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We discuss some issues regarding LTIDSs.

» The polynomial matrix that defines a LTIDS through a
kernel representation is not unique.
What is the relation between all the polynomial matrices
that lead to the same behavior?

» What do we mean by an input/output representation?
Does every LTIDS admit an input/output interpretation?

» How does the transfer function fit in?

» While aLTIDS is defined in terms of an ODEs involving

polynomial matrices, these systems are often represented
by rational functions.

How are representations with rational symbols defined?
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Rational symbols
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The structure of kernel representations
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(%€ 2°] =

[% = ker nel (R (%)) for someRe R[E]*™°].

R(%) w = 0 determines %, but # does not determineR.

Obviously, Rand UR determine the same behavior iU is
unimodular.
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Non-unigueness

1B € 2]

[% = ker nel (R <E>> for someRe R[E]*™°].

dt

R(%) w = 0 determines %, but # does not determineR.

Obviously, Rand UR determine the same behavior iU is
unimodular. This leads to the following question

When do

Ri($)w=0 and R;(§)w=0

determine the same system?
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The annihilators

The polynomial vectorn € R[&]*¥ is said to be an

[ annihilator of # € £"] < |n (%) A =10,

that is, nis an annihilator ;< n (%) w = 0for all we £.

Denote the set of annihilators of% by . /.

It is easy to see that /5 is anR [£ |-module.
Obviously, ny,n2 € A% and pe R[] imply ny+ pn; € A5.

—n. 6/47



For Re R[&]*"", let (R) denote theR [é]-submodule of
R[] generated by the rows oR.

" denotes the set oR [£]-submodules ofR [£]1*¥.
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For Re R[&]*"", let (R) denote theR [é]-submodule of
R[] generated by the rows oR.

" denotes the set oR [£]-submodules ofR [£]1*¥.
For M e .77, let % denote the behavior induced byM.

M ={weE” (R,RY) | m<%>W:O forall me M}.

It Is easy to see that this behavior belongs t¢#".
In fact, if Re R[&]**" is a polynomial matrix whose rows are

generators ofM, M = (R),
then A =ker nel (R(&)).
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From behaviors to R [ ]-modules and back

Summarizing, N LY A B A, Ng.
M & M

Submodules
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The structure theorem

. Let B € Y. Then

Theorem

[% =kernel (R($))] < [42=(R)].
. Let #1,%r € £¥. Then
Hﬁl — %2]] A |L/V<%)1 — W«@zﬂ '

. The maps.# and . are each other’s inverse, i.e.,

S y,=% and Ngp, =M.

B

Hence there exists a one-to-one relation betwee#’"
and the R [é]-submodules ofR [&]".
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From behaviors to R [ ]-modules and back

LTIDSs

O%W

Submodules

The above picture illustrates thel < 1 relation between "
and . .zZ".
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Proof in telegram-style

.| The claim is equivalentto .4, . (R(3)) = (R).

First prove the casew = 1 by applying Proposition 1 of
the section on differential operators (see Lecture Il).

Then show that, without loss of generality, it can be
assumed thatR is in Smith form.

Finally, prove the case thatRis in Smith form by
repeated application of the caser = 1.
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Proof in telegram-style

1./ The claimis equivalentto .4, ., (R(E)) = (R).

dt
» First prove the casew = 1 by applying Proposition 1 of
the section on differential operators (see Lecture Il).

» Then show that, without loss of generality, it can be
assumed thatR is in Smith form.

» Finally, prove the case thatR is in Smith form by
repeated application of the caser = 1.

2. (=) |is immediate.

2. (<) [follows from

[[<R1> — <R2>]] <~ [[3 F,F such thatRy, = F1R; and Ry = Fsz]],
which implies %1 = %.
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Proof in telegram-style

1./ The claimis equivalentto .4, ., (R(E)) = (R).

dt
» First prove the casew = 1 by applying Proposition 1 of
the section on differential operators (see Lecture Il).

» Then show that, without loss of generality, it can be
assumed thatR is in Smith form.

» Finally, prove the case thatR is in Smith form by
repeated application of the caser = 1.

2. (=) |is immediate.

2. (<) [follows from

[[<R1> — <R2>]] <~ [[3 F,F such thatRy, = F1R; and Ry = Fsz]],
which implies %1 = %.

3.|Is a consequence of 1.
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Let w= 1. Let & be described by

d d d
r]_ (&)W: O,I‘z (a)W: O,...,I‘n (&)W—O,

with rq,ro,....rp, € R[&]. The annihilators consist of all

polynomials that haver € R[], the greatest common divisor
ofrq,ro,....ry, as a factor. Hence

d
r<a>w_0

IS also a kernel representation of#.

The systems#! and the R [€]-submodules ofR [€] stand in
1 « 1relation with the monic polynomials in R [&].
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Let w = 1. Assume that, instead of taking theg® (R, R)-
solutions ofR(%) w = 0 as the behavior, we take the

%¢* (R,R)-solutionsof compact supportThen there are only
two cases: either# = {0}, or # = all ¥* (R, R)-functions of
compact support.

Therefore, if we had taken the#® (R, R)-solutions of compact
support as the definition of the behavior, thel < 1 relation
with the R [¢]-submodules ofR [ ] fails.

This shows that the structure theorem is crucially dependen
on the solution concept used. The theory of LTIDSs does not
only depend onalgebra through submodules and the like,

but also onanalysis through the sulotion concept of
differential equations used.
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Inclusion of behaviors

Let %1 =kernel (Ry(&)),%2=kernel (Rx(&)). Then
(%1 C B < [Nz, = (R) 2 (Re) = Nz,]

& [3IF eR[E]*"° suchthatR, = FRy]
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Inclusion of behaviors

Let %1 =kernel (Ry(&)),%2=kernel (Rx(&)). Then
(%1 C B < [Nz, = (R) 2 (Re) = Nz,]

& [3IF eR[E]*"° suchthatR, = FRy]
Therefore,

[[931 = 932]] = [[3 Fl, FeR [E].X. such that Ry = F2R2, Ry = FlRl]].

In particular,

(%, = %] if [3U e R[&]*"* unimodular such that Ry = UR].
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Minimal kernel representations

The representationR (&) w= 0 of % € #* is said to be a

minimal kernel representation if, among all kernel
representations of%4, R has a minimal number of rows.
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Minimal kernel representations

The representationR (&) w= 0 of # € #* is said to be a

minimal kernel representation if, among all kernel
representations of%4, R has a minimal number of rows.

Theorem

Let # € Y. The following are equivalent.

1. R(&)w=0isa minimal kernel representation of %.

2. Rhas full row rank.

3. All minimal kernel representations of 4 € ¥ are
generated from one minimal kernel representation

R(&)w=0, by the transformation group

R VR UR

U unimodular
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Minimal kernel representations

Theorem

Let # € 7. The following are equivalent.

1. R(&)w=0isa minimal kernel representation of %.

2. Rhas full row rank.

3. All minimal kernel representations of # € " are
generated from one minimal kernel representation

R(&)w=0, by the transformation group

R VT UR

U unimodular

Proof. Follows immediately from the structure theorem.
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Free variables
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NEEREHEES

Let I = {il,iz,...,im’} c{1,2,...,w}.
Define, forw = (w1,Wo,...,W,;) € €% (R,RY) and # € .£",

MW = (Wig, Wigs .o, Wiy ),

[P = {H]IW ‘ W & 93}

Btw, by the elimination theorem (see Lecture V),
[% € 7] = [1# c LM].
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NEEREHEES

The variables{w;,, W, ... ,Wim} are said to be free in
B e LI
N% =€~ (R,RM)

.e., if # does not constrain the variablegwi,,wi,, ... Wi 12
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NEEREHEES

The variables{w;,, W, ... ,Wim} are said to be free in
B e LI
N% =€~ (R,RM)

.e., if # does not constrain the variablegwi,,wi,, ... Wi 12

The variables{w;,, W, ... ’Wim\} are said to be maximally free
In e " if

» Mz =%"(R,RY),

> [I'={i},i5,... m,}C{lZ Lul, ICT

= [the variables {wi ,w;,, WTH/ } are not free in #] .

In words, these variables are unconstrained, but adding otér
variables results in a set of variables that is constrained.

—n. 17/4



Free variables in LTIDSs

Partition w= (wy,Ws), wi:R — R"1 wy:R — R"2,
Let Ry (&) w1 = Rz (&) wa, be a minimal kernel
representation of # ¢ ¥"11v2,

Proposition 5:

1. [ws is free in #| < [Ry has full row rank].

2. [wo is maximally free in 4|
< [Ry is square anddet er m nant (Ry) # 0].

Note that, by Proposition 4 from the section on differential
operators (see Lecture Il), 2. is equivalent to:

2'. W» is free and the elements of the formwy,0) € % form
a finite-dimensional subspace.
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1. (<)

1. (=)

with R; of full row rank. Therefore w; satisfiesR, (%) Wo

Proof in telegram-style

Ry (&) is surjective, hencew; is free.

If Ry does not have full row rank, then after

ore-multiplication by a unimodular matrix, the minimal
Kernel representation looks like

[ ol

W1 =

R (%) R (4],

O ank (Ry)xwy | )

R (3

[ ol

and Is hence not free.

0
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Proof in telegram-style

2. (<) |ws is free, by 1. Moreover, the elements of the form

(w1,0) € £ form a finite-dimensional subspace, and therefore
there are no additional free variables.

2. (=) |By 1. Ry has full row rank. If Ry is ‘wide’ (less rows

than columns), then it possible to delete a column fronfr; and
add it to Ry, and preserve the full row rank property. Then by
1. wp augmented with the variable fromw; corresponding to
the deleted column remains free.
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» Consider ri (%) Wi =1T>5 (%) Wo,

with ry,ro e R[&],r1 #0andry # 0, andwg,wo : R — R.
Then both w; and w, are maximally free.
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» Consider ri (%) Wi =1T>5 (%) Wo,

with ry,ro e R[&],r1 #0andry # 0, andwg,wo : R — R.
Then both w; and w, are maximally free.

» Consider

d
EX:AX—I—BU, y=CXx+Du, w=

uis free, and since the set of’'s corresponding tou=01is
finite-dimensional, it is maximally free.
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» Consider ri (%) Wi =1T>5 (%) Wo,

with ry,ro e R[&],r1 #0andry # 0, andwg,wo : R — R.
Then both w; and w, are maximally free.

» Consider

d
EX:AX—I—BU, y=CXx+Du, w=

uis free, and since the set of’'s corresponding tou=01is
finite-dimensional, it is maximally free.

» Assume that the DAE E&x=Ax+Bu is ‘regular’

(meaningE, A square anddet er m nant (EE —A) #0).
Then uis maximally free.
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Inputs and outputs
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Input/output partition

Let Z € ¥ andw = (u,y) with u maximally free in £.
Thenuis said to be input and y is said to be output In 4.
The corresponding partition w = (u,y) is said to be an
Input/output partition for £.

Wi, Wit
W, W,/
inputs | Syste outputs | 2
Wiy, Wi
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Input/output partition

Let # € ¥ andw = (u,y) with u maximally free in #.
Thenuis said to be input and y is said to be output In 4.

The corresponding partition w = (u,y) is said to be an
Input/output partition for £.

It follows from Proposition 5 that w= (u,y) is an input/output
partition if and only if % has a minimal kernel representation

P(4)y=Q(4)u, |with P square anddet er ni nant (P) # 0.
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Input/output partition

Theorem

Let £ € V. There exists a partition of the index set
{1,2,...,w} into two parts,

{i1,02,...,in} and {iy,i5,...,i,}
such that

U= (Wi;,Wi,,...,W_), Y= (Wifl,wifz,...,wi/)

p

IS an input/output partition for 4.

Wi, Wit
W, W,/
inputs | 2 Syste outputs |
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Input/output partition

Theorem

Let £ € V. There exists a partition of the index set
{1,2,...,w} into two parts,
{i1,02,...,in} and {iy,i5,...,i,}

such that

')

U= (Wil,Wiz,...,Wim), Y= (Wi/l,Wi/Z,...,Wip

IS an input/output partition for 4.

Proof: Let R($)w = 0be a minimal kernel representation of
%. Choose{it, iy, ...,i,} such that the columns{iy, i5,...,i}}
of Rform a square and nonsingular matrix.
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Input/output partition

Theorem

{1,2,...,w} into two parts,
{i1,02,...,in} and {iy,i5,...,i,}
such that

')

U= (Wil,Wiz,...,Wim), Y= (Wi/l,Wi/Z,...,Wip

IS an input/output partition for 4.

Let £ € V. There exists a partition of the index set

It follows from the construction used in this proof that an
Input/output partition for Z is in general not unique.
However, thenumberof input and output components is
uniquely determined by #.
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Integer invariants

w: Z°—N, wHB) =t
m: Z°*— N, n(%):= the number of input components in%,
p: Z*—>N, p#A) =t

ne number of variables in £,

ne number of output components in%4.

Of coursem+p = w.
Note the following formulas for p:
p(#) =di mensi on (),
and, with R(&) w= 0 a minimal kernel representation of %,

p(#) =rowdi mensi on(R).
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The transfer function
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The transfer function

Let w= (u,y) be an input/output partition of
B e LmP)+p%) with minimal kernel representation

*(a)y=ol&)"

Them (%) x p(#) matrix of real rational functions

G=P'Q

IS called the transfer function corresponding to this
Input/output partition.
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The transfer function

Them (%) x p (%) matrix of real rational functions

G=P'Q

IS called the transfer function corresponding to this
Input/output partition.

Note that for eachA € C, not a pole ofG, and for each
u, € C*#) the exponential trajectory

t— (Ut y,ell), with y, = G(A)u,,
belongs to%# (complexified).

It is most insightful to think of the transfer function in ter ms
of this formula for the exponential responses. It avoids
Irrelevant considerations of domains of convergence
encountered in Laplace transforms.
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Proper transfer functions

The real rational function f = § € R(€),n,d € R[&] is said to
be | proper | ;< [degr ee(d) > degr ee(n)],
and | strictly proper || :< [degree(d) > degree(n)].

A matrix of real rational functions is said to be proper, or
strictly proper :«< each element is proper, or strictly proper.
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Proper transfer functions

The real rational function f = § € R(€),n,d € R[&] is said to
be | proper | ;< [degr ee(d) > degr ee(n)],

and | strictly proper || :< [degree(d) > degree(n)].

A matrix of real rational functions is said to be proper, or
strictly proper < each element is proper, or strictly proper.

Theorem

Let & € Y. There exists a partition of the index set
{1,2,...,w} into 2 parts, {Il,lz,:...,lm(%)} and {I&,I’Z,...,I;(%)}
such that the input/output partition

)

U= (Wig, Wip, Wiy )5 Y= (Wi, Wigs - Y

for % has a proper transfer function.

—n. 27/4



Proper transfer functions

Theorem

Let B € Y. There exists a partition of the index set
{1,2,...,w}into 2 parts, {is,iz,...,iyz) } and{iy,i,...,
such that the input/output partition

U= (Wi1>Wi27"'7Wim(%))’ y= (Will’Wilz’”"Wi;(,%’))

!
I

p(%)}

for % has a proper transfer function.

Proof: When selectingp (%) columns ofR corresponding to a
minimal kernel representation R (&) w= 0 of 4, choose the
columns{iy,is, ..., i;(%,)} such that the determinant of the

matrix formed by these columns has largest degree among all
p (%) x p () submatrices ofR.
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Significance of a proper transfer functions

» For continuous-time system the significance of a proper
transfer function lies in the fact that
the output is at least as smooth as the input.

Unfortunately, this cannot be illustrated in our
¢ ”-setting. However, if the behavior is defined as a set of
distributions, properness comes down to the implication

[(uy) € B,ue CXR,R"?)] = [y € €5(R,RPA).
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Significance of a proper transfer functions

» For continuous-time system the significance of a proper
transfer function lies in the fact that
the output is at least as smooth as the input.

Unfortunately, this cannot be illustrated in our
¢ ”-setting. However, if the behavior is defined as a set of
distributions, properness comes down to the implication

[(uy) € B,ue CXR,R"?)] = [y € €5(R,RPA).

» For discrete-time systems, properness implies that
the output does not anticipate the input.
This is made precise in Exercise ??77.
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» Consider

d u
—X=AX+BuU, y=Cx+Du, w= :
dtx +BuU, Yy + Du, y

In order to compute the transfer function from utoy,
It IS easiest to proceed via the exponential response.
This yields

G(&)=D+C(lE-A)'B
for the transfer function. This matrix of rational
functions is proper, hencey is at least as smooth as.
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» Note that our definitions consider a differentiator

d
Uy = —u

as a valid input/output system.

Its transfer function G(&) = ¢ is not proper, and indeed,
y need not be as smooth as.

The opposite input/output partition leads to an

Integrator, an input/output with a strictly proper

. 1
transfer function G(§) = —.

§
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Recapitulating

The components of the signalv = (wg,W»,...,w,) of a LTIDS
% allow a componentwisegoartition into inputs and outputs.

If this partition is well-chosen, we may even obtain a proper
transfer function.

To obtain a strictly proper transfer function, we need in
general change the basis in the signal space first, and
subsequently choose a componentwigartition into inputs

and outputs.
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Rational symbols
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Laplace transforms

In system theory, it is customary to think of dynamical modes
In terms of inputs and outputs, viz.
"

2
outputs y

uz

inputs u:z Syste

Up

_yp —

In the LTI case, this leads to transfer functions,
y = G(s)u, with G a matrix of rational functions.

Usually, transfer functions are interpreted

In terms of Laplace transforms, with growth
conditions and domains of convergence, and
such largely irrelevant mathematical traps.

We now learn to interpret ‘y = G(s)u’
In terms of differential equations.
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Factorizations of rational matrices

M e RI[E]**° is left prime (over R [€]) i<

[M =FM, with F,M € R[£]*"°] = [F is unimodular].
Equivalently, M(A) must have full row rank for all A € C.
It follows from the Smith form that every M € R[&]*** of full
row rank can be written as M = FM’ with F ¢ R[&]*”® square
and nonsingular, andM’ € R [£]°"® left prime.
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Factorizations of rational matrices

M e RI[E]**° is left prime (over R [€]) i<

[M =FM, with F,M € R[£]*"°] = [F is unimodular].
Equivalently, M(A) must have full row rank for all A € C.
It follows from the Smith form that every M € R[&]*** of full
row rank can be written as M = FM’ with F ¢ R[&]*”® square

and nonsingular, andM’ € R [£]°"® left prime.

A left coprimepolynomial factorization of M € R()**® over
R [€] is a pair (P,Q), with PQ € R[&]***, P square and
nonsingular,M = P~1Q, and [ P ‘ Q } left prime.

It is easily seen that everyM € R(¢&)***® admits a left coprime

polynomial factorization. In the scalar case this simply mans
writing M as a ratio of two coprime polynomials.
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ODEs with rational symbols

Defining what a solution is ofR( ) w = 0 poses no difficulties
worth mentioning when R is a polynomial matrix.

But, what do we mean by a solution whdRis a matrix of
rational functions?
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ODEs with rational symbols

Let F € R(¢)**®, and consider the ‘differential equation’

d
F(a>w_0

we ¢ (R,RY) satisfies this differential equation

& Q(%)W:Q

whereF = P~1Qis a left coprime polynomial factorization.

This definition of a solution is independent of the particula
left coprime polynomial factorization of F that is taken.
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ODEs with rational symbols

By definition, therefore, the behavior defined byF (§)w=0is
equal to that of Q (&) w=0.

F is called the ‘symbol’ associated with this representation.
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ODEs with rational symbols

By definition, therefore, the behavior defined byF (§)w=0is
equal to that of Q (&) w=0.

F is called the ‘symbol’ associated with this representation.

The use of rational symbols in addition to the polynomial
symbols has proven to be very valuable.

In one of the exercises, we defineorm-preserving
representations. These require rational symbols.
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Rationalization and justification
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Equations with rational symbols

Let F € R(¢)*** and consider the equation

d
V=F | = | W
(&)
Write this equation as

F @) [ |[V] 0

A left coprime factorization F = P~'Q of F over R[] leads to
a left coprime factorization P—l{ P|-Q } of [ F | —loxp }
over R ]

d d

- d
Hence(v,w) satisfiesv=F (ﬁ) w& P (ﬁ) v=0Q (ﬁ) W.
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Equations with rational symbols

Let F € R(¢)*** and consider the equation
d
—F | — |w
v (dt) w
This shows thatF (E> IS In general not a map, since there

dt

are manyv's that satisfy P (%) v=0Q (%) w for a given w.

d) . : . .
Instead, F (&) IS a point-to-set map, in the sense that it

associates a set ofs to one singlew.
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Behaviors defined by point-to-set map:

For a given point-to-set mapg . Z — &, with 0 € &,
#={ue? |0eg(u)}

IS obviously a behavior.

This can be seen as the model defined by

0 € g(u), or, informally, by the ‘equation’ g(u) =0.

This is a generalized type of kernel representation.
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Set-theoretic inverse

If the map f : A— Bis a bijection, then f ~1 is a well-defined
map from B to A.

However, f 1 can also be given a meaning whef is not a
bijection, as follows

f~1(b) := {ac A| f(a)=b}.
Hencef~!is a point-to-set map.

If fis not surjective, thenf~—1(a) may be empty,
if fis not injective, then f ~1(a) may be not be a singleton.

We now apply these ideas to rational symbols.
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Rational symbols

. d\ ?t.
The set theoretic inverseP (&) N

d\ ' _/d N d\ ' _/d
P(a) Q(a)wzo - OEP(E) Q(E)W
leads to
d w=20
Qg w=o

Therefore our definition of F (%) w=0asQ (%) w=0
merely implements the set-theoretic inverse idea appliedt

d\ 1 _/d
OGP(E> Q(a>w
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Justification

Another justification comes from state space models. Assume

F proper. Let $x= Ax+ Bw,v = Cx+ Dw be a controllable
system with transfer function F, i.e.,

F(&)=C(I¢& —A)—lB+ D. Consider the output nulling inputs

%x: Ax+ Bw,0 = Cx+ Dw.

Thesew's are exactly those that satisfyF (&) w=0.

For F not proper, take F (&) =C(1& — A)"1B+ D(&) with D
polynomial, and

d d
5= Ax+ Bw,0 = Cx+ D(a)w.

Adain. thesew's are exactlv those that satisfiE (4w = 0.
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The transfer function
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Rational transfer functions

Viewing the input/output system

d u
y:G<d_>u7 W = ’
t y

with G € R(&)P*", as a system defined in terms of a rational
symbol, yields a rigorous definition of this LTIDS. Write it as

5(2) [ []-¢

y
A left coprime factorization G = P~1Q over R [&] leads to a

left coprime factorization P—l{ P ‘ —Q } of [ G ‘ —lpxp }
overR [£], and

d d u
(&)r=e(a)w v y|

I —n. 43/4




Rational transfer functions

Viewing the input/output system

d u
y:G<E>m W = :
t y

with G € R(&)P*", as a system defined in terms of a rational
symbol, yields a rigorous definition of this LTIDS.

Obviously, uis input, y is output, and G the transfer function,
In accordance with the nomenclature introduced previously
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Rational transfer functions

Viewing the input/output system

d u
y:G<E>m W= :
t y

with G € R(&)P*", as a system defined in terms of a rational
symbol, yields a rigorous definition of this LTIDS.

This leads to a definition of its behavior and of the

Input/output pairs that is completely independent of Laplece
transforms and its mathematical finesses and traps.
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» The notation q
— |w
dt)

(which we use), and

IS more accurate than the more commonly used
d
=G| —)u
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dt
ue ¢ (R,R*) many (a finite-dimensional linear variety)

outputsy € €% (R,R*) such thaty =F (%) u.

d) . . . .
» F (—) IS not a map! It associates with an input

d) .
F (&) IS a one-to-many map.

d

» The operatorsk; <E> and (a

dt
need not commute.

) for Fi,Fr e R(¢)
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Recapitulation
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» There exists a one-to-one relation between the LTIDSS In
#¥ and the R [£]-submodules ofR [£]"7.
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#¥ and the R [£]-submodules ofR [£]"7.

The variables of a LTIDS allow a componentwise
partition in inputs and outputs.

There exists a partition with a proper transfer function.
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A LTIDS is autonomous if and only if its behavior is
finite-dimensional.
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There exists a one-to-one relation between the LTIDSS In
#¥ and the R [£]-submodules ofR [£]"7.

The variables of a LTIDS allow a componentwise
partition in inputs and outputs.

There exists a partition with a proper transfer function.

A LTIDS is autonomous if and only if its behavior is
finite-dimensional.

LTIDSs also allow representations with rational symbols.
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End of Lecture Il
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