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Abstract

The behavioral approach provides a mathematical language for the modelling of systems, particularly dynamical
systems. Anintroduction to behaviors is given, with emphasis to interconnected systems. This is viewed as consisting
of modules, combined with an interconnection architecture. The latter is formalized as a graph with leaves. The
elimination theorem is discussed. This allows to obtain behavioral equations involving only manifest variables,
starting from models that contain also latent variables. Subsequently, the notions of controllability and observability
are cast in this setting. © 2000 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

The purpose of this presentation is to outline the basics of a mathematical language for the modelling,
analysis, and the synthesis of dynamical systems. The framework that we will present considers the
behaviorof a system as the main object of study. This paradigm differs in an essential way from the
input/output paradigm which has dominated the development of the field of systems and control in the
20th century. This paradigm-shift calls for a reconsideration of many of the basic concepts, of the model
classes, of the problem formulations, and of the algorithms in the field.

We will concentrate of a few main themes:

The basic motivation, in the context of modelling, of the conceptual framework that is used.

The role of latent variables as they emerge from modelling interconnected systems.

A discussion of system representations, mainly in the context of systems described by differential
equations.

The notions of controllability and observability in this new setting.

The formulation of control questions and issues of implementation and design.
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This article sketches a mathematical framework that allows to discuss systems in interaction with their
environment. However, it is not the purpose to develop mathematical ideas for their own sake. To the
contrary, we will downplay mathematical issues throughout. The main aim is to convince the reader that
the behavioral framework is a cogent systems theoretic setting that properly deals with physical systems
and that approaches modelling as an essential motivation for choosing appropriate concepts.

The behavioral approach is discussed, including the mathematical technicalities, in the recent textbook
[1]. A very early reference that contain some of the (immature) ideas is [2]. The three part paper [3-5]
provides the first detailed presentation of the behavior framework. It has been further elaborated in [6]
and in [7]. This latter reference contains a comprehensive overview. In [8], control is discussed from this
perspective. Finally, we mention the article [9] where many of these results are generalized to partial
differential equations. Informal expositions of the behavioral approach can be found in [10].

2. The behavior

The framework that we use for discussing mathematical models views a model as follows. Assume
that we have a phenomenon (i.e. a set of outcomes) that we try to model. Nature (i.e. the reality that
governs this phenomenon) can produce certain outcomes. The totality of these possible olteforees (
we have modeled the phenomenon) forms dsetalled theuniversumA mathematical modekstricts
the outcomes that a model declares possible to a stbsel; B is called thebehaviorof the model.

We often refer taU, B) as a mathematical model.

In the study of dynamical systems we are, more specifically, interested in situations where the outcomes
of the phenomena are signals, i.e. maps with independent variables (time, or space, or time and space)
and dependent variables (the space where the signals take on their values). In this case the universum is
therefore the space of all maps from the set of independent variables to the set of dependent variables. It
is hence convenient to distinguish these sets explicitly in the notati(guggesting ‘time’) for the set of
independent, an® for the set of dependent variables. Whence we defiuhamical systeras a triple

= (W, T, B) with B, the behavior, a subset BT, (WT is the standard mathematical notation for the
set of all maps fronT to W).

We give a couple of examples. In the first and tHitds time only, while in the second example,
Maxwell's equationsT involves time and space.

1. Newton’s second lawnposes a restriction that relates the positjoaf a point mass and the force
F acting on it. This relation i = md?/dt?g, with m the mass. This is a dynamical system with
T = R, W = R® x R3 (typical elements of3 are,w = (g, F)q. R — R® x R®) and behavio3
consisting of allmaps € R — (g, F)(t) € R3 x R3 that satisfyF = md?/dr?g. We will not specify
the precise sense of what it means that a function satisfies a differential equation.

2. Maxwell’'s equationprovide a typical example of a distributed dynamical system with many indepen-
dent variables. They describe the possible realizations of the ficliisx R® — R3, B: R x R3 —
R3, j: R x R® — R3, andp: R x R® — R. Maxwell's equations are

.1
V-F=—p,
&
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-

V-B =0,

2 - 1 v 8 d

c“VxB=—j+ —F,

€0 ot
with g the dielectric constant of the medium astdthe speed of light in the medium. This defines
the systemR x R3 R3 x R® x R® x R, B), with B the set of all fieldg F, B, j, p): R x R® —
R3 x R® x R3 x R that satisfy Maxwell's equations.

3. Kepler's lawsdescribe the possible motions of the planets in the solar system. This defines a dynamical
system withT = R, W = R3, and the set of maps: R — R3 that satisfy Kepler's laws: the paths
w must be ellipses ifR3 with the sun (assumed in fixed position, say the origifiR&y in one of the
foci; the radius vector from the sun to the planet must sweep out equal areas in equal time, and the
ratio of the period of revolution around the ellipse to the major axis must be the sameuics adl5.

These examples fit perfectly our notion of a dynamical system as aFipte(T, W, B) with B € WT,

Of course, the first two examples could be thought of as input/output systems. This already requires some
goodwill in the case of Newton’s second law in order to avoid a debate of causality in mechanics. Butitis
inappropriate to force Maxwell’'s equations (where there are also free variables in the system: the number
of equations, eight, being strictly less than the number of variables, 10) into an input/output setting.

First principles laws in physics always state that some outcomes can happen (those satisfying the model
eguations) while others cannot happen (those violating the model equations). This is a far distance from
specifying a system as being driven by free inputs which together with an initial state (whatever that is
meant to be) specifies the other variables, the outputs. The behavioral framework treats a model for what
it is: an exclusion law.

3. Interconnections and latent variables

Systems, especially engineering systems, usually consist of interconnections of subsystems. This fea-
ture is crucial in both modelling and design. The aim of this section is to formalize interconnections and
to analyze the model structures that emerge from it. We assume throughout finiteness, i.e. we assume that
we interconnect a finite number of systems, each with a finite number of terminals, etc.

The building blocks of an interconnected systemsygtems with terminal&€ach of these terminals
carries variables from a universum, and the laws that governs the system are expressed by a behavior that
relates these variables. Formally, a system 8§ Witerminals has a behavifCc U = Uy x Uy x - - - x Us.

If (u1,uo,...,ur) € B, then we think ofy;, € U, as the variables realized at thih terminal.

As an example, consider an electrical component. We view this as an device that can interact with
its environment through wires. These wires are the terminals. With each terminal we associate two real
variables, the potentidl and the current (agreed to be positive when electrical current flows into the
device). The laws of the device specify the behavior which will thus be a siibeéthe universum
R? x R? x --- x R? = (R?T, whereT denotes the number of terminal wires. Usually, the beha$ior
will have to satisfy certain restrictions in order for it to qualify as the behavior of an electrical device.
For exampleKirchhoff's current lawandKirchhoff's voltage lawThese can be expressed as stating that
((V1, 1), ..., (Vr, Ir)) € Bmustimplyly + Io+---+Ir =0and((Vi+a, 1), ..., (Vr +a, I7)) € B
for all « € R. There may be other requirements, as passivity, etc. but these will not concern us here.
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For a thermal terminal, the terminal variables are the heat flow and the temperature. For a mechanical
system, the terminal variables are position, and attitude, force and momentum (but it is much more
involved to formalize interconnection in this case).

An interconnected system is specified by these subsystems, its building blocks, and by an interconnec-
tion architectures. The notion obgaph with leavesppears to be the appropriate concept for formalizing
an interconnection architecture. o

A graph with leavess defined by three (disjoint) setd, E, L), and two mapse, £);e: E — N?, (N2
denotes the set of unordered pdit§ »n”} with n’, n” € N) and¢: . — N. The set ofN consists of the
nodesE of theedgeslL of theleavesif e(a) = {n’, n”}, then the edge connectdhe nodes’ andn”;
if £(8) = n, then the leaves is attachedo the nodex.

In associating a graph with leaves with an interconnection architecture, the nodes correspond to subsys-
tems with terminals. These are the building blocks that are being connected. Edges that are connected to
specific node and leaves that are attached to it, correspond to the terminals of the subsystem in that node.
An edge signifies that the corresponding terminal of one subsystem is connected to the corresponding
terminal of another (or in the case of a loop, that two terminals of the same system are connected). The
leaves signify that the attached terminal is not connected and that it therefore serves as a terminal for the
interconnected system.

It is assumed that by interconnecting two terminals by means of an edge, one imposes a restriction on
the variables associated with these terminals. For example, if termwéh variablesu,, is connected
by an edge with termina with variables:,,, we assume that a restriction is imposed on the@airu,,).

For instance, if; andz, are both electrical terminals, this restrictionVis = V,,, I,, + I,, = 0. If they

are thermal terminals, this restrictiondg + ¢, = O (the heat flows are opposite) afig = 7;, (the
temperatures are equal). Similar, but more complex, interconnection constraints can be formulated for
mechanical connections, etc.

In an interconnection architecture there will usually also be the constraint that edges can only connect
terminals that are of the same type (both electrical, both thermal, both mechanical, etc.). Also, a typical
system that serves as a building block will have terminals of different type (a motor has electrical and
mechanical terminals). However, we do not pursue these ideas here.

The behavior defined by an interconnected system is specified as follows. Its universumieguals
Uy, x -+ x Uy, , wherell = (¢4, ..., £,) is the set of leaves. The behavior is specified by the behavior
of system in the nodes and by the edges. The variables on the terminals connected to a node and the
leaves attached to it, must satisfy the laws of the subsystem associated with that node. The variables on
the terminals of an edge must satisfy also the interconnection law resulting from the connection.

Theresulting behavids c Uy, x- - -xU,, ofthe interconnected systemis therefore specified in terms of
the behavior®,,, ..., B,, of the system in the nodes, and the interconnection constraints. The important
thing is that the specification éfinvolves not only the variables on the leaves, but also those on the edges.

This presence of auxiliary variables in a model is basically an invariant of a first principles modelling
procedure: in such a model there will essentially always be auxiliary variables involved in order to
specify the laws of the system. It is therefore important to incorporate these auxiliary vaehligso
in a modelling framework. This leads to the notion of a model witimifestariables (the variables that a
model aims at) ankhtentvariables (variables that have been introduced in the modelling process). Hence,

a mathematical model with latent variablesdefined as a tripl€U, L, Bz ) with U the universum of
manifest variabledl. the universum of latent variables, aBd; € U x L the full behavior. It induces
themanifest system@J, B), with B = {u € U|3¢ € L such thatu, £) € B }-
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A dynamical system with latent variablesdefined completely analogously @B, W, L, Bsy) with
B € (W x L)T. The notion of a dynamical system with latent variables is the natural end-point of a
modelling process and hence a very natural starting point for the analysis and synthesis of systems. We
shall see that latent variables also enter very forcefully in representation questions.

Interconnected systems provide the prime example of the usefulness of behaviors and the inadequacy
of input/output thinking. Even if our system, after interconnection, allows for a natural input/output
representation, this is unlikely be the case of the subsystem and of the interconnection architecture. If
the field of systems and control wants to take modelling seriously, is should retrataushpasof
input/output thinking and cast models in the language of behaviors.

4. Differential systems

The ‘ideology’ that underlies the behavioral approach is the belief that in a model of a dynamical
(physical) phenomenon, itis the behaviri.e. a set of trajectories: T — W, that is the central object
of study. However, as we have seen, in first principles modelling, also latent variableakeimtigo. But,
the set3 or By of trajectories must be specified somehow, and it is here that differential (and difference)
equations enter the scene. Of course, there are important examples where the behavior is specified in
other ways (for example, in Kepler's laws for planetary motion), but differential equations are certainly
the most prevalent specification of behaviors encountered in application§. £0R, and in the case
without latent variabled3 then consists of the solutions of a system of differential equations as

7 d davy . d davy
1 w,dtw,...,dth = f w,dtw,...,dth .

We call these itdifferential systems. In the case of systems with latent variables these differential equation
involves both manifest and latent variables. Foe R”, this leads to partial differential equations.

Of particular interest (at least in control, signal processing, circuit theory, etc.) are systems with a signal
space that is a finite-dimensional vector space and behavior described by linear constant—coefficient dif-
ferential equations. A-D linear time-invariant differential systeima dynamical syster® = (R, W, B),
with W a finite-dimensional (real) vector space, whose behavior consists of the solutions of

d
Rl—=)w=
(dt)w 0,

with R € R**°[£], a real polynomial matrix. We call this kernel representatiof the associated
linear time-invariant differential system. Of course, the number of colummg @juals the dimension
of W. The number of rows oR, which represents the number of equations, is arbitrary. In fact, when
the row dimension oR is less than its column dimension, as is usually the dégg/dg)w = 0 is an
under-determined system of differential equations which is typical for models in which the influence of the
environment s taken into account. The precise definition of what we consider a solui¢dyolf )w = O
is an issue that we will slide over.

The analogue for systems with latent variables, leads to

i Gy A, AN d Y A
1 w,dtw,...,dth, gt Gy = f> w,dtw,...,dth, g gt
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relating the (vector of) manifest variablego the (vector of) latent variablésin the linear time-invariant
case this becomes

#(a)r=m(5)

with R andM polynomial. Define thenanifestbehavior of this system as

|3¢ such thatR d =M d 14
v ar )V = dr '

We call the above differential equation involviaglatent variablerepresentation of the manifest behavior
B. The question occurs whethBrcan be described by a linear constant coefficient differential equation.
This is the case indeed.

Theorem 1. For any real polynomial matriceéR, M) with rowdim(R) = rowdim(M), there exists a
real polynomial matrixR’ such that the manifest behavior 8(d/dr)w = M (d/dt)¢ has the kernel
representatiork’(d/dr)w = 0.

The above theoremis called tbimination theoremits relevance in object-oriented modelling is as fol-
lows. As we have seen for the simple electrical circuit discussed in the previous section, a model obtained
this way usually involves very many variables and equations, among them many algebraic ones. The elim-
ination theorem tells us that the latent variables may be eliminated, and (in the case of linear time-invariant
differential systems) that the number of equations can be reduced to no more than the number of manifest
variables. Of course, the order of the differential equation goes up in the elimination process.

5. Controllability

An important property in the analysis and synthesis of dynamical systems is controllability. Control-
lability refers to be ability of transferring a system from one mode of operation to another. By viewing
the first mode of operation as undesired and the second one as desirable, the relevance to control and
other areas of applications becomes clear. The concept of controllability has originally been introduced
in the context of state space systems. The classical definition runs as follows. The system described by
the controlled vector-fieldd/dr)x = f(x, u) is said to be controllable Wa, b, ,3u andT > 0 such
that the solution tqd/dt)x = f(x, u) andx(0) = a yieldsx(T) = b. One of the elementary results of
system theory states that the finite-dimensional linear systigdr)x = Ax+ Buis controllable if and
only if the matrix [B AB A2B ... AYM®)~1B] has full row rank. Various generalizations of this result to
time-varying, to nonlinear (involving Lie brackets), and to infinite-dimensional systems exist.

A disadvantage of the notion of controllability as formulated above is that it refers to a particular
representation of a system, notably a state space representation. Thus a system may be uncontrollable
either for the intrinsic reason that the control has insufficient influence on the system variables, or because
the state has been chosen in an inefficient way. It is clearly not desirable to confuse these reasons. In
the context of behavioral systems, a definition of controllability has been put forward that involves the
system variables directly.

Let ¥ = (T, W, B) be a dynamical system wiffi = R or Z, and assume that is time-invariant, that
iso’B = Bforallr € T, whereos' denotes the-shift (defined by(o’ )(#') = f(' + t)); X is said to
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be controllableif for all wq, wo € B there exist& € T, T > 0 andw € B such thatw(¢) = w(¢) for
t < 0andw(t) = we(r — T) forr > T. Thus controllability refers to the ability to switch from any one
trajectory in the behavior to any other one, allowing some time-delay.

Two questions that occur are the following: what conditions on the parameters of a system representation
imply controllability? Do controllable systems admit a particular representation in which controllability
becomes apparent? For linear time-invariant differential systems, these questions are answered in the
following theorem.

Theorem 2. Let ¥ = (R, R, B) be a linear time-invariant differential system. The following are

equivalent:

1. X is controllable;

2. The polynomial matrixR in a kernel representationR(d/dr)w = 0 of B satisfiesrank
(R(A)) =rank(R) for all A € C;

3. The behaviof5 is the image of a linear constant—coefficient differential operator, that is, there exists
a polynomial matrixM € R***[£] such thatB = {w|w = M (d/dr)£ for somet}.

There exist various algorithms for verifying controllability of a system starting from the coefficients of
the polynomial matrixR in a kernel (or a latent variable) representatiorEqfout we will not enter into
these algorithmic aspects.

A point of the above theorem that is worth emphasizing is that, as stated in the above theorem, control-
lable systems admit a representation as the manifest behavior of the latent variable system of the special
form

—w(2)e
w = i)t

We call this arimagerepresentation. It follows from the elimination theorem that every system in image
representation can be brought in kernel representation. But not every system in kernel representation can
be brought in image representation: it is precisely the controllable ones for which this is possible.

The controllability issue has been pursued for many other classes of systems. In particular (more difficult
to prove) generalizations have been derived for differential-delay [12,14], for nonlineasDfgystems
[11,13], and, as we will discuss soon, for PDE’s. Systems in an image representation have received much
attention recently for nonlinear differential—-algebraic systems, where they are referrdthtegstems
[15]. Flatness implies controllability, but the exact relation remains to be studied.

The controllability issue has been pursued for many other classes of systems. In particular (more
difficult to prove) generalizations have been derived for differential-delay, nonlinean-Bnslystems,
and, as we will discuss soon, for PDE’s. Systems in an image representation have received much attention
recently for nonlinear differential—algebraic systems, where they are referreabstems. Flatness
implies controllability, but the exact relation remains to be studied.

6. Observability

The notion of observability is always introduced hand in hand with controllability. In the context of
the input/state/output syste(d/d)x = f(x,u), y = h(x,u), it refers to the possibility of deducing,
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using the laws of the system, the state from observation of the input and the output. The definition that
is used in the behavioral context is more general in that the variables that are observed and the variables
that need to be deduced are kept general.

Let ¥ = (T, W, B) be a dynamical system, and assume ais a product spacé¥y = W; x W,.
Thenw; is said to beobservablerom w; in X' if (wy, w)) € B and(wy, wy) € Bimply w, = wj.
Observability thus refers to the possibility of deducing the trajectgrirom observation ofv, and from
the laws of the systenit3(is assumed to be known).

The theory of observability runs parallel to that of controllability. We mention only the result that for
linear time-invariant differential systems;, is observable fromw, if and only if there exists a set of
differential equations satisfied by the behavior of the system of the following form that puts observability
into evidencew; = R, (d/df)ws.

7. Distributed systems

We now explain the generalization of some of the above concepts and results to constant—coefficient
PDE's. Define aistributed differential systeras ann-D systemX = (R", R*, B), with behavior3
consisting of the solution set of a system of partial differential equations:

0 0
Rl—,...,— Jw=0,
0x1 0x,

viewed as an equation in the functions
(X1, ..., x) =x € R" > (w1 (x), ..., wy(x)) = wx) € R¥.

Here,R € R**¥[&y, ..., &,] is a matrix of polynomials iR[&4, ..., &,]. Important properties of these
systems are thelinearity (meaning thaf3 is a linear subspace gR*)®"), andshift-invariancelmeaning
o*B = Bforall x € R", wheres* denotes the-shift, defined byc* f)(x') = f(x’ + x)). We call the
above PDE &ernel representationf thisn-D system.

For distributed differential systems with latent variables, this leads to equations of the form

0 0 d d
Rl—,....,—Jw=M{——"701\...,— | £,
ax1 ax,, 0x1 0x,

with R and M matrices of polynomials ifR[&q, ..., &,]. This equation relates the (vector of) manifest
variablesw to the (vector of) latent variable’s Define thefull behaviorof this system as

Biul = {(w, £)| the PDEN(w, £) holdsg
and themanifest behavioas
B = {w| 3¢ such thatw, £) € B}

We call the PDE with latent variableslaent variablerepresentation oB. The question again occurs
whetherB5 can itself be described by a set of PDE’s. This is the case indeed.



J.C. Willems/Mathematics and Computers in Simulation 53 (2000) 227-237 235

Theorem 3. For any pair of real matrices of polynomial®, M) in R[&1, &, ..., &,] withrowdim(R) =
rowdim(M), there exists a real matrix of polynomial®' in R[&y, &, ..., &,] such that the manifest
behavior of53 has kernel representatioR’'(3/0x1, ..., d/dx,)w = O.

As an illustration of the elimination theorem, consider the eliminatio® aind p from Maxwell’s
equations. The following equations describe the possible realizations of theHield :

9 - - 92 - 9 -
—V.F+V.j=0, —F 2VxVxF+—j=0.
8081‘ —+ ] 808t2 + &oc X X —+ Bt]

Note that it follows from the elimination theorem that the manifest behavior of a system in image
representation, i.e. a latent variable system of the special form

w:M<i ..,i)e ()

ax1 0x,

can be described as the solution set of a system of constant coefficient PDE’s. Whence, every image
of a constant coefficient linear partial differential operator is the kernel of a constant coefficient linear
partial differential operator. However, not every kernel of a constant coefficient linear partial differential
operator is the image of a constant coefficient linear partial differential operator. The following theorem,
obtained in [9], shows that it are precisely the controllable systems that admit an image representation.

Theorem 4. The following statements are equivalent for systems described by constant coefficient linear
PDE’s:

1. B defines a controllable system

2. B admits an image representation,

3. The trajectories of compact support are dens&in

It can be shown that Maxwell’'s equations define a controllable distributed differential system. Note
that an image representation corresponds to what in mathematical physics is qaitedtsal function
with ¢ the potential and/(d/9x4, ..., d/0x,), the partial differential operator that generates elements
of the behavior from the potential. An interesting aspect of the above theorem therefore is the fact that
it identifies the existence of a potential function with the system theoretic property of controllability and
concatenability of trajectories in the behavior. In the case of Maxwell’'s equations, an image representation
is given by

- a—>

F=——A-Vog,
at ¢

E=VX1K,

s 32_, 272
J:SOﬁA—SOCVA
8082 2
= 0% 4 V2,
P= 2372 oV

whereg: R x R3 — Ris ascalar, and: R x R — R3a vector potential. Note that Maxwell's equations
consist of eight equations in 10 variables. It turns out that the number of free variables is three. In the
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above image representation there are four free latent variables. This can actually be reduced to three, say
by putting one component af to zero. A more elegant way of reducing the freedom in the latent variables

is by imposing agauge for example, restrictingt and¢ to satisfyc?V - A 4+ 3/9t¢ = 0. Imposing this

gauge retains the symmetry, but the resulting set of equations yields a latent variable representation of
the behavior, not an image representation.

For distributed differential systems; is observable fronw, if and only if there exists a set of annihi-
lators of the behavior of the following form that puts observability into evidemgex R,(9/0x1, ..., 9/
dx,)wy, With R, € RIMwoxdimw2e, = £ 1 We call a latent variable representation of the manifest
behaviorobservabléf ¢ is observable fronw in its full behavior. We call itveakly observabléf to every
w € B of compact support, there corresponds a unigjtiet is also of compact support.

For 1-D systems it is easy to show that every controllable linear time-invariant differential behav-
ior B admits an observable image representation. This, however, does not haldfgystems, and
hence the representation of controllable systems in image representation (i.e. with potential functions)
may require the introduction of latent variables that are ‘hidden’, in the senséf{tgx,, ..., d/
dx,)¢ = 0 has solutiong # 0. This means that however one represents a controllable betavior
of a PDE asw = M(9/dxy,...,3/3x,)¢, there may not exist a € RY*°*[&,..., &,] such that
w = M(d/dx1,...,09/9x,)¢ implies¢ = N(d/dxy,...,d/dx,)w. The latent variables do not be re-
coverable from the manifest ones by a ‘local’ differential operator. However, locally observable image
representations always exist.

For example, the image representation of the behavior defined by Maxwell's equations in terms of
the vector potential field and the scalar potential, is not observable (neither is the latent variable
representation obtained after imposing the gauge, but then the resulting latent variable representation is
weakly observable). In fact, Maxwell's equations are an example of a controllable system that does not
allow an observable image representation.

8. Conclusions

In this paper, we have covered some highlights of the behavioral approach to systems and control. We
view a mathematical model as a subset of an universum. However, in engineering applications, models
are invariably obtained by interconnecting subsystems. This leads to the presence in mathematical models
of manifest variables (the variables whose behavior the model aims at) and latent variables (the auxiliary
variables introduced in the modelling process). Thus the central object in systems theory is a dynamical
system with latent variables.

Various problems occur in this framework. For example, the elimination problem: obtaining differential
equations for the manifest behavior that contain only the manifest variables. Further, the state space repre-
sentation problem: obtaining a special latent variable representation in which the latent variables capture
the memory of a system. There are many other representation questions, related to image representations,
to input/output representations, etc.

In the behavioral framework, the concept of controllability becomes an intrinsic systems property re-
lated to concatenability of system trajectories. In the context of latent variable systems, observability
refers to the possibility of deducing the latent variables in a system from observation of the mani-
fest variables. In this way, these important concepts are extended far beyond the classical state space
setting.
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We view control as the design of a subsystem in an interconnected system, a subsystem that interacts
with the plant through certain pre-specified variables, the control variables. For a linear time-invariant
differential plant, it is possible to prove that a behavior is implementable by a linear time-invariant
controller if and only if its behavior is wedged in between the hidden behavior and the realizable plant
behavior.

The pre-occupation of systems and control with input/output systems does not do proper justice to the
nature of physical systems: most physical systems are simply not a signal processors. Notwithstanding
the importance of signal processors, the universal view of a system as an input/output device is simply a
faux pas And an unneccesary one at that: the behavioral approach offers a viable alternative.
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