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Message

Interconnection Is a basic system operation.

'TTT

It Is not dealt with (very well) in probabillity theory.
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Interconnection

SYSTEM 1 . . SYSTEM 2

SYSTEM 1 SYSTEM 2

Interconnection = variable sharing
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Interconnection

SYSTEM 1 . . SYSTEM 2

Example

®
SYSTEM 1 s SYSTEM 2

?
source | \/ load

I [ N )
W =W =W»o
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Interconnection of deterministic systems
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Formalization

A deterministic system > = (W,%), with

W the ‘outcome space’
2 CW the ‘behavior’




Formalization

A deterministic system > = (W,%), with

W the ‘outcome space’
2 CW the ‘behavior’

Interconnection of
21 = (W,%l) and 20 = (W,%z)
21N\2p = (W,%lﬂ 4@2)
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Interconnection of stochastic system\s
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Stochastic systems

A stochastic system 2 := (W, &, P), with

W  the ‘outcome space’
& a o-algebra of subsets oW the ‘events’
P:&— 0,1 the ‘probability’

& and P satisfy the

W,
Kolmogorov axioms.
‘P

P(#). the probability that the
behavioris#Z C W, % € &.



Example o-algebras

» W finite, & = all subsets ofW.
» W =R" & the ‘Borel’ sets= all subsets ofR".

» measurable set$= union of partitioning sets

& In terms of a partition of W.



Difficulty with stochastic interconnection

SYSTEM 1 . . SYSTEM 2

SYSTEM 1 .| SYSTEM 2

I o000
W=W1 =W>

We have to avoid getting in a jam because of things as
PL(E) # P»(E) for someE C W
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Complementarity of o-algebras

&1 and & are complementary o-algebras
:< for all nonempty Ej,E] € &1,E2,E) € &

[[El NEy = Ei M Eé]] — [[El = Ei and B, = Eé]]

Intersection = intersectants.
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Complementarity of stochastic systems

(W, &1,Pr) and (W, &, P,) are complementary systems

< forall Ej,E] € &1,Ep,ES € &

[E1NEx = E1NES] = [Pu(E1)P(Ez) = PL(E7)Po(E))].

probablllty zero

Intersection = product of probabillities of intersectants.



Interconnection

Let (W,&71,Pr) and (W, &%, P,) be independent and
complementary stochastic systems.

Their interconnection is defined as (W, &,P) with

& = the g-algebra generated by thérectangles
{ElﬂEz ‘ Eqi € éDl,Ez - éaz},

and P defined for rectangles by
P(El M Eg) = Pl(El)Pz(Ez).

and extended toé’ via the Hahn-Kolmogorov thm.
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Interconnection of complementary systems
21=(W,61,P), 22=(W,&,P)
Z:I. A Z2 — (W7 éaa P)

with & =the o-algebra generated by&; U &2

and P generated byP(E;1NE>) =P (E1)P(Ep).

E, v

=)

EiNEs
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Example
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Noisy resistor terminated by a voltage source

heat bath

1S

Outcomes|Y |, outcome spacéV = R?;
events: subsets oR?

—p. 17/27



The voltage source

WV
+—I’ K1
A : Vo
VOE V

|=
I

Zl — (Rza éala P1)1

&) = (Q) B ggfomplementRz)
P (%1) = 1.

21 IS a deterministic system.
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Noisy (or ‘hot’, or ‘Johnson-Nyquist’ ) resistor

heat bath

Rgm

|<—<—>+

2

Probability = —1— e 202 dx.

o~ vRI
T =temperature



Noisy (or ‘hot’, or ‘Johnson-Nyquist’ ) resistor

heat bath

Rgm

|<—<—>+

v event g _X_22
Probability = N dx.
V=R
o~ VvRT
e T = temperature
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Noisy (or ‘hot’, or ‘Johnson-Nyquist’ ) resistor
>, = (R?,&,P,); events iné&, = the subsets ofR? as

[TY] € R?|V —RI € Awith Aa (Borel) subset ofR }

v event

Neither |Y |, I, nor V possess a distribution or a pdf!
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Equivalent circuits

~)) Ev V =Rl +é&y
gR gy gaussian
Zero mean

variance ~ RT

|<—<—>+

Notee {e&v € ACR, Borel} ={V—-Rl €A}

Showsthat &, €R o¢-algebrais Borel
but  (V,1)eR? o-algebra is coarsez# Borel.



Equivalent circuits

+

b ®ev V=Rl +¢&y

V

l X gy gaussian

- Zero mean
variance ~ RT

| =V /R+¢ L
£ gaussian \T, %E‘P :
zero mean |

variance~ T /R
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Noisy resistor terminated by a voltage source

| E2
JTF heat bath N ///'
VOE V R%% g E
The og-algebras are 17 BE=ERNE

Indeed complementary.



Noisy resistor terminated by a voltage source

heat bath ‘

Vo% R%% '/// E

|
— < —+

The og-algebras are 17 BE=ERNE
Indeed complementary.

S1AZo = (R?,&,P), with
P(E) = P,(E>) (P is concentrated onV = V) and
the completion of & = the Borel g-algebra onR?.
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Open stochastic systerr
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Open versus closed

Consider2; = (Rn, &1, Pl).

If &1 =the Borel g-algebra, thenz; is basically only
Interconnectable with the trivial stochastic system
2o = (R* {0,R"},P).



Open versus closed

Consider2q = (Rn, éal, Pl).

If &1 =the Borel g-algebra, thenz; is basically only
Interconnectable with the trivial stochastic system
2o = (R* {0,R"},P).

= classical21 = ‘closed’ system.

Coarsedéy
= 21 IS Interconnectable.
= ‘open’ stochastic system.
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Conclusions




Stochastic systems

» Complementary systems can be interconnected:
two laws imposed onone set of variables.

SYSTEM 1 . . SYSTEM 2

SYSTEM 1 SYSTEM 2




Stochastic systems

» Open stochastic systems require a coarse
o-algebra.
Classical random vectors imply closed systems.



Stochastic systems

» Open stochastic systems require a coarse
o-algebra.

» Borel g-algebra inadequate for applications.
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Stochastic systems

» Open stochastic systems require a coarse
o-algebra.

» Borel g-algebra inadequate for applications.

variable 2

A

variable 1

Deterministic
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» Open stochastic systems require a coarse

Stochastic systems

o-algebra.

» Borel g-algebra inadequate for applications.

variable 2

/

\

variable 1

Deterministic

variable 2

/

\

stochastic.

variable 1
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The presentation slides and an associated full article
can be found on my website.

http:// homes. esat. kul euven. be/ ~jw | | ens/



The presentation slides and an associated full article
can be found on my website.

http:// homes. esat. kul euven. be/ ~jw | | ens/

Thank you

Thank you

Thank you
Thank you

Thank you

Thank you

Thank you

Thank you —p. 27127
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