Oscillator: mWWJrkw O~ r(€) =mé?+k

Total energy is Qg (W) = zm(%—‘{") +2kw?. A QDF.
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Example: conservation laws

Oscillator: m3w+kw= 0~ r(&) = mé2 +k

Total energy is Qg (W) = %m(%—‘{")er lkw?. A QDF.

Two-variable representation isg({,n) = 3m{n + 3k
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Example: conservation laws

Oscillator: m3w+kw= 0~ r(&) = mé2 +k

Total energy is Qg (W) = %m(%—‘{")er lkw?. A QDF.

Two-variable representation isg({,n) = 3m{n + 3k

Physics: total energy isconserved

%E(W) = Oforall we #
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Example: conservation laws

Oscillator: mWWJrkw O~ r(€) =mé?+k

Total energy isQg (W) = m(%‘{") + 2kw?. A QDF.

Two-variable representation isg(Z,n) =

Nl
=
N
S
+
NIl
N

Physics: total energy isconserved

%E(W) = Oforall we #

Indeed,

(Z+nE(E,n)=(Mm*+K)n+ (mn°+K){ = r(n)+r({)n

NI -

zero along 4.
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Equivalence of QDFs
Qo, = Qu, if Qo, (W) = Qa, (W) for all we B

If B8 =ker nel (R(%)), Qo, 2 Qa, equivalent with

®1(¢,n) —D2(¢,n) =R()"F(Z,n)+F(n,0)"R(n)

¢, Canonical representative ?
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Preliminary: R-canonical polynomial differential operators

% = ker nel (R(&)) autonomous:R € R¥¥[&] detR) # 0

D(d) Zp(9)if D(d)w=P(I)worall we 2.
D(dg) is R-canonicalif DR is strictly proper.

Every D(%) IS equivalent along# to an R-canonical
polynomial differential operator:

DR!= P + s —DZD-PR

polynomial  strictly proper

—n. 2327



R-canonical quadratic differential forms

Q¢ R-canonicalif R(Z)™"®(Z,n)R(n)~* strictly proper.
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R-canonical quadratic differential forms

Q¢ R-canonicalif R(Z)™"®(Z,n)R(n)~* strictly proper.

Theorem: Every Qqg IS #-equivalent to aR-canonical QDF.
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R-canonical quadratic differential forms

Qo R-canonicalif R({)~ "®(Z,n)R(n) ! strictly proper.

Theorem: Every Qqg IS #-equivalent to aR-canonical QDF.

1. Compute factorization®(Z,n) = N(Z)"'M(n);
2. ComputeR-canonical repr. M’ for M, and N’ for N;

3. R-canonical repr. of ® is®'(Z,n) :=N'(J)"M’'(n)
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R-canonical quadratic differential forms

Qo R-canonicalif R({)~ "®(Z,n)R(n) ! strictly proper.

Theorem: Every Qqg IS #-equivalent to aR-canonical QDF.

1. Compute factorization®(Z,n) = N(Z)"'M(n);
2. ComputeR-canonical repr. M’ for M, and N’ for N;

3. R-canonical repr. of ® is®'(Z,n) :=N'(J)"M’'(n)

Factorization of step 1: factorizecoefficient matrix

Doo Pos \VA
®ro D1y ...| =[N [M(f) M }

—n. 2427



Example: the scalar case

dw . d”wW B
dt dtn

roW-—+11——
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Example: the scalar case

dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

w=~0

roW-—+11——

derivatives up to
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Example: the scalar case

dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

E.g. since forw € ker nel r ()

w=~0

roW-—+11——

derivatives up to

T (row+r1—+-~+

d"w dw d'“—lwW
dt ditn—1

It holds

dw)*_ oW o +dn_1ww 2
T A e dtn—1
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Example: the scalar case

dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

oW+ 11— w=20

derivatives up to

. . n+1
Same for terms contalnlng%tn+‘{", etc.
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Example: the scalar case

dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

oW+ 11— w=20

derivatives up to

“Rewriting in terms of lower order derivatives” equivalent to
“taking the r-canonical representative”.
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Nonnegativity and positivity

Qo > 0if Qp(w) > 0forall we €°(R,R®)

Prop.: Qe > 0if and only if exists D € R**¥[£] s.t.

®(Z,n)=D({) D(n)

—Dn. 2627



Nonnegativity and positivity

Qo > 0if Qp(w) > 0forall we €°(R,R®)

Prop.: Qe > 0if and only if exists D € R**¥[£] s.t.

®(Z,n)=D({) D(n)

Qo > 0if Qp > 0, and |Qep (W) = 0] = (w= 10|

Prop.: Qe > 0if and only if exists D € R**¥[£] s.t.

®(¢,n)=D({) ' D(n)
rankD(A)) =wforall A € C

—Dn. 2627



Nonnegativity and positivity along a behavior

B
Qo > 0if Qp(Ww) >0Vwe A

B
Prop.: Qo > 0iff 3 @' € R"*¥[{, n] such that

®(Z,n) Z ' (Z,n) and Qp > 0
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Nonnegativity and positivity along a behavior

B
Qo > 0if Qp(Ww) >0Vwe A

B
Prop.: Qo > 0iff 3 @ € R¥*¥[Z, n] such that
®(Z,n) Zd'(Z,n) and Qg > O

%
Prop.: Let Z = ker nel R(%). Then Qo > 0iff there exist
D e R**¥[¢], X € R**¥|(, n] such that

®(¢.) = D(@) D) +RE&) X&) +X(n.¢) "Rin)

>0 for all w =0 if evaluated on%#
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Nonnegativity and positivity along a behavior

7 7%
Qo > 0if Qp > 0, and |Qep (W) = 0] = (w= 20|

B
Prop.: Qo > 0iff 3 @ € R"*¥[{, n] such that

®(Z,n) Z ¥ (Z,n)and &'(Z,n) =D(Z)"D(n) with
rank co[R(A),D(A)) =wforall A € C
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Nonnegativity and positivity along a behavior

7 7%
Qo > 0if Qp > 0, and |Qep (W) = 0] = (w= 20|

B
Prop.: Qo > 0iff 3 @ € R"*¥[{, n] such that

®(Z,n) Z ¥ (Z,n)and &'(Z,n) =D(Z)"D(n) with
rank co[R(A),D(A)) =wforall A € C

7
Prop.: Let % = ker nel R(%). Then Qg > 0 iff there exist
D e R**¥[&], X € R**¥[{,n] such that

®(¢.) = D(@) D) +RE&) X&) +X(n.¢) "Rin)

N

>0 for all w =0 if evaluated on%#

and moreoverrank colR(A),D(A)) =wforall A € C

—n. 2727



» Property of functional (positivity, nonnegativity along a
behavior, etc.) translated into algebraic properties of is
two-variable representation;

—n. 2827



» Property of functional (positivity, nonnegativity along a
behavior, etc.) translated into algebraic properties of is
two-variable representation;

» Standard polynomial computations to obtain
R-canonical representative—> positivity, negativity
along behaviors easy to check.

—n. 2827



Lyapunov theory




Lyapunov theory

A is asymptotically stable <= lim;_o.W(t) =0V we A

This implies % is autonomous.
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Lyapunov theory

A is asymptotically stable <= lim;_o.W(t) =0V we A

This implies % is autonomous.

Algebraic characterization:

Theorem: % = ker nel R(&) stable,

Rc RWXW[E]
< detR) Hurwitz
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Lyapunov theory

A is asymptotically stable <= lim;_o.W(t) =0V we A

This implies % is autonomous.

Algebraic characterization:

Theorem: % = ker nel R(&) stable,

Rc RWXW[E]
< detR) Hurwitz

Lyapunov functional characterization:
Theorem: & asymptotically stable iff

] B
existsQq such thatQqgp > 0 andQ&) <0

—n. 307



d? d 5
% = ker nel (@+3a+2> ~ 1(§) =&+ 3& +2
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d? d 5
% = ker nel (@+3a+2> ~ 1(§) =&+ 3& +2

ChooseW¥({,n) s.t. Qu f 0,e.qg.W(,n)=—-{n;
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2 _d ,
P = ker nel (@+3a+2> ~ 1(§) =&+ 3& +2

ChooseW¥({,n) s.t. Qu f 0,e.qg.W(,n)=—-{n;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)

=0on XA
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2 _d ,
P = ker nel (@+3a+2> ~ 1(§) =&+ 3& +2

ChooseW¥({,n) s.t. Qu f 0,e.qg.W(,n)=—-{n;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)

=0on XA

4Qo(W) = Qu(w) for all we %
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d? d 5
% = ker nel (@+3a+2> ~ 1(§) =&+ 3& +2

ChooseW¥({,n) s.t. Qu f 0,e.qg.W(,n)=—-{n;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+n)®(L,n) =W, n)+r()x(n)+x({)r(n)

—Oon %
Equivalent to solving polynomial Lyapunov equation

0=W(—E&,&)+ r(—&) x(E)+x(—&) r(&)

&2 §2-3842 §243E+2

X
—~
I\
~—
|
ol
'\
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2 _d ,
P = ker nel (@+3a+2> ~ 1(§) =&+ 3& +2

ChooseW¥({,n) s.t. Qu f 0,e.qg.W(,n)=—-{n;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)

=0on XA

—IN+({?+3(+2)zn+2L(nN?+3n+2)

D(Z,n)

¢+n

1 1
— = ~>0
65n+3>
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» Functionals of system variables and derivatives thereof;
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» Functionals of system variables and derivatives thereof;

» Two-variable polynomial representation,;
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Functionals of system variables and derivatives thereof;
Two-variable polynomial representation;

Operations/properties in time domain~»
algebraic operations on two-variable representation.
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Functionals of system variables and derivatives thereof
Two-variable polynomial representation;

Operations/properties in time domain~»
algebraic operations on two-variable representation;

Lyapunov theory for higher-order systems.
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End of Lecture VI
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