Lecture 5a

Thursday 05-02-2008 09.00-10.30

Linear Quadratic Theory-|

Lecturer: Paolo Rapisarda



Motivation;

Bilinear- and quadratic differential forms;
Two-variable polynomial representation;
Calculus of B/QDFs;

Lyapunov theory for higher-order systems.
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Motivation




Dynamics and functionals in systems and contrc

Instances: Lyapunov theory, performance criteria, etc.

Linear case—> quadratic and bilinear functionals.
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Instances: Lyapunov theory, performance criteria, etc.

Linear case—> quadratic and bilinear functionals.
Usually: state-space equations, constant functionals.

But tearing and zooming do not yield state space equations!
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Instances: Lyapunov theory, performance criteria, etc.

Linear case—> quadratic and bilinear functionals.
Usually: state-space equations, constant functionals.

But tearing and zooming do not yield state space equations!
iHigh-order differential equations!

...Involving alsolatent variables...
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Example : a mechanical systen

M

|~ d2W
— My~ + Ky — ke
WF; d2W
9 b —KaWg + M == o (Ke 4 k)W
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" d2W1

< EE My a2 +kiwy —kowo, = 0
m VWA s JW\/—; d2w,
s 2 —kKiW1 +Mp——~ iz +(kit+k)wz, = 0O
Eliminate wy:
d4 d?
MMz W + (kg + ko + kgp) Gz 1 kakowy =0
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" d2W1

< EE My a2 +kiwy —kowo, = 0
e A m AN d2w,
|~
s 2 —kKiW1 +Mp——~ iz +(kit+k)wz, = 0O
Eliminate wy:
d4 d?
MMz W + (kg + ko + kgp) Gz 1 kakowy =0

¢, Stability, stored energy, conservation laws?
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An effective algebraic representation
of bilinear and quadratic functionals
of the system variables and their derivatives:

Operations/properties of functionals

0

algebraic operations/properties of representation

..acalculusof these functionals!
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Bilinear and quadratic
differential forms




D= {Pp e R 00

Lo : €°(R,R") x (R, R"2) — €°(R,R)

Poo Po1
ch,O qu,l oo o W2
|\ T dwy T : : =
Lq)(W1,W2) " [Wl d_’[1 } ' . d—t2
Do Pr1 L |

T
B dk d’
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® = {Dy € RV _ Symmetric, 1.e. @y y = CDZK

Tki=o...

ch : ng(Rij) — ng(R,R)

Poo Po1
g T . :
Qo (W) ;= {WT %—‘{V } : Do Ccll_\{v
Do Pyr1 | . ]

<L d“w Tc|> d'w
= D k(=0 | gtk K.l \ “qt?
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Example: total energy in mechanical systen

ANNNNNN

—kiwy +mp

W»
dt?

+ (k1 + ko)wo
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Total energy is

L (L) 2 (S
1dt1 mzdtz

d d

— [W]_ wy F gW1  gW2

NN

N

+ ski

2
L —3ka
—3ki F(ki+ko)
0 0
0 0
0 0
0 0

O O o o o o

(k1 + ko)wo
0 O
0 O
0 O
Imy 0 O
;m 0
0O O

d
-th
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Two-variable polynomial
representation




Two-variable polynomial matrices for BDFs

{Prr € Rwlxwz}k,g:o,...,L
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Two-variable polynomial matrices for BDFs

{Prr € IRWlXWZ}k,zzo,...,L

L de]_ d£W2

o (W1, W2) = dtk kﬁw

k,(=0
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Two-variable polynomial matrices for BDFs

{Prr € IRWlXWZ}k,zzo,...,L

L de]_ d€W2
Lo (Wi, Wp) = (=) Pxo—F
k,;:O dtk dt

®(Z,N) = Tk r—oPxe {0’
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Two-variable polynomial matrices for BDFs

{Prr € IRWlXWZ}k,zzo,...,L

L de]_ dEWZ
Lo (Wi, Wp) = (=) Pxo—
k;:o dtk dt’

®D(Z,N) = Tk r—oPre {0’
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Two-variable polynomial matrices for BDFs

{Prr € IRWlXWZ}k,zzo,...,L

L de]_ dKWZ
Lo (Wi, Wp) = (=) Pur — -
k,;:O dtk dt’

D(Z,n) =Yk Pre N

2-variable polynomial matrix associated withLg
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Two-variable polynomial matrices for QDFs

[Py e RV . symmetric (¥, = D)

}kaoww

L dfw d‘w

Qo (W) = k’;:O(W) Pee

D(Z,N) = Yk—oPre {N°

symmetric: ®({,n)=d(n,q)"
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QE (W17W27 F) —

L 0 0] 0 W1
—3ki  3(ki+k) O 0 0| w
0 0 0 0 0 F
[Wl wp Foofwi gwe %F} 0 0 0 smy 0 0| [§w
0 0 0 0 Im O] |Sw
0 0 0 0 d[&F.
%i(l 1 A 20 10 :
E(Ln)=|~3k 3latke) O] +| 0 3{n O
0 0 0 0 O O
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Example: total energy in mechanical systen

Qe (W, Wy, F) =
"l Ik 0 0 0 O [w]
—3ki  3(ka+k) O O 0 0| w2
0 0 o o o offF
5 dt
0 0 0 3 O | §we
0 0 0 0 q|§F.
- 1 1 ] '1 q
ékl _le 0 izrl 0 0
I BT | 1
E(&n) = |—zk 3zlkatkz) Of 4| 0 3{n O
0 o o |o o o0

—n. 14/37



Example: total energy in mechanical systen

Qe (W1,Wo,F) =
sk -3k O 0 O[]
—3ki  3(ka+k) O O 0 0| w2
5 dt

0 0 0 3 O] | §w2
0 0 0 0 0o [§F|

_ 1 1 = '1 ]

le —le 0 §Z” 0 0

1 1 1
0 o 0o |0 0 o
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The calculus of B/QDFs




Using powers of¢ and n as placeholders,

B/QDF «~ two-variable polynomial matrix
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Using powers of¢ and n as placeholders,

B/QDF «~ two-variable polynomial matrix

Operations algebraic
and properties  «~ operations/properties
of B/QDF on two-variable matrix
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Using powers of¢ and n as placeholders,

B/QDF «~ two-variable polynomial matrix

Operations algebraic
and properties  «~ operations/properties
of B/QDF on two-variable matrix
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® c RZ*Y[Z,n]. ® derivative of Qo:

Q. : ¢”(R,R") — € (R,R)

()

QW) 1= +(Qa(w)

...a QDF, evidently... what is its two-variable representaon?
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® c RZ*Y[Z,n]. ® derivative of Qo:

Q. : ¢”(R,R") — € (R,R)

()

QW) 1= +(Qa(w)

...a QDF, evidently... what is its two-variable representaon?
®({,n)=({+nP(,n)

Two-variable version of Leibniz’s rule
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2(R,R*®): set of *°-compact-support trajectories

Lo : 2(R,R¥1) x (R, R%2) — Z(R,R)

[Lo: 2(R,R") x 9(R,R"2) — R

[Lo(Wy,Wo) i= [T Lao(Wg, Wo)dt

Analogous for QDFs
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Combining dynamics and functionals: B/QDFs zero along behaors

Qo zero ons (denotedQg e 0) if

Qo(w) =0forall we B
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Combining dynamics and functionals: B/QDFs zero along behaors

Qo zero onB (denotedQq = 0) if

Qo(w) =0forall we B

Theorem: Let 8 = ker(R($)). Then

Qo 20e=JFc R***[Z, n] such that

®(,n)=R({)"F(,n)+F(n,)"R(N)
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Qo zero ons (denotedQg 2 0) If
Qo(w)=0forall we B

Theorem: Let B8 = ker(R(%)). Then

Qo 20e=JFc R***[{, n] such that

®(,n)=R()"F(,n)+F(n,{)"R(n)

QDF induced by the 2-variable polynomial matrix on RHS is
instantaneouslyzerofor w € % = ker R(&).
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Oscillator: m3w+kw= 0~ r(&) = mé2 +k

Total energy is Qg (W) = %m(%—‘{V)ZJr lkw?. A QDF.
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Oscillator: m3w+kw= 0~ r(&) = mé2 +k

Total energy is Qg (W) = %m(%—‘{V)ZJr lkw?. A QDF.

Two-variable representation isg({,n) = 3m{n + 3k
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Oscillator: mWWJrkw O~ r(€) =mé?+k

Total energy isQg (W) = zm(%—‘{") + 2kw?. A QDF.
Two-variable representation isg({,n) = 3m{n + 3k

Physics: total energy isconserved

%E(w) = Oforall we #
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Oscillator: mWWJrkw O~ r(€) =mé?+k

Total energy isQg (W) = m(%‘{") + 2kw?. A QDF.

Two-variable representation isg(Z,n) =

Nl
=
N
S
+
NIl
N

Physics: total energy isconserved

%E(w) = Oforall we #

Indeed,

(Z+nE(E,n)=(Mm*+K)n+ (mn°+K){ = r(n)+r({)n

NI -

zero along 4.
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Qo, = Qu, if Qo, (W) = Qa, (W) for all we B

If B = ker(R(%)), Qo, 2 Qa, equivalent with

®1(¢,n) —D2(¢,n) =R()"F(Z,n)+F(n,0)"R(n)

¢, Canonical representative ?
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% = ker(R(:%)) autonomous:R € R¥¥[&] detR) # 0.

D(d) Zp(9)if D(d)w=P(I)worall we 2.
D(%) is R-canonicalif DR is strictly proper.

Every D(%) IS equivalent along# to an R-canonical
polynomial differential operator:

DR!= P + s —DZD-PR

polynomial  strictly proper
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R-canonical quadratic differential forms

Qo R-canonicalif R(Z)~"®(Z,n)R(n)~1 strictly proper.
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R-canonical quadratic differential forms

Qo R-canonicalif R(Z)~"®(Z,n)R(n)~1 strictly proper.

Theorem: Every Qg IS #-equivalent to aR-canonical QDF.
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Qo R-canonicalif R({)~ "®(Z,n)R(n) ! strictly proper.

Theorem: Every Qqg IS #-equivalent to aR-canonical QDF.

1. Compute factorization®(Z,n) = N(Z)"'M(n);
2. ComputeR-canonical repr. M’ for M, and N’ for N;

3. R-canonical repr. of ® is®'(Z,n) :=N'(J)"M’'(n)
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Qo R-canonicalif R({)~ "®(Z,n)R(n) ! strictly proper.

Theorem: Every Qqg IS #-equivalent to aR-canonical QDF.

1. Compute factorization®(Z,n) = N(Z)"'M(n);
2. ComputeR-canonical repr. M’ for M, and N’ for N;

3. R-canonical repr. of ® is®'(Z,n) :=N'(J)"M’'(n)

Factorization of step 1: factorizecoefficient matrix

Doo Pos \VA
®ro D1y ...| =[N [M(f) M }
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Example: the scalar case
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dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

w=~0

roW-—+11——

derivatives up to
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dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d"— 1w
dth—1
- d
E.g. since forw € kerr (&)

w=~0

roW-—+11——

derivatives up to

dn ~ (roW+r1—+~-+

d"w dw d'“—lwW
dt ditn—1

It holds

dw)*_ oW+ o +dn_1ww 2
T A e dtn—1
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dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

oW+ 11— w=20

derivatives up to

. . n+1
Same for terms contalnlng%tn+‘{", etc.
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dw . d"w
dt dtn
Any quadratic expression ofw and its derivatives with terms

.. Kk . : :
containing %T‘((" for k > nrewritable in terms of wand its
d" 1w
dth—1

oW+ 11— w=20

derivatives up to

“Rewriting in terms of lower order derivatives” equivalent to
“taking the r-canonical representative”.
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Nonnegativity and positivity

Qo > 01If Qcp(W) > Qforall we Cgm(R,R°)

Prop.: Qe > 0if and only if exists D € R**¥[£] s.t.

®(Z,n)=D({)'D(n)
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Qo > 0if Qp(w) > 0forall we €°(R,R®)

Prop.: Qe > 0if and only if exists D € R**¥[£] s.t.

®(Z,n)=D({) D(n)

Qo > 0if Qp > 0, and |Qep (W) = 0] = (w= 10|

Prop.: Qe > 0if and only if exists D € R**¥[£] s.t.

®(¢,n)=D({) ' D(n)
rank(D(A))=wforall A € C
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Nonnegativity and positivity along a behavior

%
Qo > 0if Qop(w) >0Vwe A

%
Prop.: Qe > 0iff 3@ € R"*¥[,n] such that
®(Z,n) 2 (Z,n)and Qg >0
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B
Qe > 0ff Qcp(W) >0Vwe A

B
Prop.: Qo > 0iff 3 @ € R¥*¥[Z, n] such that
®(Z,n) Zd'(Z,n) and Qg > O

%
Prop.: Let % = kerR(&). Then Qo > 0iff there exist
D e R**¥[¢], X € R**¥|(,n] such that

®(¢.) = D(@) D) +RE&) X&) +X(n.¢) "Rin)

>0 for all w =0 if evaluated on%#
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Nonnegativity and positivity along a behavior

7 %
Qo > 01if Qp > 0, and [Qqp(W) = 0] = [w =0

%
Prop.: Qo > 0iff 3 @ € R"*¥[{, n] such that

®(Z,n) £ ®'(Z,n) and ¥'(Z,n) =D(Z)D(n) with
rank col(R(A),D(A))=wforall A € C
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7 B
Qo > 0if Qp > 0, and |Qep (W) = 0] = (w= 20|

B
Prop.: Qo > 0iff 3 @ € R"*¥[{, n] such that

®(Z,n) Z ¥ (Z,n) and P'(Z,n) =D(Z)TD(n) with
rank col(R(A),D(A)) =wforall A € C

%
Prop.: Let % = kerR(&). Then Qo > 0iff there exist
D e R**¥[&], X € R**¥[{, n] such that

®(¢.) = D(@) D) +RE&) X&) +X(n.¢) "Rin)

N

>0 for all w =0 if evaluated on%#

and moreoverr ank col(R(A),D(A)) =wforall A € C
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» Property of functional (positivity, nonnegativity along a
behavior, etc.) translated into algebraic properties of is
two-variable representation;
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» Property of functional (positivity, nonnegativity along a
behavior, etc.) translated into algebraic properties of is
two-variable representation;

» Standard polynomial computations to obtain
R-canonical representative—> positivity, negativity
along behaviors easy to check.
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Lyapunov Theory




A is asymptotically stable < lim;_ . w(t) =0V we A

This implies 4 is autonomous.
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A is asymptotically stable < lim;_ . w(t) =0V we A

This implies 4 is autonomous.

Algebraic characterization:

Theorem: % = kerR(&) stable,R € R¥V[¢]
< detR) Hurwitz
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A is asymptotically stable < lim;_ . w(t) =0V we A

This implies 4 Is autonomous.

Algebraic characterization:

Theorem: % = kerR(&) stable,R € R¥V[¢]
< detR) Hurwitz

Lyapunov functional characterization:
Theorem: & asymptotically stable iff

Z P
existsQq such thatQqg > 0 andQ&) <0
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A is asymptotically stable < lim;_ . w(t) =0V we A

This implies 4 Is autonomous.

Algebraic characterization:

Theorem: % = kerR(&) stable,R € R¥V[¢]
< detR) Hurwitz

Lyapunov functional characterization:
Theorem: & asymptotically stable iff

Z P
existsQq such thatQqg > 0 andQ&) <0
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d
c%’:ker(p+3d—+2> ~ 1(E) =E2 43842
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d? d 7
%—k@f(ﬁ‘l—Ba—FZ) ~ (&) =§"+3§+2

7
ChooseW({,n)s.t.Qu<0,e.g.W(,n)=—-In;
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d? d 5
%—k@f(ﬁ‘l—Ba—FZ) ~ (&) =§"+3§+2

B
ChooseW({,n)s.t.Qu<0,e.g.W(,n)=—-In;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)

=0on XA
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d? d 5
%—k@f(ﬁ‘l—Ba—FZ) ~ (&) =§"+3§+2

B
ChooseW({,n)s.t.Qu<0,e.g.W(,n)=—-In;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)

=0on XA

4Qo(W) = Qu(w) for all we %
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2
%’:ker<%+3§+2) ~ 1(E) =&°4+38 42

ChooseW({,n) s.t. Qu f 0,e.g.W((,n)=—-(n;

Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)
—Oon %
Equivalent to solving polynomial Lyapunov equation

—W(—&, &)+ r(=&) X(&)+x(—&) r(&)

&2 §2-3842 §243E+2

’\AX(E)

]
ol
I\
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d? d 5
%—k@f(ﬁ‘l—Ba—FZ) ~ (&) =§"+3§+2

B
ChooseW({,n)s.t.Qu<0,e.g.W(,n)=—-In;
Find ®(Z,n) s.t. $Qa (W) = Qu(w) for all w e %:

(C+m®(¢,n)=¥(,n)+r(O)x(n)+x({)r(n)

=0on XA

—IN+({?+3(+2)zn+2L(nN?+3n+2)

®(L,n) = &

1 1
p— — — O
6Zn+3>
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» Functionals of system variables and derivatives thereof;
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» Functionals of system variables and derivatives thereof;

» Two-variable polynomial representation,;
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Functionals of system variables and derivatives thereof;
Two-variable polynomial representation;

Operations/properties in time domain~»
algebraic operations on two-variable representation.
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Functionals of system variables and derivatives thereof
Two-variable polynomial representation;

Operations/properties in time domain~»
algebraic operations on two-variable representation;

Lyapunov theory for higher-order systems.
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End of Lecture 5a




Lecture 5b

Thursday 05-02-2008 11.00-12.30

Linear Quadratic Theory-I|

Lecturer: Paolo Rapisarda



vV v v ¥V

Dissipative systems;
Spectral factorization,;
Storage functions;

Distributed dissipative systems.
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Dissipative Systems




Physical examples:
® Resistive electrical circuits:

# Mechanical systems with friction;
N
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Physical examples:
® Resistive electrical circuits:

# Mechanical systems with friction;
o

Energy supplied to systemsupply rate variable I+
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Physical examples:
#® Resistive electrical circuits;
# Mechanical systems with friction;

)
Energy supplied to systemsupply rate variable I+

® Electrical circuits: V 'l with V (resp. ) vector of voltages
(resp. currents)

# Mechanical systems:FT%x with F (resp. x) vector of
forces (resp. displacements)
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Dissipation inequality

Energy supplied to system~supply rate variable I+

Energy stored in systent storage variableFs
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Energy supplied to system~supply rate variable I+
Energy stored in systent storage variableFs

# Electrical circuits: %C-szor capacitor, %L-szor
inductor

» Mechanical systems:3K - x? for spring
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Energy supplied to system~supply rate variable I+

Energy stored in systent storage variableFs

In a dissipative system,
energy cannot be stored faster than it is supplied
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Energy supplied to system~supply rate variable I+

Energy stored in systent storage variableFs

In a dissipative system,
energy cannot be stored faster than it is supplied

d

C R <
qissh
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Energy supplied to system~supply rate variable I+

Energy stored in systent storage variableFs

In a dissipative system,
energy cannot be stored faster than it is supplied

d

— <
qissh

Dissipation inequality
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Dissipation equality

d

—Fe<
as=h
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Dissipation equality

d

—Fe<
as=h

d L .
FAi=F— EFS dissipation rate (nonnegative)
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Dissipation equality

d
—Fs <
g =
d L .
FAi=F— EFS dissipation rate (nonnegative)
F=Fa+ EF
LT

Dissipation equality
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Dissipation equality

d

“Fe<
as=h

d L .
FAri=F— EFS dissipation rate (nonnegative)

d
=R+ It Fs
Dissipation equality

Lossless systemds = dt
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d

—Fs <
g =
d L .
FAi=F — aFS dissipation rate (nonnegative)
F=F +EF
=TS

Dissipation equality

Lossless systemss = $Fs

Now, linear time-invariant finite-dimensional systems,
with quadratic supply rates
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supply, dissipation, storage
are quadratic functionals
of the system variables
and their derivatives

LTI systems ~>

Dissipation equality:

Qo (W) = Qa(W) + %Qw (W)

wherew € &4
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supply, dissipation, storage
are quadratic functionals
of the system variables
and their derivatives

LTI systems ~>

Dissipation equality:

d
Qo (W) = Qa(W) + - Qu(W)
wherew € 4

...equalities along% are cumbersome to work with...
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Controllable system Power (‘supply rate’)

w=M(d)l~ M(&) Qo ~ ®({, 1)
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Controllable system Power (‘supply rate’)

w=M(§)l~ M(&) Qo ~ D(Z,n)

Qo (W) = Qu(M(3)0)
®'(Z,n):=M(Q)"®(,n)M(n)

Qg acts on free variable/, i.e. €%
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When is a system dissipative’

Dissipation equality:

Qo= = QutQs
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Dissipation equality:

d

Qo = aQerQA

Integrate along compact-support trajectory:

+0 +o0
_ Qo(Wdt =Qu(W) [Zo + [ Qa(w)dt
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Dissipation equality:

Qo = dthJ+QA

T odt
Integrate along compact-support trajectory:

~+00

—+00
Qo (W)dt = Qu(w) |f§ + Qa(w)dt
—00 T —00 \26—/
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Dissipation equality:

d

Qo = aQ‘P—FQA

—+00
Qo(w)dt >0

for all compact-support trajectories w € &4
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—+00
Qo (W) dt >0

for all compact-support trajectories w € &

[=3

If w=M{(+)¢, equivalent to

Q.

t

Qq/(¢) > 0forall ¢ €€”

with ®(Z,n) =M(Z)T®(Z,n)M(n)
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—+00
Qo (W)dt >0

for all compact-support trajectories w € &

[=3

If w= M(Z)¢, equivalent to

Q.

t

Qq/(¢) > 0forall ¢ €€”

with ®(Z,n) =M(Z)T®(Z,n)M(n)
Fourier transformation leads to

P (—iw,iw) =M(—iw)' P(—iw,iw)M(iw) >0
forall we R

iA frequency-domain inequality!
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We just proved.:
Theorem: im M(%) IS ®-dissipative if and only if
M(—iw)' ®(—iw,iw)M(iw) >0forall wcR
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Theorem: The following conditions are equivalent:

> [T2Qe(¢)dt > 0forall € compact-support’;
» Qg admits a storage function;
» Qg admits a dissipation rate

Given Qqg, storage and dissipation are one-one:

%Qw = Qo —Qna

((+nW(,n) = &(,n)—A,Nn)
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Theorem: The following conditions are equivalent:

> [T2Qe(¢)dt > 0forall € compact-support’;
» Qg admits a storage function;
» Qg admits a dissipation rate

Given Qqg, storage and dissipation are one-one:
d
&Qw = Qo —Qa

((+n)®(,n) = @({,n)—-A(,n)
¢, Glven®, how to find dissipation/storage functions?
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Spectral factorization




Dissipation in an algebraic setting: spectral factorizaton

((+n)W({,n)+A(L,n) =P, n)
¢, How to computeA and W?
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Dissipation in an algebraic setting: spectral factorizaton

((+n)W({,n)+A(L,n) =P, n)
¢, How to computeA and W?

Llet { = —&, n=_¢&;thenA(—&,&) = D(—&,¢&)
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Dissipation in an algebraic setting: spectral factorizaton

((+mW(Z,n)+A(Z,n)=D(,n)
¢ How to computeA and W?

Qr(f) >0V L e € (R,R*) = dsquareD € R***|£]| such that

A(¢,n) =D(¢) 'D(n)

—n. 10/2(



(Z+MW(,n)+AZ,n) =D, N)
¢, How to computeA and W?

let { =—-¢&,n=¢&;thenA(—¢,¢&) =d(—¢&,¢E)
Qa(f) >0V /L e (R,R*) = dsquareD € R***[&] such that

A(Z,n)=D(Z)'D(n)

Spectral factorization: given ®(—¢,¢ ), find squareD s.t.

®(—&,&) =D(—&) 'D(¢)

—n. 10/2(



P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?
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P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?

Check if ®(—iw,iw) > 0for all w € R:
P(—iw,iw) = 4+ 5w* + w*

a sum of squares, always nonnegative.
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P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?
Check if ®(—iw,iw) > 0for all w € R:

P(—iw,iw) =4+ 50°+ w*

a sum of squares, always nonnegative.
Note that

P(—&,&)=4-5E°+&"=(§-2)(E—-1)(E+1)(E+2)
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P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?

Check if ®(—iw,iw) > 0for all w € R:
P(—iw,iw) = 4+ 5w* + w*

a sum of squares, always nonnegative.
Note that

O(—£,8)=4-58°+&" = (£ -2)(E-D(E+1)(E+2)

We can choose

AL,n)=(+1)((—-2)(n+1)(n—-2)
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P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?

Check if ®(—iw,iw) > 0for all w € R:
P(—iw,iw) = 4+ 5w* + w*

a sum of squares, always nonnegative.
Note that

O(—£,8)=4-58°+&" = (£ -2)(E ~D(E+1)(E+2)

We can also choose

N(,n)=(+1)({+2)(n+1)(n+2)

and so forth...

—n. 11/2(



Spectral factorization: given ®(—¢,¢), find square
matrix D s.t.

®(—&,&) =D(-¢) 'D(¢)
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Spectral factorization: given ®(—¢,¢), find square
matrix D s.t.

®(—&,&)=D(—&)'D(¢)

Solvable if and only if d(—iw,iw) > 0 for all w e R.
iFrequency domain condition for dissipativity!
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Spectral factorization: given ®(—¢,¢), find square
matrix D s.t.

®(—&,&) =D(-¢) ' D(¢)

Spectral factorize®(—&,&) = D(—&) ' D(&), define
A(¢,n):=D({) D(n)

—n. 12/2(



Spectral factorization: given ®(—¢,¢), find square
matrix D s.t.

®(—¢,§) =D(-&) ' D(&)
Spectral factorize®(—&,&) = D(—&) ' D(&), define
A(¢,n):=D()'D(n)
O(—&,8) =NA(—&,&) = there existsW(,n) s.t.
®(¢,n)—A(¢n)=({+n)¥(.n)

Then storage function is

¢,n)—A,n)

LP(Z,n)ZCD( &y

—n. 12/2(



» Many ways of spectral factorizing the same matrix
~» many dissipation functions

~» many storage functions.

» Set of storage functions is convex:

Qu,, Qy, storage functions anda < [0, 1]

—> aQuy, + (1— a)Qy, is storage function

—n. 13/2(



P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?
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P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?

Since

O(—£,8)=4-58°+&" = (£ -2) (- D(E+1)(E+2)

If we choose the dissipation function

AL,n)=(+1)(—-2)(n+1)(n—-2)

we obtain the storage function

(¢,n)—A(¢,n)

€))
W(,n)= &y

=4+4n+47+5n
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P(Z,n)=4+6N+2n°+6]+97n+4{n?>+27°+47°n +n3Z?

Since also
®(—£,§) =4-5E*+&" = (£ -2)( - 1(E+1)(E+2)
If we choose the dissipation function

AN(,n)=(+1)({+2)(n+1)(n+2)

we obtain the storage function

QWAU%:¢@JU—N@JD

Z+n =N
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Storage functions




Theorem: Let & € £¥ be controllable and ®-
dissipative. There exist storage function®Qy and

Qu, such that for any storage functionQ it holds

Qu_ < Qu < Qu,
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Theorem: Let & € £¥ be controllable and ®-
dissipative. There exist storage function®Qy and

Qu, such that for any storage functionQ it holds

Qu_ < Qu < Qu,

Qu_ Isminimal-, Qg Is maximal storage function
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Theorem: Let & € £¥ be controllable and ®-
dissipative. There exist storage function®Qy and

Qu, such that for any storage functionQ it holds

Qu_ < Qu < Qu,

Qu_ Is available storage

v o= sm (~[owm) N\

W s.t. &W

WAW € A

Maximum amount of energy extractable from system.
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Theorem: Let & € £¥ be controllable and ®-
dissipative. There exist storage function®Qy and

Qu, such that for any storage functionQ it holds

Qu_ < Qu < Qu,

Qu, Isrequired supply:

Qu. W)(0)= inf (/ Qu(w) Mf\

W s.t.
W AWE A

Minimum energy needed to producew fromt =20

—n. 16/2(



If detd(—¢,&) #0and P(—iw,iw) > 0forall w e R, there
existH, As.t.

®(—&,&) =H(—=&)"H(&) =A(-&)"A(¢)
where

detH(A)) =0= A € C° (“semi-Hurwitz polynomial”)
detfA(A)) =0= A € C? (“semi-anti-Hurwitz polynomial”)
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Spectral factorization and extremal storage functions

If detd(—¢&,¢) #0and P(—iw,iw) > O0forall w e R, there
existH, As.t.

®(—&,&) =H(—=&)'H(&) =A(-&)A(&)
where

detH(A))=0= A € C° (“semi-Hurwitz polynomial”)
detfA(A)) =0= A € C° (“semi-anti-Hurwitz polynomial”)

In this case
N T
v (g - LM HE@ HO)

¢+n
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Circuit theory folklore: state variables are associated wih
energy storing elements (capacitors, inductors)

Physics: potential energy in a field dependent on position (&
velocity/acceleration)
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Circuit theory folklore: state variables are associated wih
energy storing elements (capacitors, inductors)

Physics: potential energy in a field dependent on position (&
velocity/acceleration)

¢, Can we give rational foundation to the intuition
that “storage” is related with “memory”?

—n. 18/2(



Theorem: Let = =3' € R"*¥ be nonsingular. Assume that
% =im (M($)) is Z-dissipative.

Let W € R¥¥|{, n] be a storage function, and letX € R**¥[£]
be a state map forZA.

Thend K =K' e R***. E=E' € R*** such that

W(Z.n) =X(g) ' KX(n)

A1) = g | M)
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Theorem: Let = =3' € R"*¥ be nonsingular. Assume that
% =im (M($)) is Z-dissipative.

Let W € R¥¥|{, n] be a storage function, and letX € R**¥[£]
be a state map forZA.

Thend K =K' e R***. E=E' € R*** such that

W(Z.n) =X(g) ' KX(n)

_T — =

Az = | MO | g M)

i The storage function
IS a quadratic function of the state!
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Theorem: Let = =3' € R"*¥ be nonsingular. Assume that
% =im (M($)) is Z-dissipative.

Let W € R"*¥|{,n] be a storage function, and letX € R**¥|¢]
be a state map forZA.

Thend K =K' e R***. E=E' € R*** such that

W(Z.n) =X(g) ' KX(n)

_T — =

Az = | MO | g M)

i The dissipation function
IS a quadratic function of the state and of the input!

—n. 18/2(



» Dissipative systems: storage and dissipation;
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» Dissipative systems: storage and dissipation;

» Spectral factorization and storage functions;
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» Dissipative systems: storage and dissipation;
» Spectral factorization and storage functions;

» Extremal storage functions;
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vV v v ¥V

Dissipative systems: storage and dissipation,
Spectral factorization and storage functions;
Extremal storage functions;

Storage function is a function of the state.
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—pn. 19/2(



End of Lecture 5b
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