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Abstract

In this paper we consider linear constant coefficient ordinary differential equations of
arbitrary order of the form R($)w = M(4)f with R and M given, but otherwise arbi-
trary, polynomial matrices. To these equations we associate a behavior B defined as the
set of all vector-valued distributions w, /" that solve the equations themselves. We think
of f as a given distribution, while w is to be found in such a way that the equations
defining the behavior are satisfied. Alongside R($)w = M(2)f we also consider initial
conditions obtained by imposing the value at time ¢ = 0 of a linear combination of the
variables w and their derivatives, yielding S($)w(0) = 7a with S a polynomial matrix, T
a fixed real matrix, and a a real vector. The three main issues we address are:

(i) Solvability of the behavior, meaning the problem of finding conditions that assure
that corresponding to a (or any) given vector distribution f, a trajectory w exists such
that (w, f) belong to B. This question is formalized and answered in Section 4.

(it) The index of the behavior, which means investigating how the smoothness of the
given distribution " is related to smoothness of the solution w. Section 5 is dedi-
cated to this issue.

(iii) Compatibility of initial conditions, in which case the initial conditions S($)w(0) = Ta
are considered alongside the behavior 8. We first check that S($)w(0) is well de-
fined. If it is, we provide conditions under which there exists a (unique) distribution
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w such that w, f belong to B and such that S($)w(0) = Ta are also satisfied for a (or
any) given a. This problem is addressed in Section 6.

We show how our results generalize to behaviors defined by equations of arbitrary order
classical properties of behaviors defined by first order systems such as £ %w +Aw=f.

© 2003 Elsevier Inc. All rights reserved.
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1. Motivation and problem statement

The central object of interest of this paper are systems of linear constant
coefficient ordinary differential equations of arbitrary order of the form

(2)en(2)

with R and M given, but otherwise arbitrary, polynomial matrices. The be-
havior associated to Eq. (1) is

6= { ) e DR ER( G Jo=n( 5 )} )

In the following we think of " as a given distribution, while w is to be found
in such a way that (w, f) € B.

Alongside (2) we also consider initial conditions obtained by imposing the
value at time 7 = 0 of a linear combination of the variables w and their de-
rivatives, yielding

S(%)w(O) =Ta (3)

with S a polynomial matrix, 7 a fixed real matrix, and a a real vector specifying
the initial conditions.

A modeling example presented in Section 2 shows that Eq. (1), together with
initial conditions of the form (3), are a natural outcome of the procedure of
describing a dynamical system and its interaction with the environment. By
simulation problem we mean the problem of computing, if it exists, a trajectory
of the variables w which satisfies both (1) and (3).

Specifically, the three main issues we address concerning the behavior (2)
with initial conditions (3) are:

(1) Solvability of the behavior, meaning the problem of finding conditions
that assure that corresponding to a (or to any) given vector distribution
f, a trajectory w exists such that (w, f) € 8. This question is formalized
and answered in Section 4.
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(i1) The index of the behavior, equivalently investigating how the smoothness
of the given distribution f"is related to smoothness of the solution w. Sec-
tion 5 is dedicated to this issue.

(ii1) Compatibility of initial conditions, in which case the initial conditions (3) are
considered alongside (1). We first check whether S($)w(0) is well defined;
this means verifying if, for the given f, there exists at least a trajectory w
such that (w,f) € B and such that w is sufficiently differentiable for
S(£)w to be continuous, so that the value S($)w(0) can be computed. In case
S(£)w(0) is well defined, we provide conditions under which there exists a
(unique) trajectory w such that (w, /) € B and such that Eq. (3) are also sat-
isfied for a (or for any) given a. This problem is addressed in Section 6.

In the course of the discussion we also describe constructive computational
algorithms which enable to check all of the above properties and illustrate them
on the modeling example presented in Section 2.

The three questions we seek to investigate have been classically studied (see
[1,2]) for the special case of behaviors defined by first order differential alge-
braic equations (DAE’s) of the form

E %w +Aw = f 4)
with initial conditions w(0) = a for some real vector a. The example from
Section 2 shows that equations of arbitrary order such as (1) together with
initial conditions specified by (3) are a more general and natural way of de-
scribing the trajectories of a dynamical systems. At each step in our discussion
we will take care of pointing out how our results relate to the classical ones for
first order DAE’s.

Although our main interest is in linear models, we hint to how our results
can be set in the framework of non-linear systems.

Section 3 contains an overview of well established results from behavioral
systems theory (see [3,4]) concerning equations of the form

D(%)u:o (5)

Notice that Eq. (1) can be written in the form 5 by taking D = [R — M| and
v = (w, f). It can therefore be expected that studying equations of the general
form (5) will provide us with the main instruments we need in order to analyse
systems of the form R($)w = M($)f.

2. A motivating example

Consider the mechanical system in Fig. 1, which can be viewed as a sim-
plified model of a moving robot. The robot arm is modeled as a rigid body of
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Fig. 1. Cart and arm.

homogeneous mass density with length 22 and total mass M, mounted on a

cart with mass M, on which a force u is exerted. A torque t is available at the

joint between the cart and the arm in order to control the angle 0 of the arm.
The variables whose dynamic evolution we wish to model are

QA T OIR

with ¢ the horizontal position of the cart.

The complete model of the above system is, of course, non-linear. However
we study its linearized behavior around the equilibrium u* = 0, 6" = 0, ¢* = 0,
7" = 0. The linearized model is given by

2 2

d d

M.+ M,)—qg+ML—0=

(M. + )dt2 7 dr !
& 4 &
MaL@q—i—gMaL @H—M‘,.Lge:f
with g the gravitational acceleration. By defining the polynomial matrix

Ri(E) = (M, +M,)& M,LE -1 0

e ML AMJIAE -MIg 0 -1

the above equations can be written in compact notation as R ($)w = 0.
Notice that we end up with two equations in four variables, in other words

the system of equations is underspecified, corresponding to the fact that we are

describing an “open’ physical system interacting with its environment.
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Depending on the application one has in mind, there are many possible ways
of adding constraints to the above model. We study the situation in which both
the force u and the angle 6 are imposed, i.e. u = f}, 0 = f> with f|, f> given
functions of time. This corresponds to asking a desired orientation profile for
the arm (e.g., constant) while the cart is being pulled by an external force, for
example as result of a disturbance (e.g., wind, vibrations), or of a known force
(e.g., a locomotive).

The complete model then becomes R($)w = M($)f with

28 & -1 0 0 0

a_| & g 0 -1 o o
R(g)_ 0 0 1 0 , M(@_ 1 0 (6)

0 1 0 0 0 1

As far as initial conditions are concerned, we look for trajectories corre-
sponding to a given initial value of the position and speed of the cart. This
means looking for trajectories w that satisfy the above differential equations
and also S($)w(0) = a for

1000
S:(fooo)

and a € R? given.

3. Dynamical systems

The aim of this section is to provide the essential background material from
behavioral systems theory which we need in the following, in particular con-
cerning general properties of systems described by Eq. (5). Extensive references
on the subject are [3,4]. Throughout we assume the concept and properties of
module over the polynomial ring R[¢] to be known; an extensive reference on
the subject is [8]. The notation (R) is used to indicate the module over R[{]
generated by the columns of the polynomial matrix R.

3.1. Linear differential systems

When modeling a dynamical system one tries to describe how a set of
variables of interest evolve as a function of time. We denote these variables as
vector v. As extensively argued in behavioral systems theory and also pointed
out in the example from Section 2, this typically leads to a set of differential
algebraic equations of the form F (v, % v,... ,% v,t) = 0 which the vector valued
time function v = (vy,...,v,) needs to satisfy. If F does not explicitly depend

on ¢, the system is said to be time-invariant. Most of our attention will be
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devoted to the subclass of systems which have this feature and are also linear.
In this case we deal with a set of constant coefficient linear differential equa-
tions

Dov+ D d +--+D ¢ 0 (7)
U _U e —v =

0 " dt Lar

with D; € RV, i =0,1,...,L, where p denotes the number of equations.

Notice that algebraic constraints are included in the above class of equations.
With the polynomial matrix D(¢) = Dy + Dy & + - -+ + D" € R[], we can
write Eq. (7) in the shorthand form (5)

d

The set of solutions to the above equations represents all admissible tra-
jectories for the v variables, in other words the dynamic behavior of the
physical system being modeled. In general we take v a distribution, therefore
the behavior B specified by (7) is formally defined as:

B = {v € D'(R, IRV)|D<%)U =0 in distributional sense}

where D'(R, R”) denotes the set of R” valued distributions on R. For obvious
reasons, we call (5) a kernel representation of B, and write B = ker(D(4)).

It turns out that, while D uniquely specifies B, the converse is not true, in
other words different polynomial matrices may induce a kernel representation
of the same behavior. In fact, if D, D; are both polynomial matrices with w

columns,

ker (D(%)) = ker (Dl(%» < (D") = (D))

In other words, any behavior admits many different kernel representations,
but is associated with one and only one submodule of R[], namely the
module generated by the transposes of the rows of one (and therefore all) of its
possible kernel representations.

Two different kernel representations of a same behavior are called equiva-
lent. Among all equivalent representations of B = ker(D(%)) we call minimal
those corresponding to polynomial matrices with ¢(B) rows, where ¢(B) is the
minimal number of generators for the submodule (DT). It can be shown that
minimal representations correspond to polynomial matrices D which are of
full row rank (that is, D € R“®*V[¢] has a ¢(B) x ¢(B) submatrix with non-
zero determinant) and that if D; induces a minimal representation for

B =ker(D($)) then D=U [[())1] with U an wnimodular polynomial matrix



T. Cotroneo, J.C. Willems | Appl. Math. Comput. 145 (2003) 821-851 827

(that is, a matrix U which admits a polynomial inverse or, equivalently, such
that det(U) is a non-zero constant).

As shown by the example in Section 2, we are typically dealing with under-
specified sets of equations, corresponding to the fact that we model open dy-
namical systems. It can be shown that the difference v — ¢(B) between number
of variables and number of rows of a minimal kernel representation of a be-
havior exactly corresponds to the number of components of v which are left
unconstrained. These variables are, for obvious reasons, called free variables
and can be intuitively interpreted as inputs in the traditional sense. Although the
number of free variables is fixed, notice that we leave unspecified which among
the variables are actually free; in general, in fact, many possible subsets of the v’s
with v — ¢(®B) elements can play this role, in other words the variables which are
inputs to the systems can be chosen in many possible ways. This simple ob-
servation is in fact one of the main motivations of the behavioral approach.

3.2. Latent variables

When analysing systems it is often useful to be able to characterise the set of
trajectories obtained by projecting a given behavior onto a subset of system
variables. We call manifest variables those on which we project, while the re-
maining ones are called latent variables.

If we indicate by v, the manifest and by v the latent variables, then the
original behavior B consists of all trajectories v = (v, v,) that satisfy a set of
differential equations of the form:

d dt d d
F(vm,avm,...,@vm,v/,d dtNW’t) =0

In the linear time invariant case these become

L N

d d d d
GoUm+G1—Um+ —|—GL COW"'CIEW'F +CNdN (8)

dr a’m

for suitable real matrices G; € R”*"™ and C; € R”*"* where v, and v, denote
the number of manifest and latent variables respectively. Notice that

-t ([o( £) - (2)]) e vimrz o)

The behavior B,, obtained by projecting B on variables vy, is defined as

B, = {vm € D'(R,R™)|3¢ € D'(R,R™) such that G(i)vm

~<(i)}



828 T. Cotroneo, J.C. Willems | Appl. Math. Comput. 145 (2003) 821-851

In the following we often refer to B, as the manifest behavior obtained by
projecting B onto v,; B itself is then referred to as the full behavior.

It turns out that B, can be deduced in a very crisp way from the equations
defining B. In order to do so we define the set SYZ(C) of syzygies of the rows
of a polynomial matrix C € R”"[{] as:

SYZ(C) = {n € R?[£] : n"C = 0}

It is easily seen that SYZ(C) C R" is a module over R; in the algebraic lit-
erature it is referred to as the syzygy module of the rows of C (see [8]). There
holds:

Theorem 1. Let By, be the manifest behavior obtained by projecting on variables
Um the behavior described by G($)vy, = C($)v,. Then

w1 = (iesvzin =+ (i £)o( £)eu0))

As a consequence of the module structure of $., the above is equivalent to
(vm € B) <= (N"($)G($)vym = 0) for N any matrix such that (N) = SYZ(C);
in other words B,, = ker(NT($)G($)). The importance of this remark is cru-
cial, showing that if we start with the solution set to a system of linear dif-
ferential equations and project it on a subset of the variables involved, what we
come up with can again be written as solution set of a new system of linear
differential equations; therefore Theorem 1 is often referred to as the elimina-
tion theorem.

Constructive algorithms to build N starting from C are described in the
literature (e.g. [7,10]) and will not be repeated here. We assume available a
procedure N = Syzygy(C), that has a polynomial matrix C as input and
computes a matrix N such that (N) = SYZ(C) (see e.g. the command axb of
[12] for a possible implementation). This way, Theorem 1 also provides a
constructive way of building a kernel representation of a behavior starting
form its specification using latent variables. One can, in fact, easily write a
procedure E1im that has polynomial matrices G and C as input and outputs a
polynomial matrix D such that D($)v, = 0 is the kernel representation of the

manifest behavior of G($)vm = C($)v,.

Algorithm 2

D = E1lim(G, C);

N = 8yzygy(C);
D =N"C;
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Although the original rationale for introducing latent variables in behav-
ioral systems theory stems from issues related to modeling of intercon-
nected systems (see [3]), we shall see in the sequel that, thanks to Theorem 1
and Algorithm 2, they also provide a very powerful instrument when it comes
to manipulation and analysis of linear differential equations and their solu-
tions.

4. Solvability

We now address the solvability of R($)w =M (L)f, namely establishing
conditions under which this differential equation admits a solution w for a
given, or for any, f. Although rather standard, these results are a necessary
prerequisite to discussing problems of smoothness of solutions and compati-
bility with initial conditions.

The first question we address is the solvability of the behavior, defined in the
following:

Definition 3. Let R € R™"[¢], M € R”F[¢] and B = {(w,f) € D'(R,R"7)|
R(&)w =M (4)f}. B is said to be solvable for given f € D'(R, R") if there exists
w € D'(R, R") such that (w, /) € B. If this holds for any /' € D'(R, R), then B
is said to be solvable for any f.

We refer to behaviors that are solvable for any f simply as solvable be-
haviors. In terms of the equations defining the behavior, this means that for
any distribution f there exists a distributional solution w to the system
R($)w = M($)f. Tt is not difficult to see that this also implies the existence of a
classical solution w (i.e., (R($)w)(r) = (M($)f)(t)vVt € R) whenever f is taken
sufficiently smooth, in particular, when f € €*(R, R"). This way, our defini-
tion of solvability fully covers the one used in the classical literature on first
order DAE’s (see [1,6,2]) where an equation F (w,%w, t) =0 is defined to be
solvable on an open interval Y C R if there exists a w which is continuously
differentiable on Y such that F(z,w(r),Sw(t)) =0Vt € Y.

Definition 3 can be recast in the language of latent Variables introduced
earlier. If one defines B,, as the manifest behavior obtained by projecting B on
variables f, then solvability for given f is equivalent to asking f € B,,, while
solvability for any f is equivalent to B, = D'(R, R). This way, the conditions

for solvability follow as a straightforward corollary to Theorem 1.

Corollary 4. B defined as in (2) is solvable for a given f € D' (R, R") if and only
if
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sz = (L u( L) -0)

It is solvable for any f € D' (R, R") if and only if

(n € SYZ(R™)) = ("M = 0)

The condition for solvability for a given f can be interpreted as asking that
all linear differential relations which hold for the rows of G should also hold for
vector M (%) /', while the condition for solvability for any f asks that the linear
relations which hold for the rows of R should also hold for the rows of M.
Algorithm 2 can be used to check solvability in terms of the polynomial ma-
trices R and M.

As a special case of the above situation, we obtain that if R is a full row rank
polynomial matrix (equivalently, if the only n € R?[¢] such that n'R =0 is
n = 0), then solvability of the behavior defined by (1) is assured for any f. It
follows that we can always rewrite a solvable system in an equivalent (i.e.
defining the same full behavior) form R, ($)w = M,($)f with R, of full row
rank. In the following we always consider solvable behaviors; when needed, we
also assume, without loss of generality, that the equations defining B have R,
of full row rank.

This being the standard assumption in most of the paper we wish to sketch a
possible way in which R, and M, can be obtained starting from the given R and
M.

0
of full row rank; the existence of such an U follows from Section 3. As a

The algorithm builds a unimodular matrix U such that UR = [Rr} with R,

0

unimodular we know that (w, f) are such that R($)w = M($)/f if and only if
Rr(%)w = Mr(%)f

In order to build U we use the fact that if N is a matrix Whose columns are a
minimal set of generators for SYZ(R) then N admits a right inverse, in other
words, there exists a polynomial matrix L such that NL = I (see e.g. [13] for a

consequence of NM = 0 it follows that UM = [Mr}; moreover because U is

N

unimodular and such that N.R =R, is of full row rank; it follows that
M, = N.M.

The following pseudocode procedure called Reduce accepts polynomial
matrices R and M as input, and outputs polynomial matrices R, and M,
computed according to the algorithm just described:

proof). If, in turn, N, is a matrix such that (NT) = SYZ(L), then U = [Nr} is
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Algorithm 5

[R;, My] = Reduce(R, M);

N = Syzygy(R);

I =-eye(coldim(N)); %l = Identity matrix
L =8o0lve(N,I); L = right inverse of N
N; = 8yzyey(L); %N: = 8yzygy L

R. =N, xR;

M, =N, xM

In the above code, X = Solve(4,B) is a procedure which we assume
available to find a solution X to the polynomial equation AX = B for given
polynomial matrices 4 and B. For a possible implementation thereof see, for
example, the command axb from [12] and the related literature.

5. The index

For a solvable behavior B, we now wish to investigate how the smoothness
of the given forcing function f affects the smoothness of the corresponding
solutions w. Establishing this relationship formally leads us to define the index
of a behavior. This concept also turns out to be crucial in the next section in
order to establish what initial conditions are well defined for the given behavior
and function f.

Definition 6. Let B be defined as in (2) and assume it is solvable according to
Definition 3. Define

3= A{Ui,---,js) € Z"|Vf with f; € €°"3w € ¢* such that (w,f) € B}

where %* for k < 0 is the set of all distributions whose |k|th integral is a con-
tinuous function. Let, moreover, < be the partial ordering on Z* defined by
(ot ey0s) X (Pry--v, Be) < o; < BVi. If the set J contains a minimal element
w=(uy,..., 1) with respect to such a partial ordering we then define u to be
the multi-index of B and v = max; g, to be its index.

The multiindex therefore establishes the minimal differentiability require-
ment on each component of f which assures that a sufficiently differentiable
trajectory w can be found; the index provides an upper bound valid for all
components of vector f.

The following result shows that § always has a minimal element with respect
to the partial ordering < so that the multi-index of B can always be defined.
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Theorem 7. Let B be defined as in (2) with R € RP”"[E] a full row rank poly-
nomial matrix. Let P be a square submatrix of R of maximum determinantal
degree. Let d;; be the difference between the degree of the numerator and of the
denominator of the (i, j)th entry of the matrix of rational functions P~'M. The
multi-index of B is given by (wy, ..., us) with p; = max; d;;.

Example 8. Consider the behavior described by the first order equations
d%erAw = f corresponding, in our notation, to R(&) = &Ly — A, M(&) =
Iyvw. The matrix (é[wxw—A)fl is a matrix of proper rational functions.
Moreover the difference in degree between the denominator and numerator of
all its diagonal entries is equal to 1. It follows that the multi-index is
(—1,...,—1) and hence the index is —1. This is in line with the known fact that
any f € %" results in a solution w € ¢,

Example 9. Consider a system E w+w = f with E € R"" a Jordan block of
the form

0 0 0 0
1 0 0 0
00 --- 10
In our notation this corresponds to
1 0 --- 00
E1 -~ 00
RO=|7 | -
0 0 &1

Since
1 0 - 00
2l =¢ 1 0 0
(_1)w71 fw—l (_1)w72gyw—2 . _5 1
it follows that the multi-index is (w — 1,...,0) and the hence the index is w — 1.
This is consistent with the fact that the solution w = (wy,...,w,) can be ex-

plicitly expressed in terms of f = (f1,...,fy) and its first (w — 1) derivatives as

—i

f]+z dﬂl” jil,...,W

showing that any f such that f; € """ results is w € ¢*.
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Example 10. Consider the system E %w + Aw = f with

-1 & 0 0 0
0 -1 ¢ 0 0
R=E{+A4= ) € R D¢
0 0 0 -1 ¢

The square minor P of maximal determinantal degree of R corresponds to
the last w — 1 columns and is such that

& 0 0 0
i g ! 0 0
é—(w—l) é_<‘;v_2) 5—2 f_l

It follows that the multi-index is (—1, ..., —1) and thus the index is —1. This

coincides with the fact that the equations we are considering are
Sy, =wj_1 + fi-1,j = 2,...,wshowing that any f such that f; € *"' results in
w € 6* (e.g. take solutions corresponding to w; = 0).

In the literature on first order DAE’s many different concepts of indices have
been defined, among which the most relevant appear to be the differentiation
(see [1,5] and related papers), the strangeness (see [2] and related work) and the
perturbation (see [15]) index. A thorough discussion of these concepts is outside
the scope of this chapter. We do recall, however, that the strangeness index s of
a time-varying DAE E(t) $w = A(t)w + f(¢) is defined as the smallest integer
such that the given equation can be rewritten in the equivalent form
Sy = A()ws + g1(1), wa(r) = g2(¢) for w = (wy, wy, ws), A a matrix of suitable
dimensions, and g a function of the first s derivatives of f. This implies, in
particular, that DAE’s as those in Examples 8 and 10 have strangeness index
s =0, while those in Example 9 have strangeness index s =w — 1. The
strangeness index of a generic time-invariant DAE E %w =Aw+ f(t) with
E& + A4 a full row rank polynomial matrix then follows from the three special
cases shown in the above examples by transforming the pencil EE + 4 into
Kronecker canonical form (see [2,9]). Thus we see that one has v = s whenever
v = 0; our definition of index as a smoothness relationship between f and w,
however, also allows v < 0, corresponding to situations in which s =0. We
refer to the literature for further discussion of the relation between differenti-
ation and strangeness indices and for extensions to the non-linear case.
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5.1. Computing the index

We can now sketch an algorithm , based on Theorem 7 that allows to
compute the multi-index of a system R($)w = M($)/ with R a full row rank
polynomial matrix. Before doing so, we briefly recall the concept of row re-
duced (or row proper) form of a polynomial matrix.

Given R € R”*[¢], we define its highest row coefficient matrix R™ to be the
real matrix whose ith row equals the coefficient vector of the highest power of £
that occurs in the ith row of R. For example,

_[3&+e+1 2 he _ |30
R= 2¢ é+1]:>R [2 1}

The polynomial matrix R is defined to be row proper if the rows of Ry are
linearly independent. If R is not row proper, a row proper form of R is defined to
be any row proper polynomial matrix R, such that the modules (R) and (R,,)
are the same, and such that R, is row proper.

It is easily seen that any matrix R actually admits infinitely many row proper
forms R,,. Classical algorithms for finding one row proper form R,, starting
from R are described in the literature (e.g. in [10]). We assume available a
function R, = rowred(R) whose output R,, is a row-proper form of the input
matrix R; a possible implementation thereof is the function R,, = prowred(R)
from [12]. Which of the infinitely many row proper forms of R is actually
computed depends on the algorithm used. We do not dwell further on this issue
because all the considerations we do in the following are valid for any row
proper form of R.

We can now show how to compute the multi-index of a system
R($)w = M($)f; In order to simplify the exposition, we split the algorithm in
two subprocedures.

(1) Finding a square minor of R with maximum determinantal degree. We
now show how this task can be carried out using a row proper form R, of R.

Because both R and R,, are of full row rank, there exists a unimodular
matrix Uy, € R[¢]”? such that U,,R = R,,, therefore the degrees of the deter-
minants of the p X p minors of R are equal to those of the corresponding mi-
nors of R,,. Moreover, if we let d;, i =1, ..., p be the degree of the ith row of
R, and P any p x p minor of Ry, then the degree of its determinant is smaller
or equal to d = Y 7 d;. In particular, if A, € R”? is a non-singular minor of the
highest coefficient matrix of R,, (such a minor always exists because Rl;ﬁ is of
full row rank) and P is the corresponding minor of Ry,, then the degree of
det(P) is equal to d and therefore maximal. The problem of finding a square
minor of Ry, with maximum determinantal degree is thus reduced to that of
finding a non-singular minor of the real matrix Rﬁ‘;; this can be done by
standard linear algebra techniques (see e.g. the Matlab command rank). In the
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following we assume available a procedure m = minor(H) that accepts a real
matrix H of full row rank as input and outputs a vector m containing the
indices of the columns of R that correspond to a non-singular minor of R.

Summarizing what said until now we can sketch a procedure P =
maxdet(R) with output P being a square minor of maximal determinantal
degree of the full row rank input polynomial matrix R.

Algorithm 11

P =maxdet(R)

R, = rowred(R); %R, = Row Reduced Form of R
HC = highdeg(R:p);

%HC = Highest coefficient matrix of R,

m =minor(HC);

P =select(R,m); %Select columns of R

In the above code, HC = highdeg(R) is a procedure that returns the
highest coefficient matrix (HC) of the input polynomial matrix R (see pdegco
from [12] for possible implementation). P = select(R, m), instead, stores in
the output matrix P the columns of the input matrix R indexed by the vector m.

(2) Computing the maximum difference of numerator and denominator
degree of the entries of each column of a matrix of rational functions of the
form P~'M. We sketch a procedure that accepts polynomial matrices P and M
with P square and non-singular as input and returns a vector of integers d such
that the ith component of d corresponds to the maximum difference of nu-
merator and denominator degree in the entries of the ith column of P~'M.

Algorithm 12

d =maxdiff(P,M)

P =adjoint(P);

dp = determinant(P);

P2 :P|M,

cd = Degrees of columns of P
p=Degree of dp

d=-cd-p;

What the above procedure effectively does, is write P~'M as #(P)P]M with P,
the adjoint of P. If p is the degree of det(P) and cd is the vector of integers
whose ith entry is the degree of the ith column of PM, then subtracting p from
each entry of d results in a vector whose ith entry is the maximum difference of
numerator and denominator degree of the entries of the ith column of P~'M.
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We refer to the literature (e.g. [14]) for a description of algorithms that com-
pute determinants and adjoints of polynomial matrices; possible implementa-
tions thereof are the commands pdet and ad j in the Polynomial Toolbox [12].

The two procedures we have designed can be easily combined to produce an
algorithm whose output is the multi-index d of the systems R(%)w =M (%) f
described by the input polynomial matrices R and M.

Algorithm 13

d =multiindexd(R,M)

P = maxdet(R)
d =maxdiff(P,M)

6. Initial conditions

As discussed in the introduction, we now study when, corresponding to a
given f, one can find a trajectory w such that (w,f) are in the behavior B
defined in (1) and such that the initial conditions (3) are satisfied. In this case
we say that the initial conditions are compatible with the given B and the
given f.

The trajectory w is, in general, a distribution. Therefore, before investigating
compatibility of (3) with B and f, we need to establish conditions under which

d

S(g)w is continuous so that asking for its value at a = 0 makes sense. This

leads to the following definition of well-posedeness.

Definition 14. Let B be defined as in (1). The initial conditions S($)w(0) are
said to be well-posed for B and a given f € D'(R,R") if there exists a
w € D'(R,R") such that R($)w = M(L)f, and such that S(d)w € €"(R, R®).

The following theorem gives a condition for well-posedeness in terms of the
polynomial matrices R and M defining B, of the polynomial matrix S defining
the initial conditions and of the given distribution f.

Theorem 15. Let B be defined as in (1) and

B, = {(s,f) € D'(R,R*) 3w € D' (R, R*™") such that

wnres i s(L)s)

Then S($)w(0) are well posed initial conditions for B and given f € D'(R, R")
if and only if f; € € with (W, ..., 1) the multi-index of Bi.



T. Cotroneo, J.C. Willems | Appl. Math. Comput. 145 (2003) 821-851 837

Notice that, using Theorem 15, well-posedeness can be effectively checked
using algorithms for elimination from Section 8 and those for computing the
index of the previous section.

We are now ready to address the last issue we planned to tackle, namely
establish under what conditions there exists a (unique) solution to R($)w =

M($)f which also satisfies S($)w(0) = Ta. We start by looking at the existence
problem. In order to establish the general result, we first investigate a special
case which is of interest in its own right.

Lemma 16. Let B be defined as in 1 and assume it is solvable. Let f € D'(R, R")
be such that w(0) are well posed initial conditions for B. Then there exists a w
such that (w,f) € B and w(0) = a if and only if

(neR", beR[E, n" =b"R) = (n a= bT<§t)M(%>f(O)>

In the more general case we have:

Theorem 17. Let B be defined as in (1) and assume it is solvable. Moreover, let
f e D(R,RY) be such that S($)w(0) are well-posed initial conditions. There
exists a w such that (w, ) € B and such that S($)w(0) = Ta if and only if

(neR®, be R[], n'S=b"R) = ( TTa = bT(i)M(%)f(O))

In particular, if

(ne R, beR[E, n'S=b"R) = (n'T =b"M =0)

= (n
then the existence of a w such that (w,f) € B and such that S(di)w(O) =Ta is
guaranteed for all a € R® and all f € D'(R,R") such that S($)w(0) are well-
posed initial conditions.

In order to obtain an intuitive feeling of the above theorem, notice that we
are considering conditions that have to hold over the whole real line (the dif-
ferential equations defining (1)) alongside pointwise constraints (the initial
condition (3)). The differential equation, however, also implies pointwise re-
quirements on the solution w; if b € R”[¢] and w is a solution to R($)w

M($)f smooth enough so that 5™ ($)R(£)w(0) is defined, then b ($)R(L)w(0) =

bT($)M($)f(0). On the other hand, n'S = b"R implies n"S($)w(0) = bT(§) x
R($)w(0). The requirement n"Ta = b"($)M($)/(0) can thus be interpreted as

asking the initial conditions (3) to be compatible with the pointwise constraints
implied by the differential equation. In this sense, it is easily seen that
the condition from Theorem 17 is necessary for w to solve both R($)w = M($)f
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and S($)w(0) = Ta. The interesting point is that the condition actually turns
out to be also sufficient.

In order to present conditions under which the solution w satisfying given
initial conditions is actually unique we need a short intermezzo to show how
the concepts of state and state representation of a system are introduced in the
behavioral framework we have been using all along (see [11] for more details).

Definition 18. A system G($)v = C($)x with latent variables x and manifest
variables w is said to be a state system if there exist real matrices E, F, H such
that its behavior B admits an equivalent representation which is first order in x

and of order zero in w, i.e., a representation of the form

d
Eax—l—Fx—l—Hw:O 9)

In this case variables x are called state variables. If B,, is the manifest be-
havior obtained by projecting B on v, Eq. (9) are called a state representation of
B.

If B = ker(D(4)), a polynomial matrix X is said to induce a state map for B
if the system with latent variables

d
D(cg)wo o)
x4}

is a state system.

It can be shown that any B = ker(D()) admits a state map, in other words
a set of latent variables having the state property can always be obtained as a
function of the manifest variables v.

State representations of a behavior B are, of course, not unique. However,
the minimal number of state variables associated to B is well defined. In other
words to any B corresponds a number n(B) such that any state representation
of B requires at least n(B) state variables. The number n(B) is often called
the dynamic order, or McMillan degree, of B. State maps with exactly n(B)
rows are called minimal. We are now able to formulate conditions that the
trajectory w corresponding to a given f and to given initial conditions is ac-
tually unique.

Theorem 19. Let B be defined as in (1) and assume it is solvable. Moreover let
f e D(R,RY) be such that S($)w(0) are well posed initial conditions. There
exists a unique w such that (w, ) € B and such that S($)w(0) = Ta if and only if
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1. rank (R) = w,
2. (neR, beR[E, n'S=b"R) = (n"Ta=b"($)M($)1(0)),
3. S induces a state map for ker(R(S)).

In particular, if conditions (1) and (3) hold together with n € R’, b € R[¢),
('S =b"R) = (n'T =b"M =0), then existence of a unique w such that
(w,f) € B and such that S(L)w(0) = Ta is guaranteed for all a € R*" and all
/€ D(R,R) such that S($)w(0) are well posed initial conditions.

Comparing the above theorem to Theorem 17, we see that it is condition 2
which assures that a solution exists; conditions 1 and 3, therefore, are those
needed to guarantee uniqueness. If w; and w, were both solutions, their dif-
ference e =w; —w, would have to satisfy R(%)e =0, together with
S(4)e(0) = 0. The fact that rank(R) = w means that none of the components of
e can be chosen freely; while the fact that S defines a state map for ker(R($))
implies that e is a trajectory corresponding to an initial state equal to zero in
any state representation of ker(R(£)). As shown in the proof of Theorem 19,
this is necessary and sufficient to ensure that e = 0.

We now illustrate these results by showing that classical results on
initial value problems for first order DAE’s can be obtained as special
cases.

Example 20. Consider the behavior defined by the first order differential
equation E$w+Aw=f, with det(E{+A4)#0 and initial conditions
w(0) = a. In our notation this corresponds to R({) =EE+ A4, S(E) =T =
M(&) = Iyxy. The condition det(E¢+ A4) #0 assures that the behavior
is solvable; its multi-index, instead, depends on the degree of (E¢+4) .
However, for any f such that w is a continuous function, Lemma 16 tells
us that a trajectory w satisfying the given initial condition exists if and only
if
w w T T T T T d
meR", beR"¢{,n =b'EE+DbA4) = (n a=5b <a>f(0)>

It is not difficult to see that bTEE + bTA is a real vector if and only if b7 is
itself a vector in the left null space of E. If B is any matrix whose rows span
this space, then a solution exists if and only if B4a = Bf(0). In particular if £
is non-singular (equivalently, if B = 0) then a solution exits for arbitrary a
and f.

In order to investigate uniqueness of the solution, note that R(¢) = EE + 4
is a square matrix, and S = [, by definition induces a state map for
the first order system £ %w + Aw = 0. Conditions 1 and 3 of Theorem 19
are thus satisfied, and we deduce that the solution, if it exists, is also
unique.
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6.1. Compatibility of initial conditions

We now show algorithms which enable to check the conditions just set
forward in Theorems 17 and 19.

Before proceeding we recall that given a polynomial matrix.

R=Ry+ R &+ ---RE € R[¢], its coefficient matrix R is defined as the
real matrix R = [Ry R, - - Ry] € R”" In the following we assume available
procedures R = polynomial(R) and R = coefficient(R) that transform
a polynomial matrix into its coefficient matrix and viceversa (see e.g. com-
mands ppck and punpck from [12]).

In order to check the condition from Theorem 17 one must notice that given
R € RP*"[¢] and S € R®*7[¢&], the set

K(R,S) = {(n,b), n € R®, b€ R?[¢], |n'S = b"R}

is a real vector space. Because (n,b) € K(R,S) implies that the degree of b is
smaller or equal to pL + A for 1 the degree of S, it also follows that &(R,S) is
finite dimensional. We are now going to show how to build a real matrix N and
a polynomial matrix B such that the columns of [N B]" are a basis for K(R, S).
Verifying the condition from Theorem 17 is then equivalent to checking
NTa = B)M($)1(0). )

By defining 6 = pL + / and introducing the real vector b" = [} b] ---b]]
with b; € R? together with the polynomial matrix

one obtains that (n,b) € K(R,S) if and only if n™S = b'R,. The problem of
finding a basis [N B]" for K(R,S) is, this way, reduced to that of first finding a

basis [N B] for the left null space of the real matrix < %), and then re-

S
covering matrix B starting from its coefficient matrix B. The first of these two
tasks can be performed by standard linear algebra techniques (see e.g. the
Matlab comand null). The second one is essentially a matter of book keeping
which we assume performed by our procedure polynomial.
To summarize this discussion we sketch a Matlab procedure called incond
that builds matrices N and B starting from given polynomial matrices R and S
following the steps we presented.
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Algorithm 21

[N, B] = incond (R,S)

A = degree(S); %4 = Degree of S

R, = shift(R, 1); ZBuild Matrix R

Es = coefficient(R;);

§ = coefficient(S); %Coeflicient matrices s
K = null([S; —R]); % Basis null space

N =K][:, 1 : cdim(S)]; % Extract N from K
B = polynomial(K); % Extract B from K

In the above we assumed available an auxiliary procedure shift that
computes R, based on the original matrix R and on the degree of S.

In order to check conditions from Theorem 19 we now need to be able
to decide if a polynomial matrix S induces a state map for ker(R($)) for R
square and non-singular. In the following we assume available a procedure
X = smap(R) that accepts a polynomial matrix R as input, and outputs X, a
minimal a state map for ker(R(£)). A detailed description of how this can be
achieved is to be found in [11].

As a preliminary remark we recall that there exist unique polynomial ma-
trices Y and ¥ such that

S=YR+V (11)

with VR~! a matrix of strictly proper rational functions. Algorithms to compute
Y and V from R and S are described in [10]; we assume available a procedure
[Y,V] = division(S,R) that performs the computation (see pdiv from [12]
for an implementation).

A result from [11] states that if the polynomial matrix X induces a minimal
state map for ker(R($)), then any polynomial matrix $ can be written as
S = WX + YR for Y a polynomial matrix, /¥ a real one and WXR~' a matrix of
strictly proper rational functions. From 11 it follows that WX = Y, therefore
the real matrix # can be computed from X and Y using W = Solve(X,Y).
Again from [11] it follows that S defines a state map for ker(R(%)) if and only if
W is a full column rank matrix a property which can be verified by standard
linear algebra techniques (see e.g. the Matlab command rank).

We now summarize this discussion in a procedure ss = issmap(R,S) that
accepts a square and non-singular polynomial matrix R and a polynomial
matrix S as inputs and outputs a boolean variable ss which is true if S defines a

state map for ker(R(%)).
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Algorithm 22

ss = issmap(R,S)

X = smap (R); X =minimal state map for R

[Y,V]=divide (S,R); %S =V + YR, VR™! strictly proper

W =S8olve (X,Y); % Solve Y = WX

ss = (rank (W) = cdim(W)) %Compare rank and column dimen-
sion of W

6.2. Simulating trajectories

As discussed in the introduction, our final aim is that of simulating (i.e.
computing) trajectories of a dynamical systems. The algorithms discussed until
now allow to analyze properties of system (1) (solvability, index) together with
initial conditions (3) (compatibility). In case the system is solvable and the
initial conditions are compatible, one is faced with the task of actually com-
puting a trajectory w that satisfies both (1) and (3). A way of doing so in a
numerically reliable way is by introducing state variables that allow to rewrite
system (1) as a set of first order ordinary differential equations and initial
conditions (3) as a set of constraints on the initial value of the state. In this
section we sketch algorithms that perform this rewriting; one can then use
classical and very reliable numerical techniques to simulate first order equa-
tions with initial conditions (see, e.g. the Matlab command 1sim).

To keep the discussion more flexible we now discuss in detail the special
case in which R is a square and non-singular matrix. The general case can be
tackled along the same lines, as shown in the proof of Lemma 16 presented in
Section 7.

The key step in the procedure is using [Z, V] = divide(M,R) to compute
the unique polynomial matrices Z and V such that R-'M = Z 4+ R~'V with
R™'V a matrix of strictly proper rational functions. The system R(%)w =M (%)f
is then equivalent to R($)e = V(2)f, e = w —z with z = Z(2)/ (notice that if
(11, - .-, pe) is the multi-index of R($)w = M($)f and f; is the ith component of
f then z will contain derivatives of f; up to order ,, in particular z =0 and
e=wif v <0).

Because R($)e =V ($)/ has index smaller than zero, we can find state

variables x = X,,($)w + X, ($)f and real matrices 4, G, C that allow us to write

it in the equivalent form % = Ax + Gfe = Cx. As a consequence we obtain

& — Ax+ Gfw=Cx+z, z=Z($)f as an equivalent representation for

R&w=ME)f.
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Notice that we have managed to reduce a problem with index greater than
zero to one of index smaller or equal to zero, by explicitly computing deriva-
tives of the forcing function f. This feature is shared by the classical algorithms
discussed in [6] to transform first order systems of higher differentiation index
into systems of differentiation index 0. Reliable numerical or symbolic tools to
perform differentiation are, of course, needed for these methods to be effective.

The final step before simulation is transforming the initial conditions.

S(@)w(0) = Ta into a set of conditions on the initial value of the state x. This
can be done using the fact that from the representation ‘;—f =Ax+ Gf
w = Cx + z it follows that

k-1 i—k+1
dw d=*y  dz

_ k i
F—CA X-’-IZ:O:CAGdﬂ;kJrl +@

Using this expression, one can compute a real matrix W and a polynomial
matrix Y such that the initial conditions S($)w(0) = Ta are equivalent to
Wx(0) = Ta+ Y($)/(0) + S($)z(0). We assume available a procedure
[W,Y] = stateincond(S,4, G, C) to perform these computation.

We summarize the discussion of this last section with a pseudocode proce-
dure [4,G,C,Z,W,Y]| = simuldata(R,M,S) that accepts polynomial matri-
ces R, M and S as inputs and outputs real matrices 4, G, C and W and
polynomial matrices Z, X and Y such that the system R($)w = M($)f with
initial conditions S($)w(0) = Ta can be written as & = Ax + Gf w= Cx +z,
z=Z($)f with initial conditions on x satisfying Wx(0) = Ta + Y($)/(0) +
S(§)=(0).

Algorithm 23

[4,G,C,Z,W,Y] = simuldata(R,M,S)

[Z,V] =divide(M,R); ZReduction to index 0

X = smap([R — V]); 24X = Minimal state map for [R — W]

[4,G,C] = ssrep(R, N,X); %State space representation

[W,Y] = stateincond(S,4,G,C) %Initial conditions on
state

Notice that the above procedure outputs Z = 0 if the system R($)w = M($)f
has index v < 0.

We now return to the example presented in Section 2 and apply the main
results of the paper to it. We will take M, =M. =1kgand L =1 m.

Example 24. Matrix R in (6) is square and non-singular (its determinant is
—2&%), therefore the system is solvable in the sense defined in Section 4. Hence,
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given any orientation profile for the arm and any force acting on the cart, there
exist trajectories for the torque and the position of the cart that satisfy the
model equations.

Further,

1
2
R'M = !

0
32— g

]
RI= —_ O Lm':)|.—

showing that the multi-index of this system is (1,3). Hence the solution w will
be continuous if the force exerted on the cart is itself continuous, and the
prescribed trajectory 0 for the arm is twice continuously differentiable.

As for initial conditions, assume one wants to simulate a trajectory with a
given initial value of the torque t, corresponding to (0 0 0 1)w)(0) = 1.
Since (0 0 0 1)=»"Rforb" = (1 —113& —g), we know from Theorem

17 that this will be possible if and only if 7 = (£ +32 ddt’} 2£2)(0).
Assume, instead, we were looking for a given initial value of the position
and speed of the cart; equivalently for solutions such that

S(%)w(O) =a forS= (é 8 8 g)
for a given a € R”. It can be seen that there exist no non-trivial real vector n
and polynomial vector b such that #n'S = bTR. Therefore, by Theorem 17, a
solution exists for arbitrary initial values «. It can also be seen that S induces a
state map (actually, a minimal one) for ker(R(4)), thus Theorem 19 assures
that such a solution is even unique.

We now wish to simulate the trajectory corresponding to zero initial posi-
tion and velocity for the cart (i.e. a= (0 0)"), to a given sinusoidal force
u=f; =0.1cos(10¢) applied on the cart and to a fixed angular position
0 = f, = % for the arm. In order to do so we first apply Algorithm 23 to write
the system in first order form. The matrix of rational functions R~'M can be
written as V + Z with

0
0 1

zo=1,

2

o T 4

a polynomial matrix and
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10
ro=1,

S O O O

0

a matrix of strictly proper rational functions. It can be shown that a minimal
state map for ker([R($) — R($)V($)]) is induced by

(000 0 0
X_(lOO()OO

yielding a state space representation

d . 0 0
ax:Ax—Q—Gf,w:Cx—i—z with 4 = ,

1 0
0 1 -4
19 00 d S
_ 2 _ _ e _
G_<0 0), C= 0 0 and Z_Z<dt>f P
0 0 ERRE N

From this it also follows that the required initial conditions

(£) - ()
are equivalent to x(0) = (8

Fig. 2 shows the trajectories for cart position and torque resulting from the
simulation, carried out with Matlab command 1sim.

7. Proofs

Proof of Theorem 1. =) If v, € B,, there exists a distribution v, such that
G(§)vm — C($)v, = 0. Given any n € RP[¢] this of course implies n" ($)(G($)w —

C($)0) = 0. Therefore n € SYZ(C) = n"($)G($)w = 0.

<) Let
_ U
v=13)
be an unimodular matrix such that

o= 2] - (2]
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12 T T T T T

08 - i

04 - 1

02 |- 4

05 1 15 2 25 3

Fig. 2. Cart position and torque.

with C, € R”**[¢] a full row rank polynomial matrix; such a U always exists.
Then B =ker([G($) — C(§)]) = ker([U(£)G(£) — UE)C(4)]). Since C, is of
full row rank, it can be shown that C(£) is a subjective map from ®'(R, R") to
D'(R,R"), thus the equations C($)v, = G2(L)vm admit a solution v, for any
vm. The only constraint on v, is hence given by G, (%)w = 0, showing that
B, = ker(G($)).

The columns of U} belong to SYZ(C). From the hypothesis 7™ ($)G($)w = 0
for any n € SYZ(C) it follows U, ()G(§)w = G ($)w = 0, equivalently w € B,
as claimed.

Proof of Theorem 7. We first prove that (p,,...u,) € J, meaning that V/ with
fi € 6" 3w € ¢" such that R($)w = M(L)f. By linearity it is easily seen that it
suffices to prove that Vf; € € 3w € €* such that R(L)w = m;(L)f;, with m; the
ith column of M.

Because it is enough to prove it for any k, we choose £ > 0 and such that
u; + k = 0; this way we only have to work with functions which are at least
continuous.
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The rational polynomial vector P~'m; can be written as P~'m; = s; + n; with
s; a strictly proper rational vector and #n; a polynomial one. If y; > 0 then #; is
non-zero and has degree y,, otherwise it is zero and the smallest difference in
denominator and numerator degree in the elements of s; is |g;|.

If we indicate by y the components of w corresponding to P, by u the re-
maining ones and by —Q the corresponding columns of R, the equation can be

written as P(g)y = O(Gu + P(§)s:(5)fi + P(@n(§)fi or P(§)y = O(Hu+
P()s;(L)f; + P(S)h; with h; = n;(3)f; € ¢*. Because P is full row rank it fol-
lows from Theorem 1 and Corollary 4 that u, f;, h; can be chosen freely in the
equations.

u can thus be chosen freely, therefore also 4*. From Theorem 3.3.13 of [3]
and the fact that P~'Q, P~'PS; and P~'P are all proper rational functions,
follows that if u, > 0 than y will be as smooth as /;, therefore %*. If y1; < 0 then
N; is zero and, again by the same theorem, it follows that y will be |y,| time
smoother than f, thus still &*.

The same argument shows that if we had taken f such that f; =0, j # i and
fi € €7 then w ¢ €*, thus proving that (u;,...,u;, —1,...,u.) does not
belong to J, therefore that (y,...,u,) is the smallest element in J.

Proof of Theorem 15. By Theorem 1 B, can be described as all (f,s) solving
equations F($)f = L($)s for suitable polynomial matrices F and S. These
equations are easily seen to be solvable as a consequence of solvability of
R($)w =M (4)f. One can then define the sets

. d d d
~ _ . k+j—1 . - — o [ -~ k
\si—{jezwhe(g EIw.R(dt>w ml<dt)hand5(dt>we(6}

and, applying the definition of manifest behavior, verify that y, = min J; with
t= (1, .., ;) the multi-index of F($)f = L($)s. Applying Definition 6 and
the arguments from Theorem 7 if follows that f; € C* if and only if
s € C°(R, R®).

Proof of Lemma 16

=) Trivial.

<) In order to prove this implication we use the concept of state map and
state representation introduced in Definition 18.

Because of the smoothness assumption on f we know that a continuous
solution w exists; we now need to show that we can find one satisfying
w(0) = a.

Assume, without loss of generality, that R = [P — Q] with P square and
having maximal determinantal degree among all square minors of R. Ac-
cordingly, let w = (y,u) and a = (a;,a,). Also assume that M = PV + PZ with
V' a matrix of strictly proper rational functions and Z a polynomial matrix.
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This can always be achieved by writing the matrix of rational functions P~'M
as the sum of a polynomial matrix Z and a matrix of strictly proper rational
functions V. The equation R($)w = M($)f can then be rewritten as

P<i>eQ<§t)u+P<§t>V(§t>f (12)

with e =y —z and z = Z($)f.

As discussed in the proof of Theorem 7 the variables u are free in the above
equations. Therefore u can be taken a continuous function satisfying the initial
constraint u(0) = a,. Now let [X; X, X;] induce a minimal state map for
ker[P($) —0() —P(£) V($)]. As a consequence of P~'Q and Z being
matrices of proper rational functions, it can be shown that a state represen-
tation of (12) can be found having the form

d
5x:Ax+Bu—|—Ef, y=Cx+Du+:z (13)

withz=27 (%) / and with 4, B, C, D, E suitable real matrices. Notice that under
the given smoothness hypothesis on f, z is a continuous function.

Given any distributions u and f, and any vector x, the distribution
x(t) = e'xo + [y " (Bu(z) + Ef(r))dt is a solution to $x = Ax + Bu + Ef.
Assume now we choose any continuous u# and any f which satisfies the
smoothness assumptions of the theorem; then y = Cx + Du +z withz =7 (%) ¥
is a continuous function whose value at ¢ =0 is y(0) = Cxo + Du(0) + z(0)
(notice that x need not be continuous even if f satisfies the required smoothness
assumptions; Cx, however, will be continuous).

We now proceed to show that, under the given assumptions, we can always
find an xy such that Cxy = a; — Da, + z(0) and thus that we can always find a
solution which also meets the initial constraint on y. Classical linear algebra
tells us that in order to do this we need to show that whenever £ is a real vector
of suitable dimension such that kTC = 0 then kTa; — k"Da, — k'z(0) = 0.

As a consequence of [X; X, X;] inducing a minimal state map for
ker[P($) —0() —P(%) V(£)], we can conclude that there exists a poly-
nomial matrix G of suitable dimensions such that [/ —-D 0]=
Clx1 X X;]+G[P —Q —PV]. Assume now that k is a real vector such
that kTC = 0. This implies kTGPV =0 and [k" —k"D]=k'G[P —Q]. By
the hypothesis of our theorem, with nT = [kT —kTD] and 5T = kTG, the last
statement also implies kTa; — k"Da, = (K"G($)M($)£)(0). Write, as above,
M =PV + PZ, use k"GPV = 0 and k" = k"GP to obtain (kK"G($)M($)/)(0) =

dr
k"z(0) and thus the statement.
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Proof of Theorem 17. =) Trivial.
<) We are looking for an element (w, f) € ker

f(a) (a)

with f given and such that S($)w(0) = Ta. This is equivalent to looking for a

—~
o 2a

RHE) —Mm4 0
(w,f,s) € B, = ker [S(Zl’; 0( ) "y

where f is given and s(0) = Ta. As at the end of Section 4, we can consider B,
as the full behavior of a latent variable representation with latent variables w
and manifest variables (f,s). Let 8 = ker[F($) —L(£)] for suitable matrices
L € R™® F € R™f be the manifest behavior. The problem is to find (f,s) € B
with f given and s(0) = Ta.

Since R($)w = M (&) f is solvable, so is L()s = F(4)f. Moreover because of
the smoothness hypothesis on the given f, a continuous solution s exists. Now
apply Lemma 16, and conclude that a continuous solution s satisfying
5(0) =Ta exists if and only if (n€R® keR[], n" =k"L)= (n"Ta =
KN (§F (5)1(0)).

Since B is the manifest behavior corresponding to B, the elimination
theorem shows that there exist polynomial matrices Ry, M|, M, such that the
transpose of the rows of

(R —M 0]
S 0 I

generate the same module 9t as the transpose of the rows of

(R, M, M,]
|0 F —L|

In particular, given n € R® there exists & € R"[¢] such that n" = k"L if and
only if [0 kTF x"]" € Mt and thus if and only if there exists b € R?[¢] such
that n'S = bR and kTF = —b"M.

The condition (n € R®, k € R'[¢], n" =k"L) = (n"Ta = k" ($)F($)/(0)) is

therefore equivalent to (ne€ R®, b e R’[{], n" =b'R) = (n"Ta = b"($)M x
(£)/(0)), and the claim is proven.
Proof of Theorem 19. From Theorem 17 we know that condition 2 is necessary
and sufficient for existence of a solution. Therefore we now have to prove that
conditions 1 and 3 are necessary and sufficient for uniqueness. By linearity this
is equivalent to showing that they are necessary and sufficient to ensure that
R($)w =0 and S($)w(0) = 0 only admits w = 0 as a solution.
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=) Recall we are working under the assumption that R is a full row rank
polynomial matrix. The fact that R needs to be square then follows since
otherwise the variables w would contain free components, thus contradicting
uniqueness.

Now let X € R™"[¢] induce a minimal state map for ker(R($)); it can be
shown that the corresponding state representation has the form %x—Ax
w = Cx for suitable real matrices 4 and C. Because x = X ($)w we conclude that
w =0=x=0 and, in particular, x(0) = 0; vice versa the only solution to
—x = Ax satisfying x(0) =0 is x = 0, implying w = 0. We can thus conclude
that w=0<+=x(0)=0.

From the fact that there exists a unimodular matrix U such that

R 0 Loy —C
|:X _[an:| N U|: 0 élnxn _A:|

it also follows that there exists a real matrix # and a polynomial matrix Y such
that § = WX + YR. The solutions to R($)w = 0 satisfying S($)w(0) = 0 corre-
spond to those that satisfy Wx(0) = 0. Because this equation has to admit
x(0) = 0 as the unique solution, we conclude that W is injective. From Chapter
6 it follows that S induces a state map for ker(R($)).

<) If G is square and S induces a state map for ker(G(£)) it follows from the
definition of state that trajectories which satisfies G(&)w = 0 and S(£)w(0) =0
need to satisfy $x = Ax, w = Cx, x(0) = 0 for $£x = Ax, w = Cx a state repre-
sentation of ker( (&)). It is trivial that the only trajectory for the variables w
which satisfies $x = Ax, w = Cx, x(0) =0 is w = 0.

8. Conclusions

In this paper we have discussed the problem of simulating trajectories of
dynamical systems. The models we have considered are described by linear
differential equations of arbitrary order. The three key issues we have ad-
dressed have been those of solvability of the equations, smoothness of solutions
(i.e. index) and compatibility of initial conditions. These problems have been
classically addressed for first order differential equations and we show how they
can be defined in the more general case we are looking at.

The section dedicated to computational algorithms shows how the proce-
dure of analyzing properties of a model and numerically simulating its tra-
jectories can be tackled with help of standard existing software (e.g. Matlab
and related toolboxes).
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