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Question

Compute the left kernel of the (block) Hankel matrix
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���� MPUM

Given the observed (infinite horizon) vector time-series�� � ��� ���  "! ��� ��#  "!$ $ $ ! ��� �&%  "!$ $ $ �� �&%  ' ( )

compute the most powerful unfalsified model (MPUM) that generated

it.

MPUM : model in a model class,

explains the observations

+ as little else as possible.

Karl Popper
(1902-1994)
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The model class

Exceedingly familiar: The model

� ( )  *

belongs to

+ )-,
is linear, shift-invariant, and closed

is linear, time-invariant, and complete : ‘prefix determined’

a matrix of rational functions such that sol’ns of

without LOG strictly proper, with LOG proper stable rational.
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e.g.

et multi alteri
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The problem

Given the observed (infinite horizon) vector time-series��� � �� ���  "! �� ��#  "!$ $ $ ! �� �&%  "!$ $ $ ��� �&%  ' ( l

compute the MPUM in

+ l

that generated these data.

‘Exact’, ‘deterministic’ system ID (with an eye to approximation).
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Subspace ID
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�� � m no p

Once we have (an estimate of) the MPUM, the system that produced
the data

�� , we can analyze it, make an i/o partition, an observable
state representation

j �&% 3 �  � \ j �&%  3 ]W �&%  "!

V �&%  � ^ j �&%  3 W �&%  "! � �&%  X� qr st uvst u w

and compute the (unique) state trajectory

� j ���  "! � j ��#  "!$ $ $ ! � j �&%  "!$ $ $

corresponding to ��� ���  "! ��� ��#  "!$ $ $ ! ��� �&%  "!$ $ $

Of course,

But if we could go the other way:

first compute the state trajectory , directly from ,
then this equation provides a way of

identifying the system parameters

Classical realization is a special case: impulse response data.
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�� � m no p

�� �	x 
  � �	x 
 � � � � � � x 
� � � � � � �� L 
� � � L 
 � � � � � L 
� � � � �
�� y �� m no p �� �� � x 
� � � x 
  � � � � � x 
� � � � �� K 
� � � K 
 � � � � � K 
� � � � �
��

Yields an attractive SYSID procedure:

Truncation at suff. large

%

; copes with missing data : cancel
columns; extends to more than one observed time series, ...

Model reduce using SVD c.s. by first lowering the row dim. of

the matrix

� � q � j ���  � j ��#  5 5 5 � j �&%  5 5 5 w

Solve for

m no p using Least Squares

z what has come to be known as ‘subspace ID’ .

Algorithms compare favorably compared to PEM, etc.
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From data to state
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�� � � j

How does this work?

��� ���  "! ��� ��#  "!$ $ $ ! ��� �&%  "!$ $ $

{

� j ���  "! � j ��#  "!$ $ $ ! � j �&%  "!$ $ $

This is a very nice system theoretic question.
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�� � � j

Henceforth,

|

sufficiently large.

Can we somehow identify, directly from the data , the map�	� 
� �~} �	� 
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There are many algorithms. We discuss two.
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��� � � j by past/future intersection
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‘PRESENT’ STATE

State = what is common between past and future.
Existing algorithms (N4SID, MOESP,...) use past/future partition. – p.17/32



How do we compute this intersection?
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Exploiting Hankel structure following algorithm
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���� � j via left annihilators

Compute ‘the’ left annihilators of the Hankel matrix:
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‘shift-and-cut’ a non-minimal state , thou
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Back to the beginning
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Our problem

Compute the left kernel of the (block) Hankel matrix
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The module structure

– p.22/32



Annihilators as polynomials

Each left annihilator can be identified with a vector polynomial

��¯ �   � � �� « 0 � � � �
��������������������������
�	� 
� � �	� 
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. . .

��������������������������
y 0

X� ° �±  � ° 0 3 °� ± 3 5 5 5 3 °� ± � ' ( Y± [ �² ) '

left kernel

left kernel

left kernel

and left kernel.
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Annihilators as polynomials
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Annihilators as polynomials

and under shifting

¶�¯ �   � � � � « 0 0 � � � ·µ¶ 0 � ¯ � � � � « �   � « 0 � � � ·
��������������������������
�	� 
� � � � � �	� 
� � � � � � ��	� 
 � � � � �	� 
� � � � � � � � ��	� 
� � � � � �	� 
� � � �  � � � �

...
...

...
...�	� 
 � � � � � � �	� 
� � � � � � � � � � � �

...
...

...
. . .

��������������������������
y 0
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Annihilators as polynomials

° �±  � ° 0 3 °� ± 3 5 5 5 3 °� ± � '

left kernel¸ �±  � ¸ 0 3 ¸� ± 3 5 5 5 3 ¸� ± � '

left kernel

° �±  3 ¸ �±  

and
± ° �±  '

left kernel.

The left kernel hence forms a
( Y± [

-module .

! Finitely generated:
.

annihilators ° �±  "! ¸ �±  "! 5 5 5 ! ¹ �±  

that yield all under

3

and shifts.

Left kernel is in a sense always finite dimensional (dim. º »).
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State construction via the generators

Generators

¶� ¯ �   � � � �½¼ � ·¶³¯ ³   � � � � � � ³¼ � ·

...¶¿¾¯ ¾   � � � � � � � � � ¾¼ À ·
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...

...
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...

Suitable conditions on generators minimal state.
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Computation of the generators

– p.26/32



���� left kernel

Suppose we found a left annihilator of������������������
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...

. . .
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The completion lemma

Let

/ �±  ' (Á² ) Y± [

be left prime. Then

.Â �±  ' ( 
 ) � Á �² ) Y± [
such that �

� / �±  
Â �±  

�
� is unimodular

meaning

Ã�Ä Å � a non-zero constant, invertible as a pol. matrix.
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The completion lemma

Let

/ �±  ' (Á² ) Y± [

be left prime. Then

.Â �±  ' ( 
 ) � Á �² ) Y± [
such that �

� / �±  
Â �±  

�
� is unimodular

meaning

Ã�Ä Å � a non-zero constant, invertible as a pol. matrix.

Ex.º � � ! » � # ! / �±  � YÇÆ � �±  Æ  �±  [ ! Â �±  � YÉÈ V �±  j �±  [

Given Æ � �±  "! Æ  �±  ' ( Y± [
, find j �±  "! V �±  ' ( Y± [

such that

j �±  Æ � �±  3 V �±  Æ  �±  � � Bézout

Solvable iff Æ � ! Æ  coprime.

.

algorithms, etc.
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The completion lemma

Let

/ �±  ' (Á² ) Y± [

be left prime. Then

.Â �±  ' ( 
 ) � Á �² ) Y± [
such that �

� / �±  
Â �±  

�
� is unimodular

Equivalent proposition:

For a given

' + )

, there exists

_ ' + )

, such that
Ê _ � � ( )  *

iff is ‘controllable’.
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Application to left kernel computation

Assume

¶�¯ �   � � � � ¼ � ·
������������������
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  � � � � �	� 
 � � � � ��	� 
 � �	� 
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 � � � � � � ��	� 
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 � � � � � �	� 
 � �  � � � �

...
...

...
...

...�	� 
Ë   � � � �	� 
 Ë   �  � � � � �	� 
� � Ë   � � � �
������������������

y 0

Complete

Compute

...
...

...
...

...

Recursively

yields left kernel by computing times a left kernel vector.

Recursion can be combined with the state computation.
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) -dimensional.
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Summary

Subspace ID: ��� ���  "! ��� ��#  "!$ $ $ ! ��� �&%  "!$ $ $Î� � Y � j ���  "! � j ��#  "! $ $ $ ! � j �&%  "! $ $ $ [Î
Row reduce

�Î
LS solve�� �	x 
  � �	x 
 � � � � � � x 
� � � � � � �� L 
� � � L 
 � � � � � L 
� � � � �

�� y �� m no p �� �� � x 
� � � x 
  � � � � � x 
� � � � �� K 
� � � K 
 � � � � � K 
� � � � �
��

Î

Model

m no p
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Summary

State from data: ��� ���  "! ��� ��#  "!$ $ $ ! ��� �&%  "!$ $ $Î� j ���  "! � j ��#  "!$ $ $ ! � j �&%  "!$ $ $
via left kernel of the data Hankel matrix��������������������������������������
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. . .

��������������������������������������

This is a module of dimension »

its generators lead to the state via shift-and-cut
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Summary

This left kernel can be computed recursively by repeated use of the
completion lemma and error propagation .

Requires computing º vectors in kernel of (truncated) Hankel
matrices formed by ‘error’.
This error time-series decreases each time in dimension.

Can be executed using numerical LA.
Very adapted to approximate computations.
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Details & copies of the lecture frames are available from/at

Jan.Willems@esat.kuleuven.be

http://www.esat.kuleuven.be/ Hjwillems
Thank you

Thank you
Thank you

Thank you

Thank you

Thank you

Thank you

Thank you

Happy Birthday !!!
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Happy Birthday !!!
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