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ABSTRACT

A new definition of state for N-D systems is given in a noncausal context. This
definition is based on a deterministic Markovian-like property. It is shown that, for the
particular case of (AR) 2-D systems, it yields systems that can be described by a
special kind of first-order equations. The solutions of these equations can be simulated
by means of a local line-by-line computational scheme.

1. INTRODUCTION

The main motivation of this paper is to examine the concept of state for
N-D systems. However, for simplicity of exposition, we will concentrate
mainly on discrete 2-D systems. The theory of dynamical systems has been
mainly concerned with 1-D systems, with phenomena evolving in time. 2-D
systems have been introduced to describe phenomena depending on two
independent variables, often regarded as spatial variables, as in image
analysis.

Our approach to 2-D systems is inspired by some of the recent work [5] in
the area of 1-D dynamical systems. However, an important difference which
we will emphasize is the following. Whereas the 1-D systems considered in
[5] are defined over time, and have therefore a natural preferred direction
(namely forward time, past and future), we will not view 2-D systems as
having a preferred direction. In fact, when considering 2-D systems there are
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problems in which it is indeed natural to consider both, one, or none of the
independent variables as having a preferred forward direction. Just as in 1-D
systems, it may or may not be natural to introduce a preferred direction. All
these situations are valid. In this paper we will consider systems without
preferred directions, since we believe that most situations in image analysis or
with spatial coordinates are connected to this case. Note that this point of
view is rather different from many of the papers on 2-D systems, where a
sector of the plane is chosen as representing the “past”. Another difference
of our approach is that, as in [5], we will not take the input-output structure
as our initial vantage point. We will view a discrete 2-D system simply as a
family of functions defined on Z?2 and view the state as a convenient set of
latent variables.

Most of the contributions in the area of 2-D systems deal with 2-D
systems in input-output form and with state-space representations of these
systems. The main ideas in this field were introduced by Attasi [1], Roesser
[4], and Fornasini and Marchesini [2]. The theory of discrete 2-D systems
developed by these authors is based on the notion of 2-D causality with
respect to a prespecified (partial) ordering of Z2. It is in this context that, in
[2], a definition of a 2-D system in input-output form is given and state
concepts are introduced.

In this paper we will propose a new definition of discrete 2-D system as
well as a new concept of state. In this framework we will discuss the question
of statespace representations.

The paper is organized as follows.

In Section 2 we give a definition of 2-D system and specify the class of
systems to be considered in the sequel.

In Section 3 we introduce the notion of Markovian system.

In Section 4 we consider Markovian (AR) systems and present a theorem
on the representation of such systems. This constitutes the basic result of the
paper.

State-space systems are introduced in Section 5.

Finally, in Section 6 we discuss some aspects of the problem of simulating
2D systems in state-space form. We will pay special attention to the
recursive computation of solutions.

Concluding remarks are presented in Section 7.

All proofs are given in the appendix.

2. 2-D SYSTEMS

In this section we will define the class of linear, shift-invariant, and
complete 2-D systems and relate this class to the family of what we will call
autoregressive 2-D systems. The notions we introduce here are the 2-D
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analogues of the notions studied in [5] for 1-D systems. For generality, we
will start with a basic definition for an N-D system.

Derinrrion 2.1.  An N-D system is characterized by a parameter set
T CRY, a signal space W, and a subset B of WT which will be called the
behavior of the system. The system Z defined by T, W, and B is denoted by
S = (T, W, B).

The intuitive content of this definition is as follows. An N-D system is
defined by N independent variables taking their values in T C R". For 1-D
dynamical systems T is the time set. In image analysis T consists of the
spatial variables, usually R2, Z2, or {1,2,...,L}? (if we assume that the
images appear as L X L pixels), etc. The phenomenon which we are describ-
ing is specified by attributes which take their values in the space W. Often W
is the space RY: the phenomenon is described by g real-valued attributes. In
image analysis W may be the discrete set {0,1,...,k} if we assume k grey
levels, etc. Now, each realization of the phenomenon yields a trajectory
w:T —» W. We assume that the phenomenon is governed by certain laws.
These laws let us conclude that a certain trajectory can and others cannot
occur. This yields the behavior B C WT; B consists of those trajectories
compatible with the laws governing the phenomenon.

ExampLes. In [5, 6] many examples of 1-D systems are given. We will
now present two examples of 2- and 3-D systems.

1. Image processing. Let w,:Z%— R denote the unprocessed picture
and w,:Z%— R the processed picture. Assume that w, is a convolution
w, =G * w, of w, with G:Z%— R a specified kernel (think for simplicity of
G as having compact support) [that is, wy(k,)=2L} > Tr*_ G(k—-k,
- U)wk’,1")]. This defines a 2D system (Z%RZ% B) with B:=
{(wy, wy): 2% > R wy =G x w, ).

2. Maxwell’s equations. Consider the static version of Maxwell’s
equations:

p
vV-E=—,

€0

v XE=0,
v-B=0,
civ ><B=-!—,
€0

v-j=0, (M)
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where E:R?—R3 is the electric field, B:R® —> R® the magnetic field,
j:R®—>R?3 the electric current density, and p:R>— R the electric charge
density. V- denotes the divergence, v X the curl, ¢, the dielectric constant
of free space, and ¢ the speed of light. This defines the 3-D system
(R3R3XR3XR3XR, B) with B:= {(E,B,j,p):R>>R>XR3xR3X
R |(E,B,}j, p) satisfies (M)}.

In the sequel we consider only the special class of 2-D systems with
T =122 and W =RY, for some integer q.

DEFIntTION 2.2. Th2e 2D system Z=(Z2%R9 B) is linear if B is a
linear subspace of (R9)Z".

Of the many symmetries which one can study for dynamical systems,
time invariance is one of the most important and most elementary ones. For
2-D systems the analogous property is shift invariance. We will consider two
operators o, and o, on (R9)Z’, defined as follows. o,:(R?)%*— (R9)Z’
(i =1,2); o, associates with w:Z 2 — R a function o,w:Z%— RY such that
o,w(t, ty,)==w(t; +1,t,), and will be called the left shift; the action of the
down shift o, is given by o,w(t), t,) = w(t;, t,+1) V(t,,t,) € Z% The
operators o; ' and o, ! are respectively the right shift and up shift, and
of, of for k € Z are defined in the obvious way. Observe that the operators
o, and o, commute.

DerFinrtion 2.3, ==(Z%R9,B) is a shift-invariant 2-D system if
0B=3,i=12

Our examples 1 and 2 are both linear and shift-invariant.
In this paper we will consider the following class of 2-D systems described
by the behavioral equations involving the signal w and its shifts:

ks L
Y Y BRwk+k,l+l)=0 Vkilez,
k= —k UV=-1

where R, is a real g X q matrix for —k,<k'<k, and -1, <l'<l,.
Introducing the polynomial matrix in two variables R € R€*[s,, s7 %, s, 55 ]
defined by

R(Sl’ syt sg, 32_1) = > Ryystsh
I K
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allows us to write this behavioral equation as
R(oy, 01 05,0, Yw=0 (AR)

This defines the 2-D system 2 =(Z2 R B) with B =B(R):=
ker R(o,, 07 %, 05,05 ') and R(o,, 07", 05, 05 ') viewed as a map from (R?)%*
to (R&)Z’,

We will call the systems described by such behavioral equations 2-D AR
systems. (AR stands for auto regressive.) Thus each AR system (Z2,RY, B) is
described by a ge€N and a g)olynomial operator in two variables,
R(0,, 07,0505 1):(R)% - (R%)Z"

The 1-D version of AR systems has been studied in detail in [5]. It was
shown in particular that AR systems are characterized by linearity, time
invariance, and completeness (or equivalently, closure in the topology of
pointwise convergence).

A similar result holds, in fact, for 2-D systems. A subset of Z 2 of the form
I={(k,))eZ?k,<k<k, l <l<l,) for some —oo<k,<k,<+0c0,
- <! <l,<+ w0, is called an interval in Z2 If k,, k,, l;, and 1, are
finite, then we will call I a finite interval.

DerFiniTION 2.4, A shiftdnvariant 2D system ==(Z2%RY, B) is com-
plete if {w e B} o {w|; € Y|, for all finite intervals I C Z2}.

Our first result establishes the connection between the class of linear,
shift-invariant, and complete 2-D systems and the class of 2-D AR systems.

TueoreM 2.1.  Let = =(Z2 R, B) be a 2-D system. Then the following
conditions are equivalent:

(1) 2 is an AR system.

(2) 2 is a linear, shift-invariant, and complete system.

(3) B is a linear, shift-invariant, closed subspace of (R9)Z” equipped with
the topology of pointwise convergence.

Proof. See Appendix. .

ReEMark 1. It is important to remark that, whereas R(sj, sy, s5, 55 1)
uniquely determines B =kerR(0,,0, !, 05,05 '), there are for a given B
many polynomial matrices describing this behavior. Simply take R’=UR
with U any unimodular polynomial matrix [that is, U(s,,s;’, s,, 55 ) is
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square and det U(s,, s1 , Sgy Sg. y= 811822 for some d,,d, € Z]. Then clearly
ker R'(6,,0, %, 05,0, ) =kerR(o, 07,05, 0, 1).

ReMagrk 2. Contrary to the 1-D case (where we can always assure that

vaual ]_
the number g of scalar autoregressive equations necessary to describe a 1-D

AR system is not greater than ¢), nothing can be said about the number of
scalar 2-D AR equations which are necessary to represent a linear, shift-
invariant, and complete 2-D system. This is illustrated in the example below.

ExampLE.
Let
-1 —1
R(sl, $1 7, 8q, S )

= col[(s;+1)%(s5+1), (s, + D)8 (s +1)% ..., (5, + 1) (s, + 1)¢]

for some g €N, and consider the 2-D system X defined by £=(Z2R, B)
with 8B = ker R(0,, 01}, 05,05 1). It is not difficult to see that = cannot be
represented by less that g scalar 2-D AR equations.

3. MARKOVIAN SYSTEMS

Let 2= (T, W, B) be an N-D system. When would we want to call B a
“state” behavior, or, to borrow a term from the theory of stochastic processes,
when would we want to call £ “Markovian”? Is there a relation between B
being a state behavior and the fact that B can be described by behavioral
equations which are first-order in o, and o,? Those are the questions which
we will examine in the sequel of this paper. Because it is customary to do so
in mathematical system theory, we will use the notation X for the signal
space of a Markovian system. Also, we will concentrate on N-D systems
where the parameter set T is an interval of Z¥, that is, T = {(ky, ky,..., ky)
eZVli<k,<li,i=1,...,N} for some —ooc<li<li<+c0. However, all
definitions 1mmed1ate]y generalize to intervals in RY,

Let 2=(T,W,®B) be an N-D system, and let T'CT. Then Z|;., the
restriction of = to T', is defined by Z|;.:=(T’, W, B|;) with, as usual,
Bl = {w e WTPBwe B such that w|; =w'). Let T,,T,CT. Then we
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will say that B is (T, T, )-concatenable if

{wle Bz, wo € Blr, wilp,nr, = wszmTz} = {w1(T/\T )wze %ITIUTZ}'
1-42

Here w, A w, denotes the element w € W2 such that w|;, = w, and
(1), Ty)
W], = W,

For t' = (t{,t],....,t{)ELN, t"=(t]',ty,....t{)E Z", define the dis-
tance d(t’,t")=XN |t/ —t”|. We will call (t;,t,....t), ,€Z", i
{1,...,k}, a path if d(t,t,.)=1for i€ {l,....,k—1}. We will call it a
straight path if d(t,t,)=k—-1.

As an aside, observe the following relation between convex sets and
intervals. We will call T ¢ Z¥ convex if every straight path (¢,,...,¢,) with
t,,t, €T is completely contained in 7T, that, is t,€T Vie {1,...,k}. It is
easy to see that T is convex iff it is an interval.

Let T,,T,,T_ CZ". Then T, and T_ are said to be separated by T, if
each straight path (¢,¢,,...,t,) with ¢, €T, and ¢, €T_ must contain a
point t, € T, for some i € {1,..., k}. This is illustrated in Figure 1.

We now come to our crucial definition of the Markov property.

DerFiniTioN 3.1. Let T be an interval in Z». The N-D system X =
(T, X, B) is said to be Markovian if for all triples of subsets (T,,T,,T_),
T,,T,,T_ cT,suchthat T, and T_ are separated by T, there holds that B
is (T, UT,, T_ U T,)concatenable.

DT' [~

Fic. 1.
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Observe that

ProposiTioN 3.1.  Let T be an interval of Z~, T’ C T be a subinterval of
T, and Z=(T,X,B) be an N-D system. Then, if X is Markovian, so is
)

Let us now explain the intuitive content of the above definition. First
note that the crucial idea of state—given what is happening on the boundary,
then what can happen on one side and what can happen on the other side are
independent—is expressed by the concatenability condition of our definition.
Note however that (contrary to what is often done in the theory of Markov
2-D stochastic processes [7]) we do not require one of the sets T_ or T, to
be bounded. Such an assumption is in fact difficult to accept, since it is not
even required in 1-D systems. Second, note that the property expressed in
Proposition 3.1 is very much a part of our definition: we want the concaten-
ability property not only for partitions T, T, T_ of the whole parameter set
T=T,UT,UT_, but also for all triples T ,,T,,T_ with T, UT,UT_
possibly a strict subset of T. In fact, we shall see later on that one can restrict
the sets T, UT,UT_ for which we want the concatenability property of
Definition 3.1 to hold a great deal further, in particular to intervals, but in
any case it does not suffice to consider only partitions of T.

For 1-D systems it is easy to prove the following

ProposiTioN 3.2. Let 2=(T,W, B) be a 1-D dynamical system, with
T an interval in Z. Then X has the Markov property iff

{(w, w,€8, {, €T, wi(ty) = wy(ty)} = {wl/\wze%}.
o

Here w, Aw, denotes the element w of WT such that w)| _ =
1AW, (=00, 2] NT

wll(—oo,to]ﬁT and w|[¢0,w)nr = w2|[t(,,oo)nT'

Proof. See Appendix. [ ]

The upshot of this proposition is that for 1-D systems it actually suffices in
Definition 3.1 to look at sets T_ =T N(—o00,%,), Ty = {tx}, T, =T N(ty, o0).
In particular T_ U T,U T, = T. We would like to emphasize that such simple
partitions are not sufficient, for N-D systems with N > 1, to guarantee that a
Markovian system is describable by first-order behavioral equations. This is
shown in the following example.
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ExampLe. Let £=(Z%R,B) be the 2D system described by the
equations

(03 —0f—0,—~1)w=0,

0.

3
(01 0'2)1,0

It can be shown that, for every partition (T_,T,,T,) of Z?2 such that T,
separates T and T,, B is (T_ UT,, T, U T, )concatenable. However, the
above equations cannot be reduced to a first order description (i.e. to

equations involving only w, 6,1, 6, 'w or w, 6] 'w, 0,* lw).

For the sake of simplicity, from now on we will concentrate our attention
on discrete 2-D systems. We will first show that, for this particular case, it is
enough to restrict T, U T, UT_ in Definition 3.1 to a special kind of subsets
of T, namely elementary squares and lines.

A subset & of Z2 will be called an elementary square if & = {(t,,t,),
(., +1,8),(t, + 1,8, +1),(¢, £, + 1)} for some (¢,,t,) EZ% A line in T is a
subset & C T suchthat & = {(t",t")(t", t")=(t, t5) + 2(v,0,), 2€EZINT
for some (t,,t,) € Z* and (v,, vy) € {(0,1),(1,0)).

We will say that 2 =(T, X, B) (and B) are square-concatenable if Z|.
is Markovian for all elementary squares %. Analogously £ will be called
line-concatenable if 2|, is Markovian for all lines .. Further = (and B8) are
said to be squarecomplete if {w e B} & {wl, € B|, for all elementary
squares & C T }.

ProposiTioN 3.3. Let ==(Z% X, B) be a shift-invariant and complete
2-D system. Then 3 is Markovian iff ‘B is

(1) square-complete,
(2) square-concatenable, and
(3) line-concatenable.

Proof. See Appendix. [ ]

In [6] it is proven that a complete, time-invariant 1-D system 2 =(Z, X, B)
is Markovian iff it can be described by a behavioral equation which is
first-order, that is, iff there exists f: X X X >R such that {xe 8Bl
{ A(x(t + 1), x(¢)) = O for all £ € Z}. Proposition 3.3 allows to conclude that a
similar result holds for 2-D systems. In fact, square-completeness for = =
(Z2, X, B) means that there is f: X X X X X X X > R#& such that {(x € B} =
{(Ax(t, t), x(t, +1,6,), x(t; + 1, t, + 1), 2(¢, £, +1)) =0 for all (¢,¢,)€



1012 P. ROCHA AND J. C. WILLEMS

Z2). Moreover, squareconcatenability means that the four-point law ex-
pressed by f can be decomposed into two three-point laws in the following
way. There are f: X X X X X > R&, i =1,2,3,4, such that

{F(x(ty, t5), x(t,+1,85), x(8,+1, £, +1), x(t), t,+1)) =0 for all (¢, ,) € Z?}

filx(t,t), x(t, + 1, 8,), x(t;, 2, +1)) =0 and
=4
flx(t+1,t,+1), x(t, +1,8,), x(t;, t, + 1)) =0 forall (¢,,1,) € 22

flx(t,+1,8), x(¢,ty), x(t, +1,¢,+1)) =0 and
fulx(ti by +1), x(t, t5), x(t;+ 1, £, +1)) =0 for all (¢,,¢,) € 22

Thus, every complete, shift-invariant, Markovian 2-D system can be described
by pairs of 2-D first-order behavioral equations. Note however that, unlike for
1-D systems, the converse is not necessarily true, as the condition of line
concatenability must also be satisfied.

4. MARKOVIAN AR SYSTEMS

The fact that a complete, time-invariant 1-D system is Makovian iff it can
be described by first-order behavioral equations implies, in particular, that an
AR system Z=(Z,R", B) is Markovian iff there exists a first-order matrix
R(s)=Ry+ R;s such that 6 =8B(R). Thus, linear, time-invariant, and
complete Markovian systems are exactly those which can be described by
first-order equations

Rux(t+1)+ Ropx(t)=0 Vtez,

with Ry, R, € R&*" (it is always possible to choose g < n).
A similar result holds, it turns out, for 2-D systems. First, however, we will
prove some auxiliary results concerning square and line concatenability.

LemMa 4.1. Let ==(Z%R",B) be a squarecomplete AR system.
Then, if Z is square-concatenable, it can be described by a behavioral AR
equation Ex + Fo,x + Go,x + Ho0,x =0, where E,F,G,HcR&" are
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such that:

(1) [E F G H] has full row rank,
2) im(E)nim(H) = {0},
(3) im(F)Nim(G) = {0}.

Proof. See Appendix. [ |

Remark. Conditions 2 and 3 of the lemma express the fact that = can
be described by two pairs of first-order behavioral equations [i.e. equations of
the form (R, + R0} + Ry0)x =0, with j,i=1,—1 and R,, R,, R,€R'*"
for some positive integer I]. More concretely, condition (2) means that = can
be described by behavioral equations

(A + B, +Cpo,)x =0,
(Ag+Byo; '+ Coop )x=0 (BE)

for suitable real matrices A,, B;, C; (i = 1,2), while condition (3) means that
2 can also be described by

(A, + Byo,+ Cyoy V)x =0 (BE)

for some real matrices A,, B,,C, (i=1,2).

In order to characterize the line-concatenability of an AR system ==
(Z%,R", B), we will consider the horizontal and the vertical behavior of =.
These can be defined as follows. For ¢t € Z, denote by .#(¢) the horizontal
line Z(t):= {(¢,t)|t,;€Z} and by Z,(t) the vertical line Zy(t):=
{(t, tp)|t; € Z}. Clearly, as X is shift-invariant, B|g4,,, = B g, and Bl g,
=B g forall t€Z. Let B,=B|y and By:=B|y . Then B, and
B, are both subspaces of (R™)* and can be viewed respectively as the
behaviors of the 1-D “line” systems =, =(Z,R", 8,) and Z,:=(Z,R", B,).
We will say that B, is the horizontal behavior of =, while B, is its vertical
behavior.

Obviously, Z is lineconcatenable iff >, and 3, are Markovian. Thus

Lemma 4.2. Let S=(Z%R", B) be a square-complete AR system,
B, =By o) and B,y=Blg o, Then 2 is line-concatenable iff it can be
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described by behavioral AR equations of the form:

Ex+ Fox=0, (1.1)
Eyx 4+ Gyo,x =0, (1.2)
E;x + Fo,x + Gyo,x + Hyo10,x =0 (1.3)

such that (1.1) describes B, and (1.2) describes B,.

ExampLE. Let ==(Z2 R2 B) be the system described by the following
behavioral equations:

X, — 0px, =0 (2.1)
Xg—0)x;+ 0,x,=0 (2.2)

with x = col(x,, x5). (2.1) and (2.2) clearly imply that d/x, = x,. Therefore
(2.1) does not describe B, Moreover it is not difficult to check that
By, ={x:Z > R2|o,x,=x, and oJx,=1x,}, implying that there is no first-
order description for this behavior.

This example shows that the fact that (1.1) must represent (i.e. describe)
B, precisely and (1.2) must represent B, precisely imposes some conditions
on the matrices E,, F|, E,, G,, E,, F;, G,, H;. Unfortunately these conditions
are somewhat involved.

Given E,, F,eR&*" E, GoeR&*" E, F;,G,, H;eR&*" define
the matrix [E F G H] as follows:

E, F, 0 0
0 0 E, F
[EFGH]=|E, 0 G, 0
0 E, 0 G,
E, F, G, H,

[E F G H] is said to satisfy condition C1 if, whenever there exists a
unimodular matrix U € R&%#[s, s~!] such that

D(“l’ofl)

+ 0y
0

U(o,,01')[E + Fo, + Go,+ Hog,] = [

(o), 07")

M(ol,o;‘)}
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or

H(ol,ofl)

and D(s, s~ ') has full row rank, then the polynomial matrix II(s, s ') is a
left multiple of E, + F.s. Analogously, [E F G H] is said to satisfy condition
C2 if, whenever there is a unimodular matrix U € R8”€[s, s~ !] such that

M(Uzac’zl)]

M(o,, 67"
U(Ol,ol1)[E+F01+G02+H0102]=[ (01 o, )}4_02

U(“Zfoz_l)[E+ Fo,+ Go,+ Hoy0,] = [D(02’02_1) +0,

0

H(oz,az’l)

or

U(oy, 0, })[E + Fo,+ Goy + Hoo,] =

M("z"’z_l)]+01[D(02,oz‘1)]

H(az,oz_l) 0

and D(s, s~ ') has full row rank, then the polynomial matrix II(s, s 1) is a
left multiple of E, + Gys.

It is possible to prove that, in Lemma 4.2, (1) is equivalent to saying
that [E F G H] satisfies condition C1, while (2) is equivalent to say that
[E F G H] satisfies C2 (see Appendix).

Intuitively, condition C1 expresses the fact that all restrictions imposed
on B, by (1.2) and (1.3) are implied by (1.1). Similarly, condition C2 means
that all the restrictions imposed on B, by (1.1) and (1.3) are already implied
by (1.2).

The next result characterizes a Markovian AR 2-D system in terms of the
corresponding behavioral equations, and is a corollary of Proposition 3.3 and
Lemmas 4.1 and 4.2.

THEOREM 4.1. Let £=(Z%R", B) be an AR 2-D system. Then 3 is
Markovian iff it can be described by behavioral equations of the following

type:
Exx+ Fiox=0, (3.1)
E;x + Gyoox = 0, (3.2)

E x + Fyo.x + Gy0,x + Hy0,0,x =0, (3.3)
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where E,F,eR&*" E, G,eR&*" FE; F, G;, H;ER&*" (for some
positive integers g,, g4, and g5), such that the following conditions hold:

(1) (i) [E F G H] has full row rank,

(i) im(E)Nnim(H) = {0} = im(G) Nim(F),
(2) (i) (3.1) represents B, precisely,

(ii) (3.2) represents B, precisely.

Proof. See Appendix. ]

When E,=F,=G;=H,=0, simpler sufficient conditions can be de-
rived. In fact, it is not difficult to prove that:

CoroLLARY 4.1. Suppose that the 2-D system 3 =(Z2R", B) is de-
scribed by the following behavioral equations:

(E,+ Fo,)x =0, (4.1)
(Ey+ Fy0,)x =0. (4.2)

Then, if the polynomial matrices collE, + F;s, E ],col[E; + F;s, F] (i, j =
1,2; i # j) have full row rank, 2 is Markovian. Moreover (4.1) describes B
and (4.2) describes B .

5. STATE SPACE SYSTEMS

In this section state-space systems will be defined as a special type of
Markovian systems. As a motivation we will start with the definition of 1-D
state-space systems.

The case of 1-D systems where a preferred time direction (i.e. past and
future) is recognized has been widely studied in [5, 6]. The following
definition was introduced.

DEerFIntTION 5.1, A discrete 1-D system in state-space form is defined as
2:=(T,W, X, B), where T =Z is the time set, W the signal space, X the
state space, and B C (W X X)T the behavior of the system. B is required to
satisfy the axiom of state:

{(wy, %)), (wy,%5) €B,4,EZ, x,(ty) = x5(ty) )

= {(wl,xl){(\)(wz,xz) = EB}-
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Here (w;, x,) A(w,, x,) denotes the element (w, x) € (W X X)Z such that

)
(0, )|~ 0,10y = (W1, XD 00,45y 3N (W, X)] (1, 00y = (W, Xo)|[4,, 00)- The inter-
val notation is used to denote intervals in Z.

The preference for a certain time direction is clearly reflected by the
asymmetry in the axiom of state: if the states x, and x, of w, and w,
coincide at ¢, then w, and w, are concatenable with respect to the partition
{( — 00, ty).[tg, 00)}, but the same does not necessarily hold for the partition
{(— 00, tg], (t6, 00)).

To deal with systems with no privileged time direction, a “symmetrized”
version of the above axiom of state should be considered.

DeriniTIiON 5.2. A discrete 1-D bilateral state-space system is defined as
S=(T,W, X, B), where T = Z is the parameter set, W the signal space, X
the state space, and B C (W X X) the behavior of the system. B is required
to satisty the bilateral axiom of state:

{(wlvxl)’(w2’x2) €%B,t,E2, xl(to) = xz(to)’ I, = ( “Oo’to)’ T, = [to,oo)}

= {(wl’xl) A (wz’x2)€%>,

(T]7T2)

{(w,x)),(wy,x,) €B, {HL,EL, x,(t,) =x5(,), Ty =(— 0, o], Ty = (t9.0)}

= <(w1, x) A (w,, xy) € %}-
(1, Ty

The first condition of the bilateral axiom of state is nothing more than the
axiom of state in Definition 5.1; the second is the axiom of state for the
“time-reversed” system corresponding to . This is, the variable x is a state
variable both forwards and backwards in time.

It is not difficult to prove that

ProrosiTion 5.1.  Let Z=(Z,W, X, B), with B (W X X)Z. Then B
satisfies the bilateral axiom of state iff for every interval I C Z and for all
triples of subsets (T, T,,T_) of I such that T, and T_ are separated by T,,
the following holds:

{T1= T, UT,,T,=T_ Swy,x)) € SB|1’(“-’2’ xy) € %Il’xllTnz x2|TQ}

= {(wl, 1) A (wy,x5) € %ITIUQ}'
(T}, Ty)
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Here, (w,,x;) A (wg, x,) denotes the element (w,x) € (W X X)?|7 1,
1 T2)
such that (w, x)|r, = (wy, x))l7, and (w, x)|r, = (w0, X5)lr,

Note that the concatenability property expressed in this proposition does
not privilege any special choice of (T}, T,), as the roles of T, and T_ can be
interchanged. The concept of state that we next introduce for N-D systems
(N > 1) is a generalization of this property.

DEFINITION 5.3. A discrete N-D state-space system is defined as 2 :=
(ZN, W, X, B), where W is the signal space, X the state space, and B (W
X X)Z" the behavior of the system. B is required to satisfy the Axiom of
N-D state: For every interval I C ZV and for all triples (T,,T,,T_) of
subsets of I such that T, and T_ are separated by T, the following holds:

{T1= T, UTy, T,=T_, (w,,x,) € B|;, (wy,x,) € By, xy|p,= x2|T0}

= {(wl’ ) A (wy,x5)€ %lTIUTz}'

(T.Ty)

The behaviors B*:=11 B:= {x € XAwe W2 st (w,x) € B} and
BY:=11_B are respectlvely called the state behavior and the external
behavior of . It is not difficult to see that both £ and =*:=(Z", X, B*) are
Markovian systems.

The system . is said to be a state-space realization of =% = (Z", W, B*).
Clearly, every N-D system 2 =(Z", W, 8%*) admits a trivial state-space
realization = = (Z~, W, B*, B), where B = {(w, x) € (W X B*)Z"|w e Bv
and x(t)=w Vt € ZV}, i.e., the state x associated with w consists, at every
point, in the whole function w. As a consequence, the state space will often
be infinite-dimensional. However, if Z* is an AR system, there will also exist
a state-space realization with finite-dimensional state space. This is stated in
our next result. For simplicity, only the case of 2-D systems has been
considered.

ProrosiTioN 5.2. Let =% =(Z%RY, B*) be an autoregressive 2-D sys-
tem. Then there is a positive integer n and a subspace B of (RTXR" )Z
such that :=(Z%R%R", B) is a state-space realization of Z* and,
moreover, the behavior B of Z is described by AR behavioral equations.

Proof. See Appendix. [ ]
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It was proven in [6] that an AR 1-D system == (Z,R%R" B) is a
state-space system iff there are equations of the form
ox = Ax + Bu,
w=Cx+ Du (S)
[with u e (R')? for some [, and A, B,C, D real matrices of suitable di-
mensions], such that B = {(w,x)eRIXR")ZFuc(RH? st. (w,x,u)

satisfies (5)}.
As for the bilateral state property, there holds:

ProposrTION 5.3. Let 2 =(Z,R9,R", B) be an AR 1-D system. Then =
is a bilateral state-space system iff B can be described by the behavioral
equations

Ex + Fox =0,
Nx+Mw=0

for some real matrices E, F, M, and N.

Proof. See Appendix. [ ]

In other words, 2 is a bilateral state-space system iff its state behavior is
Markovian and the external behavior is related to the state behavior by means
of a static relation. This also holds for N-D systems (N > 1). In particular, for
the case of AR 2-D systems:

TueoreMm 5.1.  Let £=(Z%R9R", B) be an AR 2-D system. Then = is
a state-space system iff B can be described by the behavioral equations

Ex+ Fio,x=0, (5.1)

E,x + Gy0,x =0, (5.2)

Egx + Fo,x + Gyo,x + Hyo0,x = 0, (5.3)
Nx+ Mw =0 (5.4)

for some real matrices E\, F,, E,,G,, E,, F,,G,, Hy, M, N such that Equa-
tions (5.1)—(5.3) satisfy the conditions of Theorem 4.1 for the system
=% =(Z2,R", BY).
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Proof. See Appendix. [ ]

Remark. Equation (5.4) can also be written as
wy=N'x+ Lw,,

w, free,
T
w=T{, |
where T is a permutation matrix, or equivalently as

wy = N'x,

w free,
wy
w= T( wz)

for some invertible matrix T.

To illustrate our concept of state, we next give some examples of
state-space realizations.

ExampLE 1. Let 2% =(Z2% R, B*) be described by the following behav-
ioral equation:

[02+(023+1)01+02012]w=0. (6)
Let x = col[x,, x,, X3, x4, x5] be defined by x, = 650,w, xy:= 0,0,w, x3:=

05 'o,w, x,=0,w, x5=w. Then, if w is a solution of (6), (w, x) satisfies
the following equations:

0 1 0 0 0 -1 0 0 0 0
0 01 0 O]o,+ 0 0 0 -1 0]}x=0, (7.1)
0O 0 0 1 O 0 0

00 01 0 1 01 0 1)\._
([0 0 0 0 1]°1+[0 0 0 1 0])x—0, (7.2)

w=[0 0 0 0 1]x (7.3)
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Conversely, given any situation (w, x) of (7), w will satisfy Equation (6).
Moreover, it is not difficult to check that (7.1) and (7.2) fulfill the conditions
of Corollary 4.1. Therefore they describe a Markovian system. This shows
that = =(Z2 R,R5, B), with B described by Equations (7), is a state-space
realization of =%,

ExampLE 2. Let B*C (IR2)Z2 be the behavior described by the follow-
ing equation:

[(1+022)+0201]w1+[02+(1+ ozz)al]w2=0. (8)

It is not difficult to verify that the system 3 =(Z%R2%R’, B) described by
the behavioral equations

1 00000 0 00 0 0 0 0 -1
01000 0 0 o0 o o -10 ol _
00001002000 o -1 00 ol
000000 1 00 -1 0 00 0

0 0 01 0 0 111101 of.._
([0000 10]"“’[000000 —1])" 0,

w=[0000100]x
0 0 000 10

is a state-space realization of =¥ =(Z2,R2 BY).

6. RECURSIVE COMPUTATIONS

Let ==(Z%R%R",B) be a 2-D state-space system, and consider a
representation of B:

Ex+Fox=0
Eyx + Goopx =0
E x + Gy0,x + Fyo,x + Hy0,00x =0 (9)
and

Mw + Nx =0,
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as derived in Theorem 5.1. As we shall see, this representation is very useful
in order to specify what initial conditions are required to compute a solution,
and provides a recursive method for computing solutions. This method
consists basically in what we will call a line-by-line computational scheme. In
order to compute the values of a solution (w, x) we will proceed as follows.
Let .Z,(i) be a vertical line in Z? as defined in Section 4. As an initialization
step, the values on %,(0) are computed from initial conditions given on this
line. For k =1,2,..., the values on %,(k) will be computed from the values
on Zy(k—1) and from initial conditions given on ZF,(k) itself. For k=
—1,.—2,..., the values on ZF,(k) will be computed from the values on
Zy(k +1) and initial conditions on ZLy(k). Of course, an analogous scheme
can be implemented considering horizontal lines instead of vertical ones. We
will only be concerned with equations (9) which describe the state behavior
B*. Once the values of x are computed, the values of w can easily be
obtained through the relation Mw + Nx = 0.
Define the following matrices, with entries in R[s}:

P(s)=E,;+ Gys,

Q(s) =0+ Oss,
where Q= col[F,, F;] and Q, = col[0, H,]; and

R(s)=R,+R;s

with R, :=col[ — E,, — E;] and R,:= col[0, — G,]. It is easy to check that
(9) is equivalent to

P(o,)x =0, (10.1)
O(0y)0,x = R(0,)x. (10.2)

As the conditions of Theorem 5.1. are supposed to hold, (10.1) describes
the vertical behavior B35. Moreover, it will follow that:

Lemma 6.1. Consider the equations
P(o)v=0, (11.1)

Q(a)z = R(o)ov, (11.2)
P(s)z=0 (11.3)
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in (R™)%, with P, Q, and R as in (10). Then, for every solution v of (11.1),
there exists a z such that (11.2) is satisfied. Further, any such z will also
satisfy (11.3). Analogously, for every solution z of (11.3), there exists a v
such that (11.2) is satisfied; moreover, v will also satisfy (11.1).

This result implies that the values of any solution of (10) can be computed
by the following line-by-line computational scheme:

0. Compute a solution x, of P(o)x,=0.
Define x(0, -) = x,.

For k=1,2,...

k. Compute a solution x, of

Q(a)xsz(o)xk—l' (12)4

Compute a solution x_; of
R(“)x—sz(U)x—(k—ly (12)—k

Define x(k,-)=x, and x(—k,")=x_,.

Lemma 6.1 guarantees that Equations (12), and (12)_, are solvable
(k=1,2,...) and that their solutions satisfy P(0)x, =0= P(o)x_,.

In view of the above, it is now clear that in order to compute solutions of
(10) it is enough to obtain a method for computing solutions of (11.1)—(11.2)
and of (11.2)-(11.3). We will only analyze Equations (11.1)-(11.2). The case
of Equations (11.2)-(11.3) can be dealt with in a similar way. Note, more-
over, that as Equation (11.2) does not restrict the solutions of (11.1), these
equations can be solved separately.

The structure of the solution set of (11.1) has been studied in
detail in [6, Chapter 4]. We will describe the results here only to the extent
which they are relevant for our purposes.

Recalling that P(o) = P, + F,, consider first Equation (11.1)

Pov+ Pp=0

with v:Z - R" and P,, P, € R&*". This equation defines a Markovian 1-D
system (Z,R" ker(P,o + F,)), with Po + F, viewed as an operator from
(R™)Z to (R#)Z. The structure of the solutions of (11.1) is as follows. Some
components are free; some components are determined by these free vari-
ables and initial conditions. Also, all solutions will take values in a subspace of



1024 P. ROCHA AND J. C. WILLEMS

R" In general, this subspace is a strict subspace, resulting in components
which are identically zero. More precisely, there will exist integers ny, ny, ns,
n, + ng + ng < n, an injective matrix C € R"*(M*"2*") and matrices A* €
R("l‘*‘"s)x("l*’"a), A" € R("2+"3)X("2+"3)’ Bt e R(n1+n2)><n3’ B € R("2+"3)X"1

such that (11.1) is equivalent to both

(Z;)(t +1)= A+(Z;)(t)+ B*uy(t),

0,

o(t)=c| v2 |(t)

U3

and

() -n=a-(5)@+ B0,

v(t)=C| v2|(¢).

U3

This shows that in order to compute a solution, one can choose freely vy(t)
for ¢ nonnegative and v (t) for ¢ nonpositive, in addition to v4(0).
Next consider Equation (11.2)

0(o)z=R(o)o, (11.2)

where we will consider v:Z > R"™ as given, and wish to compute
z:Z ->R"

Regarding (o) =Q,0 + Q, as a matrix pencil, it follows from [3] that
there are real invertible matrices U and V such that:

D,(o)
UQ(0)V = Dy(o)

Dl(")
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with
D{e)=D?+Dls, i=1,..,1L

Further, the blocks Do) can essentially be of five types:
1. (—J+ Ko) with J and K k, X k, invertible matrices,

o
1 .
2. s of size (kg +1) X ky,
| 1
1. -
3. o of size k; X kj,
o
L 1
(6 1
4. R of size k, X k,,
1
o]
[0 1
5. of size k5 X (kg +1).
L s 1

Thus, to derive the structure of the solutions of (11.2) it is enough to
study the structure of the solutions of D(6)z* = S(6)v, where v is given,
D(o) is of one of the types 1-5, and S(o) =S, + S,0.

Suppose first that D(¢) = — J + Ko as in type 1. Without loss of general-
ity K can be taken to be the identity matrix, yielding

2*(t +1) = Jz*(t) + Spo(t) + Syo(t +1). (13)

To compute a solution of this equation, 2*(0) can be chosen freely and
the other values will be completely determined by this initial condition and
by v.

If D(o) is of type 2, it can be reduced to the form

o] e
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by premultiplication by the unimodular matrix

1 -¢ o . . . (—l)kzakzq

U(o) =

-0

In this case, recalling that by assumption the restrictions on v are redundant,
the equation D(6)z* = S(g)v will be equivalent to

z*(t) =Spu(t)+ So(t +1)- -+ + S, o(t +ky) (14)

for some real matrices So,...,Skz.
If D(o) is of type 3, then

1 -¢ ¢ - - - (—l)k:‘_ho"fﬂ

[D(o)] "= T : ,

implying that the equation D(o)z* = S(0)v is equivalent to
z*(t) =Sgo(t)+ --- +S{o(t +kj;) (15)
for suitable real matrices Sg,..., Sy . The structure of the solution of (15) and
(14) is similar.
The case when D(o) is of type 4 is analogous to the previous case, now
with o replaced by ¢!, yielding

z*(t) =S§o(t)+S{o(t — 1)+ - -+ +S{o(t — ky). (16)

Finally, suppose that D(o) is of type 5, and that z* = col[z},..., z/]. It
is easy to see that now the equation D(o)z* = S(o)v will be equivalent to
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both
¢ 23
ot +1) == 2 () + Seo(t)+ St +1) (17)
z z*
and
23 oy
o (g—-1)=—] * {(e)+ St —1)+S,0(t). (18)
zf z*

This shows that in order to compute a solution z*, given v, one can choose
freely z*(¢t) for t nonnegative and z}*(¢) for ¢ nonpositive in addition to
(2%,.... 2 (O).

Coming back to the structure of the solutions of (11.2), with v given, we
can conclude the following. Some components are free, some components are
determined by the free variables and initial conditions together with the
values of v, and some other components are uniquely determined by v.

ReMarx. The updating scheme for z is not necessarily first-order [cf.
Equations (14)-(16)]. However, it is a local updating scheme in the sense

Number of Initially
Free Variables at (Fl’FZ)

T

() ,F,)

Fic. 2. Number of free variables and initial conditions for unique solution.
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that, if v, z €(R")Z, the only values of v necessary to compute z(¢) are
o(t — n),..., 0(t),... o(t + n) (note that k,, k;, k,<n).

An analogous situation occurs with the solutions v of (11.2) if z is
considered to be given.

This gives the updating structure for the proposed line-by-line computa-
tional scheme, and hence shows how the solutions of (9) can be computed.
The required initial conditions are illustrated in Figure 2.

7. CONCLUSION

In this paper N-D systems have been considered in a noncausal frame-
work. Following the behavioral approach, a definition of N-D system was
given which does not involve an a priori distinction between input and
output. A new concept of state was introduced with basis on the Markov
property for deterministic N-D systems—this property can be seen as the
generalization to the N-D case of the Markovian property introduced in [6]
for deterministic 1-D systems.

It was shown that for the particular case of AR 2-D systems, the state
property is equivalent to the existence of a representation of the system in
which the state behavior is described by means of a special kind of first-order
behavioral equations, and the external behavior is connected with the state
behavior by means of a static (zero-order) relation. Moreover, it turns out that
this special representation can be used to simulate the solutions of state-space
systems by means of a local line-by-line computational scheme.

APPENDIX

Proof of Theorem 2.1. The equivalence of (2) and (3) is an immediate
generalization of Proposition 4 in [5] to the 2-D case. To prove that any
linear, shift-invariant, and complete 2-D system ==(Z2%RY B) is an AR
system, we introduce the following notation and definitions:

L:=(R%Z,
*:={peE (R'*9)Z%|p has compact support}.
§, and §, are operators in L* defined by §v(t),t,)=10(t, —1,¢,),
§0(ty, ty) = o(t, ta— 1) V(t,,t,) EZ2 Vo € L*.
() L*X L >R is defined by (a,b) =L, ,,cz0(t;,t)b(t},15)
V(a,b)e L*x L.
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Clearly (a,0,b)=($,a,b), i=12, Y(a,b)e L*X L, ie., §, is the dual
of o,

L* can be identified with R'*%(s,, s7 ., s,, 5 '] by means of the isomor-
phism ®(v) =1L, ,)cz20(f;, t)siis3 Vo € L*. It is easy to see that ®(§v)
=s5,0(v) (i=1,2), and therefore the operator §; in L* is identified with
multiplication by s, in R**9[s,, s7 %, 55, 55 }]. From now on we will identify
L* with ®(L*) and §; with s,.

Our proof will be based on the following elementary facts.

Fact 1. L* is a finitely generated free module over the Noetherian ring
R[s,, 7%, 84, 55 ']. More concretely, L*=3X9_|R[s,, sy, sy, 55 le;, where
(ey,..-,e,) is the standard basis of R'*9.

Fact 2. B1:={veL*(vo,w)=0VYwe B} is an R[s, s7, 59, 55 '}
submodule of L*.

Fact 3. Let N be a Noetherian ring, M=Nm ,+ --- + Nm;, (m,€ M,
i=1,...,1) a finitely generated free module over N, and S and N-submodule
of M. Then there are ideals J;,..., ], in N such that S=Jm,+ --- + ]m,.

Facr 4 [8]. Every ideal ] in a Noetherian ring N is finitely generated,
i.e., there are j,,..., ji € ] such that ] = Nj, + - -- + Nj,.

It follows from this that there exist r,..., 1, € L* such that B+ =
Risy, s7h 5o, 85 n + -« +R[s, s7 % g, 85 117,

Now, let X:={we R shsir, w)=(r,0hol2w)=0 Y(t,t,)€
Z2% i=1,...,g}. We will see that X =(B*)". Since siiskr,ec B+ for all
(t;t,)€Z* and i=1,..., g, it is obvious that (B*)* c X. To verify that
Xc(BL)L, let we X, and b be an arbitrary element of B*. Then b can
be written as b =b'r + --- +ber, where for i=1,...,g, b'=
z(tl,tz)eﬂbt'l,tzsilséz (b:l,tZE R). Thus,

g g
<b,w>=z<b"r,-,w>=z< 3 b;,,zs;ls;zr..,w>

i=1 i=1 ('1’12)512

g
=3y Y b,"lh(sils?ri,w):o, as weX.
i=l(,pe2?

Therefore w € (B +)*, yielding ¥ =(B*)".
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Finally, as B is a closed subspace of (R9)Z°, we have (B+)* = B, and
we conclude in this way that 8 = {w € (R9)Z*|R(0,, 07}, 02,02 l)w 0},

wrhara B o tha o VW o omalesmanatal v nbede, Il n 1 Lo, D p Lo

WIICIT It IS U g A Y pUlyllUlllld.l Hidlllx ucllliucu by = LUII_II, .y ng 11isS
shows that condition (2) of the theorem implies (1). The reciprocal implica-
tion is obvious. a

Proof of Proposition 3.2. “Only if”: Let t, €T, and consider the parti-
tion {T,,T,,T_} of T defined by T_=(—00,t,)NT, Ty={t,}, T.=
(tys+00)NT. Clearly T_ and T, are separated by T,. Therefore, as X is
supposed to be Markovian, %8 is (T_ U T, T, U T, )concatenable. This clearly
implies that {w, w, € B, w(ty) = wy(ty)} = {w AW, € B ).

b

“If”: Suppose that {w,, w, € B, t, €T, w (f)) = wyty)} = {w,; Aw, €

~3
=n
>
]

=
~3

)
1 T.,1 ubse T such uT,uT, =T
IR | LI Ay - 0 +
and such that T, and T_ are separated by T,. Assume further, without loss
of generality, that T =I1}UI! ullul1 ufdu---uffurrurkurk
U Ik*Y with

B andlet (T, T,, T, ) be a triple of subsets of

k k+1 k k
UnuUii-t, Ur-r. Ur-r,
j=1 j=1 j=1 j=1
and where the subintervals I’ 11, Ié, I fg“ (j=1,..., k) are as indicated
below:
e
J 7 1i 1i g

Let I, =1J UIJUIJ (j=1,...,k). It is not difficult to see that ‘Bl, is
(I UIJ I’ Ulf}concatenable, and Bluitun,, (LUl Ut )-

concatenable (l=1,. —1). This implies that 58 is (T_VUT,, T, uT,)
concatenable. The fact that 3 is Markovian follows now easily by noticing
that the condition T, U T, UT_ =T can be dropped. ]

Proof of Proposition 3.3. Suppose that Z is Markovian. Since elementary
squares and lines are subintervals of Z2, it is clear (by Proposition 3.1) that =
is square and line-concatenable. To see that 2 is square-complete, define J
and B(IJ) as follows: 9= {(u,v):Z >XXXNT€Z IxeB st
(x(t,"), x(t +1,-)) =(u,0)), B(I)= {x:2%> > XNt EZ (x(t,-), x(t +1,-))
€ 7). Note that 2(d):=(Z, X X X, d) is a shift-invariant and complete 1-D
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system. Moreover, defining £(¢) = {(¢, t,)|t, € Z}, we will clearly have that
2| gty 2 +1) is Markovian, implying that 2(4) is (1 — D) Markovian.

We will first see that B = B(3d). The inclusion B < B(3) is obvious. To
prove the reciprocal one, let x € B(3d). Then, there are elements x, and x,
in B such that (x(—1,-), x(0,-)) = (x,( — 1,), x,(0,-)) and (x(0,), x(1,-)) =
(x5(0,-), x(1,-)). Let I(#):=Uj__,2(¢t) (t €N). As I(1) is an interval of
Z?, Z|;,, is Markovian. This implies that

xy A x5 € By,
(£(-1HU L), LO)U L)

[because .£(0) separates £(—1) and #£(1), and x| o) = x| »0)]- There-
fore, also x|;;, € B|;;). A simple inductive reasoning shows that, for all
t €N, x|, € By, and, as 2 is complete, this means that x € B.

Now, as Z(d) is Markovian and complete, it is possible to prove (by
similar arguments to the above) that

{(u,v)€d} = {(“’U)|(t,t+1) € (e v viez}.

Therefore, it follows from the definition of B(d) that {x € B(d)} <
{x]4, € B(9)|, for all elementary squares .¥ C Z?2}, yielding that B = B(3)
is square-complete.

Note that in order to prove that conditions (1), (2), and (3) imply that =
is Markovian, it is enough to show that the concatenability property holds for
partitions (T, ,T,,T_) of intervals T C Z2 We will only treat in detail the
case where T = [a, b] X[c,d] is a finite interval of Z? and the separation set
T, is as indicated in Figure 3. (The interval notation will be used to denote
intervals in Z.)

All the other cases can be analyzed using the same kind of arguments.

(a,d) (b,d)

(a,c) (b,c)

Fic.3. {(b,t)lc<st<d}cT_;{(a,)lcgt<sd}T,.
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Let T =[a,b]X[c,d]. Suppose that T, T,, and T_ are as indicated in
the figure and that x;,x, €% are such that x,|; =x|. As Z is square-
concatenable [by assumption (1)],

wi=x, A Xy
(T,UTy, TyuT_)

satisfies w| .. € B|,. for all elementary squares ¥ C T.
Denote I=(—c0,a—1]X][c,d] and J:=[b+1,0)X][c,d], and con-
sider £ € W!YT Y/ defined by

=2, A W A X,
(I,T) (T.])

Clearly, also * satisfies %], € B|,, for all elementary squares ¥ CI UT U J.

Let 5£°(¢)= {(¢,t)|t, €Z} (t € Z). As Z is also assumed to be line-con-
catenable, £| ., € By, and £| 4 € B 44y This means that there are
elements x~, x" € B such that x7| ) = %| ) and x| 44y = £| 4 a). De-
note S~ :=U, _ H#(t), #*=U,, ,(t) (where all t’s are integers), and
define

x*¥i=x A £ A xh

T LIUTU)) (TUTU],#%)

Clearly x*|, € 8|, for all elementary squares &. Thus, as B is square-
complete [assumption (3)], we conclude that x* € B.
Finally, as by construction

LI
x |T_xl A X,
(MUT,, VT )

this yields that 8 is (T U T, T_ U T, )-concatenable. ]

Proof of Lemma 4.1. First note that, as = =(Z2R", B) is supposed to
be linear and shift-invariant, there is a linear subspace L of R*" such
that B|, =L for all elementary squares ¥ C Z>2 Moreover, there exist
matrices E, F,G, HeR& " such that [E F G H] has full row rank and
L =ker[E F G H]. Thus, by the square completeness of =, x € B iff

Ex(t;,t,)+ Fx(t,+1,t,)+ Ga(t;, t,+1)+ Hx(t, +1,t,+1) =0

V(t,t,) €Z2
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Let now col[a, b, ¢c,d],col[a’, b,c,d’] € L. As Z is squareconcatenable, also
col[a’, b,c,d] and col[a, b,c,d’] will be elements of L. This means that
L=L,NL,, where L,:={colla,b,c,d*] €R*"|d*€R" and 3d eR" s.t.
colla, b,c,d] € L} and L,:= {col[a*, b,c,d] €R**|a* €R" and Ja €R"
s.t. colla, b,c,d] €L}. The subspaces L, and L, can be written as L, =
ker[A; B, C, 0] and L, = ker{0B,C, D,], for suitable matrices A, B,,C, €
R“*" and B,, C,, D, € R%*", yielding
kerf[E F G H] =ker[§1 2 (C:; ODz].

This implies that there is a matrix T € R%17%2)*€ such that
A, B, C, 0
T[E F G H]—[O B, C, D,|

Moreover, rankT[E F G H] =rank[E F G H] =g, implying that rank T
= g. Further, as TE = col[ A,,0] and TH = col{0, D,), im(TE)Nim(TH ) = {0}
Finally, let z €im(E)Nim(H). Then there exist z,, 2, €R" such that
Ez, =z = Hz, Thus TEz,=Tz=THz, and Tz € im(TE)Nim(TH). This
implies that Tz =0, and as T is injective, z =0. We conclude in this way
that im(E) Nim(H) = {0}. The proof that im(F)Nim(G) = {0} is analogous.

u

Fact. Let 2=(Z%R", B) be described by the following behavioral
equations:

E;x+ Fox =0, (1)
E,x + Gyo,x =0, (2)
E.x + Fy0,x + Ga0,x + Hyo10,x = 0. (3)

Consider the conditions C1 and C2 defined in Section 4. Then (1) describes
B, iff condition C1 holds. Analogously (2) describes B, iff condition C2
holds.

Proof. We will only show the first equivalence. The proof of the second
one is similar.

“Only if”: Let U(s,s™ ') be a unimodular matrix such that U(o,,0; ')
[E + Fo, + Go, + Ho,0,] = col[D(0,, 67 )6, + M(ay, 071), TI(oy, o Y],
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with D(s, s~ 1) full row rank. Then (1), (2), (3) are equivalent to

(E,+ Fo,)x =0, (1)
(o, 07)x =0, (4)
D(ol,of1)02x+M(al,afl)x=0. (5)

Consequently, the elements of B, also satisfy Equation (4). This means that
the solutions of (1) are contained in the solutions of (4), and therefore there
will be a polynomial matrix L(s, s ") such that II(s, s !) is a left multiple of
E,+ F;s.

“If”: Note that Equations (1), (2), (3) are equivalent to

(E, + Fy0,)x =0, (1)
(El + Flol)"zx =0, (6)
Q(Ul)ozsz(al)x’ (7

where Q(s) = col[G,, Gys, G; + Hgs] and  R(s) = col[ — E,, — E,s,
— E, — F;s]. Moreover, (6) and (7) can be written as

[ - R(ZUI) E;;(-:})OIJ[ﬁgx] =0, (8)

and there is a unimodular matrix U(s) = col[(Uy(s) Uy(s)),(Us(s) U(s))] such
that

U(al)[El + Flol] _ [Ul(ol)(El+ Fi0,) + Uy(0,)Q(a,) ] _ [D(ol)]’

Q(Ol) Us("l)(E1+F1°1)+U4(°1)Q(°1) 0

with D(s) full row rank. [Note that D(s) is a g.c.d. of E;+ F;s and Q(s).]
Thus, U*(s) = col[(0 U(s)),(I 0)] is a unimodular matrix such that
U*(0, ) E+Fo,+Goy+Ho,0,) = col[ D(0,)0, — Uy(o,)R(0,), — Uy(e,)R(a;),
E, + F0,], and condition C1 will imply that col[ — U,(s)R(s), E, + Fs] is a
left multiple of E, + F;s. Consequently there exists a polynomial matrix L(s)
such that L(s)(E, + F;s) = — U(s)R(s). This implies that Equations (1), (6),
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(7) are equivalent to
(E;+ F0,)x=0, (1)
D(o,)0yx = Uy(o,)R(a,)x. (9)
Consider now the following 1-D equations:
(E,+ Fio)v,=0, (10)
D(o)v,=Uy(0)R(0o)v,. (11)

As D(s) has full row rank, D(o) is surjective. Thus, for every solution
v, of (10) there is v, such that (11) is satisfied. Further, vy is a solution
of (10). To prove this, let U~ I(s)= col[(U(s) Uz(s)) (U(s) U(s))]
Then U(s)Uy(s)+ Uz(s)U4(s) =0 and Ul(s)D(s) =E, + F;s. This implies
that — U(s)Uy(s)R(s) = Uy(s)U(s)R(s) = — Uz(s)L(s)(E + F}s). Thus,
premultiplying both sides of (11) by Uys) yields Uy o)D(o)v, =
Uy(o)L(o)(E,+ Fio)v,. As v, is a solution of (10), this becomes (E,+
Fio)v,=0, i.e., v, also satisfies (10). In terms of Equatlons (1) and (9) this
has the followmg interpretation. Let x € (R")Z’, £ = {(1,0) € Z e z),
and suppose that x| satisfies (1). Then x|, admits an extenswn rte(R ")l
such that x*| . satisties (1) and (9) [here J# "= {(t,,t,) € Z%|t, > 0}]. A
similar reasoning shows that x|, also admits an extension x~ such that
x| - satisfies the behavioral equations (1), (9) (here 5#~ is defined in the
obvious way). This implies that x|, can be extended to Z2 as an element of
B, yielding the fact that (1) induces B,. [ ]

Proof of Theorem 4.1. To prove this result it is enough to note that,
when 2 is line-concatenable [ie., (2) is satisfied], condition (1) (ii) implies
that 3 is squareconcatenable. Let & = ((t,t,),(t;+1,8,),(¢),t; +1),
(t;+1,t,+ 1)} and x,x, € B, such that x,(¢, +1,8,) =x,(¢, +1,¢,) and
x(t), 8y + 1) = xy4(t), t, +1). As im(E)Nim(H) = {0},

Ex (¢, t;)+ Fx (¢, +1,8,)+ Gx,(¢, +1,t,) + Hxo(t, +1,t,+1) =0,
ie.,

x = x, A x
(T,UT,,TyUT_)
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(with T = {(t,, t5)} To={(t; + L), (t,, ta + D}, T = {(¢; + 1, £, + 1)}) sat-
isfies the behavioral equations in . Now, if 2 is line-concatenable, the same
kind of argument as in the proof of Proposition 3.3 (“if” part) shows that x
can be extended to Z2 as an element of ®B. Therefore x € B|,,, and B|,, is
(T, UT,, T_UT,)concatenable. Analogously, we can prove that B|, is
(T7 U Ty, T’ UTy)concatenable, with T = {(t,,t, + 1)}, T. =
((¢;+1,t,)), and Tj = {(¢}, &), (¢; + 1, ¢, +1)}. This suffices to show that =
is square-concatenable. |

Proof of Proposition 5.2. Let =% =(Z%RY B") be an AR system, and
suppose that B* 1s descnbed by the behavioral equation R(o,, 0,)w =0,

where R(s,, s,):=2X9_ OZ ;518§ and R, EREXY, i-—O...,a, j=
0,..., b. Define the variable z == S(ol, o}, 02, 0, Dw, with S(s,, s7%, 55, 55 1)
= col[s1 530,579k, 8%5%,..., s9s5). The behavior B*:=SB can be

described by autoregressive equations. Moreover it is easy to verify that B* is
(T, UT,, T_ UT,)concatenable for all triples of subsets T.,T_,T, of Z?>
such that {T,,T,,T_} is a partition of Z2, T, is a vertical or horizontal line,
and T, and T_- are separated by T,. This will imply that B can be
described by behavioral equations of a special form. In fact, taking T, to be a
vertical line in Z2 it is possible to see that B* can be described by a
behavioral equation

[Mo(°2)+M1(°2)°1]z=0’ (1)

for some polynomial matrices My(s) and M,(s). Analogously, taking T to be
a horizontal line in Z 2 shows that B* can also be described by

(N0(°1)+N1(01)°2)z=0a (2)

for some polynomial matrices Ni(s) and N,(s). Suppose that the vertical and
horizontal behavior associated with 8B* are given, respectively, by the follow-
ing equations:

Py(05)z =0, (3)
P((0,)z=0. (4)

Assume further that M (s)=X7i,MJs/, N(s) =L} Nisi, Pi(s) =1L pls’
(i=0,1; k=1,2), and let [=max{m,, m, ny,n,, p,, py}. Define a new
variable x = S(0,,0;},0,,0, ')z, where S=colls;’s},...,sls; " ..., sisk],

and consider B *:= {(z, )|z € B* and x = S(0,, 07}, 65,05 )z }. It can be
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verified that B * satisfies the axiom of 2-D state. Finally, as z incorporates
w —i.e., there is a projection operator II such that w =Ilz—also B:=
{(w,x)lwe B* and x=Sw) satisfies the axiom of state. Thus ==
(Z%,R9,R", B) (where n is the size of x) is a state-space realization of =*.
Moreover, by construction, X is an AR system. ]

Proof of Proposition 5.3. “Only if”: Let. 2=(Z,R9,R", B) be an AR
state-space system. It follows from the axiom of state that if (w, x) € B, then
the value of w at any point ¢ € Z does not depend on (w, )|z ,, once x(¢)
is given. Thus B = {(w,x) € (RIXR")?|x € B* and VI EZ (w,x)t)E
S(t)}, with S(¢)CRIXR" Vt€Z. As B is a shift-invariant and linear
subspace of (R X R")Z, there is a linear subspace L of RYXR" such that
S(t)=L Vt € Z. Moreover, L can be represented as the kernel of a linear
operator defined on R? X R". Therefore there will exist matrices M and N, of
suitable sizes, such that B = {(w, x) € (RI XR")%|x € B* and Mw + Nx =
0}. Now to complete our proof it is enough to show that B* can be described
by a first-order behavioral equation Ex + Fx=0. Let d:={(a,b)eR" X
RVt € Z 3x € B s.t. (x(t), x(t +1)) =(a, b)}. As J is a linear subspace of
R" xR", there are matrices E and F such that (a,b)€ d iff Ea+ Fb=0.
Define B(d):= {x €(R")2Vt<€Z (x(t),x(t +1))€ 3d}. We will see that
B* = B(). The inclusion B* < B(3) is obvious. To prove that B(d) C BT,
let x=B(d). Then, there exist elements x;, and x,€B such that
(x(0), x(1)) = (x1(0), x,(1)) and (x(—1),x(0)) = (x5 — 1), x5(0)). Now, as
x,(0) = x(0) = x,(0) and B* is Markovian, ¥:=x,A%, € 8. As a conse-

0

quence, x|y =%|_y;; € B,y Analogously, we can prove that
Xl k) € BF| g 1 for all k €N, and, because B* is complete, we conclude
that x € B*. Therefore x € B* iff Ex(¢)+ Fx(¢t +1) =0Vt € Z, yielding the
desired result.

The reciprocal implication is obvious. |

Proof of Theorem 5.1. To prove the “only if” part it is enough to show
that B = {(w,x) €(R7 XR")ZZ|x € B* and Mw + Nx =0} for some suit-
able matrices M and N. Let (t°,t2)<€Z2 and consider the partition
(T,, Ty, T_} of Z% such that T, =9, T,={(t°,t)}, and T_ =Z2\T,,.
Given (w,, x;),(wy, x,) € B, define w’ and w” in (R9)Z" as follows:
Wty ty) = wy(ty, ty) I (8, &) # (17, £57), w(tP, t7) = witye, t5°),
w(t, )= w\(t, t) if (1, 8,) #(t2, 1), and w”(¢°, t) = wy(t 2, t°). The
axiom of state implies that if x,(¢,, t,) = x4(t, £,), then (w’, x,),(w”, x,) € B.
This means that if (w, x) € B, given x(t,,t,), the value w(t,, t,) is indepen-
dent of (w, x)|z2\ ((,,1,);- Now the fact that the structure of % is as indicated
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above easily follows from the same kind of arguments as in the previous

proof.

The “if” statement is easy to verify. ]
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