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Abstract  In this paper we study the characterization of deterministic Markovian properties
for 2D behavioral systems in terms of their descriptions by PDE’s. In particular, we consider
scalar systems and show that in this case strong-Markovianity is equivalent to the existence
of a first order PDE description.
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1 Introduction

Within the behavioral approach, Markov properties are defined in a deterministic setting,
where the stochastic notion of conditional independence of future and past given the present
is replaced by the notion of concatenability of the future and past evolution of trajectories
whose present values coincide. The first definition of behavioral Markovianity was given in
Willems (1989) for 1D behaviors and the extension of this definition to the 2D discrete case
was proposed in Rocha and Willems (2005). This extension is general, in the sense that it
allows to consider different types of Markov properties depending on what are the admis-
sible types of partitions of the domain, and encompasses the deterministic versions of both
the local and the global Markov properties for 2D stochastic processes, Goldstein (1980).
The first definition of of Markovianity for nD behaviors defined over the continuous domain

We dedicate this paper to the memory of Professor Nirmal K. Bose, to whom we are thankful in many ways.
His outstanding influence and efforts to develop the area of multidimensional systems contributed to attract
our attention into this field, which we entered with the precious help of his books Bose (1982) and Bose
(1985). Although our research has followed different paths, his work will always be a reference to us.

P. Rocha ()
Faculty of Engineering, University of Oporto, Rua do Dr Roberto Frias, 4200-465 Porto, Portugal
e-mail: procha@mat.ua.pt; mprocha@fe.up.pt

J. C. Willems

K.U. Leuven, ESAT/SCD (SISTA), Kasteelpark Arenberg 10, 3001 Leuven-Heverlee, Belgium
e-mail: Jan.Willems @esat.kuleuven.ac.be

@ Springer



46 Multidim Syst Sign Process (2011) 22:45-53

R”, which we shall here refer to as weak-Markovianity, was given in Willems (2004) and
can be considered as a deterministic version of the (stochastic) global Markov property.

Markovianity plays an important role in the set theoretic definition of the property of state.
Indeed, the well known memory property implies that the state has a Markovian behavior,
Willems (1989). In this context, the study of the relationship between Markovianity and the
possibility of describing a behavior by means of first order ODEs or PDE’s is an important
issue as it allows to establish a relationship between the state/memory property (which is
useful, for instance, in control) and the description via first order equations (that are more
suitable for simulations). It was shown in Rapisarda and Willems (1997) that for systems
given by ODE’s the existence of a first order description is equivalent to the (1D) Markov
property. The situation is somewhat more complicated for systems described by PDE’s. In
fact, in Rocha and Willems (2006) we proved that the existence of a first order description
is sufficient, but not necessary for weak-Markovianity. This led us to define nD strong-
Markovianity, by demanding weak-Markovianity to hold also for the restrictions of the
original behavior to all the lower dimensional subspaces of R”.

It turns out that for systems with finite dimensional behavior first order representability
is equivalent to strong-Markovianity, Rocha and Willems (2006). However what happens in
the infinite dimensional case remains an open question. In Rocha and Willems (2005), we
presented a preliminary analysis for the case of 2D scalar systems, and concluded that in
this case strong-Markovianity is indeed equivalent to the existence of first order descriptions.
The aim of this paper is to give a complete foundation for the reasonings presented there and
join them with our results for finite dimensional behaviors, so as to fully treat the 2D scalar
case. We hope that the study of this simple situation may shed some light into the approach
to be followed in order to deal with the multivariate case.

2 2D systems described by PDE’s

In this paper we consider two-dimensional (2D) behavioral systems that can be represented as
the solution set of a system of linear PDE’s with constant coefficients. Let R®*"[sy, s2] be the
set of real polynomial matrices in two indeterminates with w columns and R € R**"[sy, s2].
Associate with R the following system of PDE’s

0 0
R{—,— Jw=0. (1)
dx1 dxp

The behavior 98 defined by this system of PDE’s is its solution set over an appropriate domain.
Here we consider as domain the set of all continuous functions C°(RZ, R"). Hence

B={we CO(R2, R"Y) | (1) holds in the distributional sense}.

As %5 is the kernel of a partial differential operator, we refer to it as a kernel behavior. The
PDE (1) and the matrix R are said to be a kernel representation and a representation matrix

of B = ker (R (%, %)), respectively.
‘We shall restrict our attention to the scalar case, i.e., we take w = 1; this means that we

consider behaviors with one variable evolving in R?. Although this is a simplified situation,
it illustrates some relevant aspects in the study of Markovian properties.
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Thus, the kernel representations to be considered are associated with 2D polynomial
columns

r1(s1, 82)
R(s1,52) = : ,
rq(sl» 52)

where the r; (s1, s2) are 2D polynomials. Factoring out the greatest common divisor p(sy, 52)
of these polynomials yields:

R(s1, 52) = F(s1,52) p(s1, 52), )
where,
p1(s1, 52)
F(s1,2) = :
DPa(s1, 52)
and
pi(s1,s2)p(s1,82) = ri(s1,82), i=1,...,q

Since the polynomials p;(si, s2) have no common factors, they have at most a finite
number of common zeros and hence the variety

Vi={(, %) € C* pi(hi,22) =0,i=1,...,q) A3)

is finite, Zerz (1996). This means that ker (F(%, a%2)) is a complex linear subspace gen-

erated by a finite number of polynomial-exponential trajectories of the form w(xy, x2) =
n(Al,Az)(xl,xz)e”\‘x‘“m, where n(xy, xz) is a polynomial function of x; and x, and
(A1, A2) € V, and is therefore finite dimensional.

Thus, if the polynomial p(si,s2) is a unit (i.e., a nonzero constant) then B =

ker (R (% HL)) coincides with ker (F (1 i)) and is hence finite dimensional. In
1 X2 dx1’ dx;

case p(sy, s2) is not a unit, it has an infinite number of zeros and B is infinite dimensional

as it contains all the exponential trajectories of the form w(x, x2) = e*1*17%2%2 guch that

p(A1, A2) = 0.

3 Markovian 2D systems

Although we restrict to the 2D case, we shall state our definitions of Markovianity for the
nD case. This in particular allows to treat both the 1D and 2D cases with the same definition,
by setting n = 1 or n = 2, which will be useful in the sequel. Let IT be the set of 3-way
partitions (S—_, Sp, S4) of R” such that S_ and S are open and Sy is closed; given a partition
T = (S_, So, S+) € Il and a pair of trajectories (w_, w4 ) that coincide on Sy, define the
concatenation of (w—, wy) along 7 as the trajectory w_ A, w4 that coincides with w_ on
So U S_ and with w4 on Sp U S5

Definition 1 A multidimensional behavior B € (R")®" is said to be weak-Markovian if for
any partition = € IT and any pair of trajectories w_, w4 € B such that w_ 5 = WHg, the
trajectory w_ Ay wy is also an element of ‘8.
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The definition of strong-Markovianity requires the introduction of other preliminary
concepts.

Given a kernel behavior B defined over R” and a linear subspace S of R”, define the
behavior IL(®8|s) as the smallest kernel behavior containing the restriction 8|s of B to S.
Moreover, let ITg be the set of 3-way partitions (S_, Sp, S+) of S such that S_ and Sy are
open (in ) and Sy is closed.

Definition 2 A multidimensional behaviors C (RW)W is said to be strong-Markovian if for
any subspace S of R”, any partition g € I1g, and any pair of trajectories w—_, w4 € K(B|s)
such that Wopg) = W » the trajectory w_ A, wy is an element of (B |s).

Clearly, strong-Markovianity implies weak-Markovianity and, moreover, these two prop-
erties coincide for one-dimensional behaviors.

2D behaviors described by a system of first order PDE’s

2 )
(ZR,-+R0)w=o %)
8xi

i=1

can be shown to be weak-Markovian. However, not every weak-Markovian 2D behavior
admits a first order description (Rocha and Willems 2006). In the next section we shall
prove that, for the particular case of scalar 2D behaviors, strong-Markovianity is enough to
guarantee first order representability.

4 First order PDE’s and Markovianity

Let B C C%R2,R) be a 2D behavior with kernel representation associated to a matrix
R(s1, s2) = F(s1, s2)p(s1, s2) as in (2). We shall assume that 8 is non trivial, i.e., {0} #
B £ co (]Rz, R), which means that R(sy, s2) is a nonconstant polynomial column.

Assume first that p(sy, s2) = K € R\ {0}. Then, %6 = ker F ( g i) is finite dimen-

dx1 0x2
sional and, by Rocha and Willems (2006), it is strong-Markovian if and only if it can be
represented as
d
81 (m)

5 )
82 (@)

with g(s1) = s1 + ap and g(s2) = s2 + bg. Assume now that p(sy, s7) is a nonconstant 2D
polynomial.
Given o € R, define the following behaviors:

B = ker

By ={weB|VreR IceR Vx; € R w(t —axy, x2) = c}
and

BYy = {v € COR,R) | v(r) = w(t —axz,x2), 1 € R, w € BYp).
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The behavior B, consists of all the trajectories in B that are constant along all the lines
LY = {(x1,x2) | x1 +axp =t}, ¢t € R. Itis not difficult to check that

0 d
95 = BNk — —a—
b er(axg ac’)xl)
0 0
=ker{R| —, — N ker i—ozi
dx1 0xo dxo 0x1
0 0
=ker{R| —,a—
dx1  0xp
K 0 - 0 )
= ker — — ,
Pu ax, Pa ax

where p, (s) is the greatest common divisor of the univariate polynomials pj (s, s), ...,
Dq(s, as) € R[s], and

Do (8) := p(s, as). (6)

As for By, this is a 1D behavior whose trajectories correspond to the restriction of the
trajectories in B9 to the x;-axis and can alternatively be given by

BY, = {v e COR, R) [v(t) = w(t,0),1 € R, w € BYp).

d d
i (n (47 (2)). o

Note that, since the variety V defined in (3) is finite, the polynomials p;(s, as),i =
1,...,q are not all zero polynomials. This implies that p,(s) is a nonzero polynomial.
Moreover, there is only a finite number of values & € R for which the polynomial py (s) is

Thus, due to (5),

the zero polynomial. Indeed, let p(sy, s2) = Zi’ jpi jsisé , then

Pa@) =2 D pijed | s*

kK \i+j=k

and for this to be the zero polynomial we must have that

> pijel =0, k=0.
itj=k

But this can only happen for a finite number of values « € R, otherwise all the coefficients
pij should be zero and p(sy, s2) would be the zero polynomial, contradicting our assumption
that p(s1, s2) is nonconstant. Thus we conclude that the set A/ of values &« € R for which
Pa (8) P (5) is the zero polynomial (and consequently for BY , = ker 0 = CO(R, R)) is finite.

In order to show that strong-Markovianity implies first order representability, we start by
proving that weak-Markovianity alone already implies that p(sy, s2) in (2) is a first order 2D
polynomial.

EETRACE
Markovian kernel behavior and let o € R. Then the behavior B, is a 1D Markovian
behavior.

Lemma 1l Let B = ker (R ( 9 i)) c CO(R%, R) be an infinite-dimensional 2D weak-
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Proof In order to prove this result it suffices to show that every trajectory v of BY,
such that v(0) = 0 is concatenable with the zero trajectory, i.e., if 7 = ((—o0, 0), {0},
(0, +00)) then v A 0 € BY),. Let then v € BY, be a trajectory such that v(0) = 0. Take
w € BT, such that v(r) = w(z,0). Then, w(—axz, x2) = w(0,0) = v(0) = 0, for all
x2 € R, i.e, w is zero on the line £§. By the weak-Markovianity of 9, this implies that w is
concatenable with the zero trajectory along the obvious partition o = (S—, £§, S1) of R?
determined by the line £f. In other words, w* := w Az, 0 € B. But w* is also a trajectory
of B5,,. Moreover, its corresponding trajectory in B, v¥*(t) = w*(¢, 0), coincides with
v Ar 0. This shows that v is concatenable with the zero trajectory as desired. O

An important consequence of this fact is that either the scalar 1D behavior B¢, coincides
with CO(R, R) or then it is represented by a first order ODE and has hence dimension not
higher than 1. Another consequence of this lemma is given by the following result.
Corollary 1 LetB = ker (R (8371, Bixz)) C CO(Rz, R) be an infinite-dimensional 2D weak-
Markovian kernel behavior and p(s1, s2) be the corresponding right factor in factorization
(2). Then p(s1,s2) is a 2D first order polynomial, i.e., p(si, s2) = ais1 + axs2 + ao, for
suitable coefficients agp, a1, ar € R.

Proof Assume that 9B is weak-Markovian and let @ € R \ NV Then, since 1D-Markovianity
is equivalent to first order representability Rapisarda and Willems (1997), by (7) and Lemma
1, the polynomial py (s5) py (s), that we know to be nonzero, must have degree not higher than
1. Therefore the degree of py(s) cannot be higher than 1. This means that the coefficients
pij of p(sy, s2) must satisfy

> pijel =0, k=2
i+j=k
Since this is valid for all the values @ € R \ A/, we conclude that p; j=0,fori +j > 2and
p(s1,82) = a5y + azxs2 + ap, with a; = p19, az = po1, ap = poo. o

We next show that, in case B is strong-Markovian, ker (F (dixl 0372)) = {0}.

Lemma 2 Let B = ker (R ( 9 i)) c CO(R2, R) be a 2D strong-Markovian behavior;

x1’ Ixz
such that R(s1, s2) = F(s1, s2)p(s1, s2) asin (2). If p(s1, s2) is a nonconstant polynomial,

then
0 0
ker{ F| —, — = {0}
dx1 dx2

Proof (i) Assume that 9B is strong-Markovian and that the polynomials p;(si, s2), ] =
1,...,q, have a common zero (A}, A3) with AT # 0. Then A} is a zero of py+(s) with

o = ';—% which means that s — A} is a factor of pu+(s). Hence, (s — A7) po+ (s) is a fac-
1

tor of pu+ (5) P (s) and therefore ker ((% = X}) Do (%)) C B95. But this implies that

Do (s) is the zero polynomial, since otherwise ‘B‘f; would be described by a higher order
ODE and would therefore not be 1D Markovian. Consequently p(sy, s2) must be of the form
p(s1,$2) = axsy — apa™sy, with ay # 0. Thus, without loss of generality, we may take
a, = 1 and p(sy, s2) = so — a™s;. Now, considering new independent variables (X1, x2)
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such that (x1, x2) = (b1X] — o™X, baX1 + X»), with a*by + by # 0, but renaming them
again as (x1, xp) in order to avoid an excess of notation, we obtain that p(sy, s2) = s and
the polynomials p;(sy, s2) have a common zero (A}, A3) with A3 = 0. This implies that

ker (F (%, %)) contains in particular all constant trajectories z(x1, x2) = ko, and it is
easy to check that every trajectory of the form w(xy, x2) = ko + k1x3 is an element of B. As

a consequence, the restriction of B to the subspace Sop = {(x1, x2) € R2 | x1 = 0} contains
{y e CO(R, R) | y(x2) = w(0,x2) = ko + k1x2, ko, k1 € R} = ker (({"—;) and the same
2

applies to K (B|s, ). Note now that w € B if and only if w(xy, x2) = k(x1) + f(x1,x2),
withk(x;) € CO(R, R) and f(x1,x2) € F, where F is a kernel behavior generated by a finite
number of polynomial-exponential trajectories. Thus (%| 50) is finite dimensional. More-

over, its dimension higher than 1 since it contains ker ( dx 2) This means that (%Lgo) is

not 1D Markovian, contradicting the fact that 95 is strong-Markovian. Going back to original
variables (x1, x2), we conclude that the polynomials p; (s, s2), j = 1, ..., g cannot have a
common zero (A}, A3) with A7 # 0.

(ii) Interchanging the roles of x; and x we also conclude that the p;’s cannot have a
common zero (A}, A3) with A5 # 0.

(iii) Assume finally that the polynomials p; (s, s2), j = 1, ..., g have as only common
zero (A}, A3) = (0, 0). Making a suitable linear change of the independent variables (x1, x2) it
is possible to transform the original polynomial p(sy, s2) into p(sy, s2) = s2+ap, whereas the
only common zero of the transformed polynomials p (s1, s2) remains (0, 0). Similar to what
happened before, itis now easy to see that w € B ifand only if w(xy, x2) = k(x1)+ f (x1, x2),
with k(x;) € CO(R, R) and f(x1,x2) € F, where F is a kernel behavior generated by a finite
number of polynomial trajectories. This again leads to a contradiction since it implies that
K (SB|SO) is finite dimensional with dimension higher than 1 and is therefore not 1D Mar-
kovian. m]

: 3 3 9 3 9 3 9
Note thatifker (F (8X1 8x2)) {0} then ker( (8x1 , E)) = ker (F (ﬁ’ E) )4 (W’ @))
= ker ( p ( 9 )) Thus, Corollary 1 and Lemma 2 clearly imply that every strong-

9x1’ 9xo
Markovian infinite dimensional kernel behavior 8 ¢ C%(R2, R) can be described by a first
order PDE, i.e.,

9 9
B =k — —
er(al8 +a282+00)

Conversely, it is not difficult to prove that B = ker (a 19 Tt axg 3X + ao) is strong-Mar-

kovian. Indeed, assume that (aj, a2) # (0,0), 0therw1se B would be trivial and there-
fore obviously strong-Markovian. Without loss of generality, we may suppose that a; = 0
and ap = 1, i.e., p(s1,$2) = ap + ais; + axs2 = s2 + ag, otherwise we would per-
form a change in the independent variables to bring p(sy, s2) into this form. Then w € B
if and only if w(xy, x2) = k(x1)e”%*2, with k € CO(R, R). This easily allows to check
that 9B is weak-Markovian. Moreover, it implies that the restriction of ‘B to the subspace
Sy = {(x1,x2) € B2 | x; = 0} coincides with K (B|s,) and is equal to ker (dde n ao),
which is clearly 1D Markovian, whereas the restrictions of 98 to the other 1-dimensional
subspaces S of R? coincide with K (B|s), are equal to CO%(R, R), and are therefore also 1D
Markovian. This yields the following result.
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Proposition 1 Let B c C° (Rz, ]R) be an infinite dimensional 2D kernel behavior. Then the
following are equivalent:

1. B is strong-Markovian
2. B isdescribed by one first order PDE, i.e., 6 = ker (a1 % + aZ% + ao),for suitable

real coefficients ag, ay, as.

The previous results on both the finite and the infinite dimensional cases can be summa-
rized as follows.

Theorem 1 Ler B C C° (Rz, R) be a scalar 2D kernel behavior. Then the following are
equivalent:

1. B is strong-Markovian
2. Bisdescribed by a set of at mosttwo first order PDE, i.e., % = ker(A % +A> % +Ap),

with Ag, Ay, Ay € R¥! g < 2.

5 Conclusion

In this paper we proved that representability by means of first order PDE’s is equivalent
to strong-Markovianity for scalar 2D systems. Although this is a very particular situation,
the results obtained here suggest that a straight connection between Markovianity and first
order PDE’s might also exist in the multivariate case and encourage future research in this
direction.
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