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Dynamics and functionals in systems and control

Instances: Lyapunov theory, performance criteria, etc.

Linear case = quadratic and bilinear functionals.

Usually: state-space equations, constant functionals.

However, tearing and zooming =<5 state space eq.s
iHigh-order differential equations!

...involving also /atent variables...



Example : a mechanical system
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Example : a mechanical system
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Example : a mechanical system

w d?w;
[ 1
e 1 ar2 + Kyw, 1 W2
my M d?w
— KWy + my—— > + (k1 + k)w, =

kq ks dr?

4 2

d d
m1m2Ww + (kimy + komy + k1m2)ﬁw + kikow =0

¢ Stability, stored energy, conservation laws?



Aim

An effective algebraic representation
of bilinear and quadratic functionals
of the system variables and their derivatives:

Operations/properties of functionals

algebraic operations/properties of representation

...a calculus of these functionals!
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Definition



Bilinear differential forms (BDFs)

P = {‘Dk,e € R™ sz}k,z=o,...,L

Lo : €°(R,R*) x €=(R,R*2) — €=(R,R)

®oo Po1
¢1’0 ¢‘1,1 000 ws
- A dwy
L¢(W1, W2) = |:W1T % :| : : dt
Gpo Py :

-
ak d*
=2 ke (WW1> Pt <WW2>



Quadratic differential forms (QDFs)

®:= {®, € RV}, ,_ | symmetric, i.e. &k, = &,

Qo : €2(R,R¥) — €<(R,R)

®opo Do,

¢1,0 ¢1,1 w

) . d
Qo(w):=[wr @7 | P F ol

o Pg1 :

T
_ L dk dZ
= Zk,ﬂ:O (Ww> LY. (Ww>



Example: total energy in mechanical system

N

w 1 K%W1>2+<%w2>21

+5 [kawf + kowy]
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Two-variable polynomial matrices



Two-variable polynomial matrices for BDFs

{d)k,f € R }k,£=0,...,L

de
ke —, W2

Lolw, wa) = Z (dt" dt’

k,£=0

¢(C’ 77) = le;,e=o ¢k,£ Ck 17‘“]



Two-variable polynomial matrices for BDFs

{d)k,f € R }k,£=0,...,L
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Two-variable polynomial matrices for BDFs

{d)k,ﬂ € R }k,£=0,...,L

L dk d*
Lo(wy, Wo) = Z (d—tkW1)T Dy e sz

k=0
(D(Ca 77) = Zl’;,z=o ¢k,£ Ck ne

2-variable polynomial matrix associated with L,



Two-variable polynomial matrices for QDFs

(ke € waW}k’ezowL symmetric (®y, = ¢Zk)

{4

d
Qo (W) = E ( w)T Dyp——
oz, it dre"

®(¢,m) = Zlﬁ,e:o e CF 0

symmetric: ®(¢,n) = ®(n,¢) "



Example: total energy in mechanical system

%[ﬁ 0 0O wy

0 v, 0O w;

Qe(wi,w2) = [wy w2 Zwy  Swy 0 202 10 iv::/
2 ¢y 1

0 0 0 2 EW2
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Historical intermezzo

Lyapunov functionals (‘80s)
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The calculus of B/QDFs
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The calculus of B/QDFs

Using powers of ¢ and ) as placeholders,

B/QDF « two-variable polynomial matrix

Operations algebraic
and properties <+  operations/properties
of B/QDF on two-variable matrix



Differentiation

& € RY*Y[¢, n]. o derivative of Qo:
03) : €°(R,R") — €*°(R, R)

Qy(w) = 5 (Qu(w))

5’((:, n) = (¢ + )P, n)

Two-variable version of Leibniz’s rule



Integration

D (R, R*) €>°-compact-support trajectories

Lo : D(R,R") x D(R,R*) — D(R,R)

[ Lo : D(R,R") x D(R,R") — R
fL¢(W1, W2) = f:—:: L¢(W1, Wz)dt

Analogous for QDFs



Part Il: Applications
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Lyapunov theory



Nonnegativity and positivity along a behavior

B
Qo > 0if Qu(w) >0V w € B
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Nonnegativity and positivity along a behavior
B
Qo > 0if Qo(w) >0V we B
B B
Qo > 0if Qy > 0, and [Qo(W) = 0] = [w = 0]

B
Prop.: Let B = kerR(Z). Then Q, > 0 iff there exist
D € R**¥[£], X € R**¥[{, ] such that

®(¢,n) = D(O) D) + RO TX(¢ m) + X (1, Q) TR(n)

>0 forall W =0 if evaluated on*B




Lyapunov theory

B autonomous is asymptotically stable
iflim_.w()=0VweD

B = kerR(Z) stable <> det(R) Hurwitz



Lyapunov theory

B autonomous is asymptotically stable
iflim_.w()=0VweD

B = kerR(Z) stable <> det(R) Hurwitz

Theorem: 28 asymptotically stable iff
B 5
exists Qy such that Q, > 0 anan) <0
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Example
%:ker(g—:z+3%+2) r(€) = €2 + 3¢ + 2

Choose W(¢,7) st. Qu < 0, e.g. W(¢,n) = —C;
Find ®(¢, n) s.t. 2Qo(w) = Qu(w) for all w € B:
(€ +m®(¢,n) = W(¢,n) + r(¢)x(n) + x(¢)R(n)

=0onB

Equivalent to solving polynomial Lyapunov equation

0=w(- £ §) + r( £)x(&) + x(—=¢&) r(&)

—3¢+2 £243¢+2



Example
%:ker(g—:z+3%+2) r(€) = €2 + 3¢ + 2

Choose W(¢,7) st. Qu < 0, e.g. W(¢,n) = —C;
Find ®(¢, n) s.t. 2Qo(w) = Qu(w) for all w € B:
(€ +m®(¢,n) = W(¢,n) + r(¢)x(n) + x(¢)R(n)

=0onB

— 24+3¢+2)gn+ z¢(n* +3n+2
o(C.n) = ¢n+ (¢ +3C+2)gn + 5¢(n n +2)

¢+n

= Im+ltso
~ 673



State-space case

d
(dtl—A>x—0 ~ R(¢)=¢lL — A

e Choose Q < 0;

» Solve polynomial Lyapunov equation
(&l — A)TP+P(EL,—A) =—ATP-PA=Q
equivalent with matrix Lyapunov equation!
o Lyapunov functional is

x"(—P)x
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Dissipativity theory



Dissipativity theory

Power is supplied

SYSTEM

supply ~» energy is stored

RLC circuits Power V[

Storage in capacitors and inductors

Mechanical system Power FTv + (2£9)TT

Potential+kinetic



Setting the stage

Controllable system Power (‘supply rate’)
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Setting the stage

Controllable system Power (‘supply rate’)

w = M(2)¢~ M(¢) Qo (W) ~ ®(¢,n)

Qo(w) = Qo(M(5)¢)

®'(¢,m) == M(C) T ®(S, n)M(n)

Qs acts on free variable ¢, i.e. €°°



Dissipation inequality

SUPPLY

DISSIPATION



Dissipation inequality

Qq is storage function for the supply Q, if  SUPPLY

%Qw < Qo

Rate of storage increase < supply

DISSIPATION



Dissipation inequality

Qq is storage function for the supply Q, if  SUPPLY

%Qw < Qo

Rate of storage increase < supply

Q, is dissipation function for Qq if

Qa > 0 and fQAdt = qu;dt

DISSIPATION



Characterizations of dissipativity
Theorem: The following conditions are equivalent:
. ff:j Qs (£)dt > 0 for all €>° compact-support ¢;

» Q, admits a storage function;
* Qo admits a dissipation function

Also, storage and dissipation functions are one-one:

d
“Qy = Q—Q
dtW {0} A

(C+m¥(C,n) = @(¢,n) — A7)



Example: mechanical systems
+D% + K|,

h

Fl _ M2,
Mg:q+Dgq+Kg=F M {dt



Example: mechanical systems

- e g

M%q+Diq+Kq=F q

I dt I
Supply rate: power
d d? d T/d
F'(—q)=(M—¢+ D—¢+ K¢ —L
(dtq> ( ae” TPt ) (dt)
corresponding to

1 1
®(¢,n) = E(IVIC2 + D¢+ K) T+ EC(MWZ + Dn + K)



Example: mechanical systems
+D% + K|,
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Example: mechanical systems

d? d
F} [M +D%+K|,

dt?
M%q+Diq+Kq=F {q I

®(¢,n) = 5(M¢? 4+ D¢ + K) 1 + 3¢ (Mn? + Dn + K)
If dissipation inequality

®(¢,m) = (C+n)W(¢n) + A(C )
holds, then

d(—¢,8) = — €(DT+D) A(—¢,¢)
= A(¢,n) = E(DT + D)¢n

Spectral factorization of ®(—¢&, &) is key



Example: mechanical systems
+D% + K|,

h

Fl _ M2,
wgasogarra=r |5 -[15

®(¢,m) = (M2 + D¢ + K)™n + 1¢(Mn? + Dn + K)

A(¢,m) = 3(DT 4+ D)¢n



Example: mechanical systems
+D% + K|,

h

Fl _ M2,
dtzq + D q + Kq F |:q:| |: dt

®(¢,n) = J(MC? + D¢ + K) T + 3¢(Mn? + Dn + K)
A(¢,m) = 3(DT 4+ D)¢n
Storage function

® (¢ m) — A(S ) IMC K

C+m 2

Total energy

w(Ca 77) =
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Balancing and model reduction



Balancing

A minimal and stable realization (A, B, C, D)
is balanced if exist o; € R such that
o4 > o0 > --+- > o, > 0and moreover

A +XA" +BB" = 0
ATS+TA+C'C =0

where X := diag(o1,02,...,0,)
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Balancing

A minimal and stable realization (A, B, C, D)
is balanced if exist o; € R such that
o4 > o0 > --+- > o, > 0and moreover

A +XA" +BB" = 0
ATS+TA+C'C =0

where X := diag(o1,02,...,0,)

Balancing = choice of basis of state space
diagonalizing the Gramians

= choice of state map!



The controllability Gramian K
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The controllability Gramian K

-G

where GCD(p, q) = 1, p stable, deg(q) < deg(p) =: n

p(2)y = q(&)u {Z

In state-space framework, K is defined as
0
infu/ u(t)?dt =: x; Kxo

where u is such that x(—oo) ~ x(0) = xo



The controllability Gramian K
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The controllability Gramian K

(5]

where GCD(p, q) = 1, p stable, deg(q) < deg(p) =: n

p(2)y = q(&)u {Z

In our framework: let £ €¢ €>=(R,R). Then Qk is QDF
such that

inf,, / i (p(%)ﬁ’) dt =: Q«(£)(0)

—Oo0

where £’ € €°(R4, R) is such that £{, .\ = £jj0,10)

¢How to compute K(¢,n) ?
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Computation of K(¢, n)
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Computation of K(¢, n)
0
infy /_ (p(l)ﬁ’) dt =: Ok (£)(0)

Since p(—&)p(&) = p(E)p(—§), exists K’ € R[(,n]
such that

p(¢)p(n) — P(=C)pP(—n) = (¢ + n)K(¢;n)

Consequently,

/_ ooo (P(%W) dt = /_ ooo (p(—%)ﬁ’) dt + Q«(¢')(0)

minimized for the ¢’ in ker p(— &) with the given initial
conditions.
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Computation of K(¢, n)
0
inf,, /_ (p(l)ﬁ’) dt =: Ok (£)(0)

Since p(—&)p(&) = p(E)p(—§), exists K’ € R[(,n]
such that

p(¢)p(n) — P(=C)pP(—n) = (¢ + n)K(¢;n)

Highest power of ( and n in K is n — 1
= Q is quadratic function of 2%,/ =0,...,n—1

Q is quadratic function of the state:
for every state map X(%) there exists Ky such that

Qx(t) = (X(%)E)T K (x(5)e)
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The observability Gramian W

p(G)Y = a(G)u [{' - [gég] E

where GCD(p, q) = 1, p stable, deg(q) < deg(p)

In state-space framework, W is defined as
0
/ y(t)?dt =: x; Wxo

where y is free response emanating from x(0) = xo



The observability Gramian W
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The observability Gramian W

p(G)Y = a(G)u [{' - [Zéﬂ E

where GCD(p, q) = 1, p stable, deg(q) < deg(p)

In our framework: let £ € €>°(R, R). Then Qy is

= [ (ac5pe) o

where ¢/ € €>(R,, R) is such that
* £l _oo0] = bi(—o00]
o p(%)ﬁ' = 0 on R+
« (@) p(HE) B

¢How to compute W(¢,n) ?
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Computation of W(¢{, 1)
Qu(£)(0) = /o (q(%)ﬁ’) dt

Since p is Hurwitz, there exists solution f € R[¢] to
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Computation of W(¢{, 1)
Qu(£)(0) := /0 (q(%)ﬁ’) dt

Since p is Hurwitz, there exists solution f € R[] to

P(=&)f(&) + f(=£)p(&) = q(—£)q(¢)

Define W from

(€ +m)W(Cn) = q(Q)a(n) — [p(O)f(n) + F(O)p(n)]



Computation of W(¢{, 1)
Qu(£)(0) := /0 (q(%)ﬁ’) dt

Since p is Hurwitz, there exists solution f € R[] to

P(=&)f(&) + f(=£)p(&) = q(—£)q(¢)

Define W from

(¢ + )W) = a(O)q(n) — [P (m) + F(C)P(m)]
then N d )
aw(e)(©) = [ (q(a)e) dit

for all £ € ker p(2)



Computation of W(¢{, 1)
Qu(£)(0) := /0 (q(%)ﬁ’) dt

Since p is Hurwitz, there exists solution f € R[] to

P(=&)f(&) + f(=£)p(&) = q(—£)q(¢)

Define W from
(C+mW(¢ n) = q(Q)a(n) — [p(C)f(n) + f({)p(n)]

Qy is quadratic function of the state:
for every state map X (%) there exists Wy such that

Qu(t) = (X(%)E)T Wy (x%w)
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Balanced state maps

State map X(2) is balanced if

o If ¢, is such that X(4,)(0) is the k-th canonical
basis vector, then

A (&)O) = g 50

‘difficult to reach <> difficult to observe’

o Qu(£1)(0) > Qu(£2)(0) > ... > Qu(£.)(0) > 0
or equivalently

0 < Qk(£1)(0) < Qk(£2)(0) < ... < Qk(£,)(0)
‘first who contributes most’



Balancing with QDFs

Linear algebra = there is basis {x? € R,_1[€]}i=1,....n
and o; € Rsuchthat oy > 02 > ... 0, such that

W, n) = Z?=1 UiX,-b(C)X,-b(ﬂ) K(¢,n) = Z7=1 al,xlb(C)xlb(n)



Balancing with QDFs

Linear algebra = there is basis {x? € R,_1[€]}i=1,....n
and o; € Rsuchthat oy > 02 > ... 0, such that

W, n) = Z?=1 UiX,-b(C)X,-b(n) K(¢,n) = Z7=1 al,xlb(C)xlb(n)

o~ (classical) Hankel singular values
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Balancing with QDFs

Linear algebra = there is basis {x? € R,_1[€]}i=1,....n
and o; € Rsuchthat oy > 02 > ... 0, such that

W, n) = Z?=1 UiX,-b(C)X,-"(n) K(¢,n) = Z?=1 al,xlb(C)xlb(n)

Then
XP(&) := col(xP(£))i=1,....n

is balanced state map.

(Classical) balanced state space representation: solve

&) =12 ol w6

Model reduction by balancing follows
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Summary

o Working with functionals at most natural level;
o Two-variable polynomial representation;

o Operations/properties in time domain
~» algebraic operations;

» Differentiation, integration, positivity;

» Lyapunov theory, dissipativity, model reduction
by balancing.
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