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SINGULAR OPTIMAL CONTROL:
A GEOMETRIC APPROACH*

J. C. WILLEMSt, A. KiTAPCIt AND L. M. SILVERMAN}

Abstract. Linear quadratic singular optimal control problem is solved for nonminimum phase and
noninvertible systems. A state space decomposition is obtained and a reduced order nonsingular subproblem
is solved. The optimal stabilizing input of the singular problem has been found when there are no transmission
zeros on the imaginary axis.
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1. Introduction. This paper is concerned with linear quadratic problems in which
the cost functional is not positive definite in the control. These are called singular
problems. In [1], the finite horizon problem and the infinite horizon problem have
been solved when the system is minimum phase. It was also shown that the regular
part of the optimal input is feedback implementable.

The geometric theory of linear systems added a great deal of insight into the
structure of the solution of such singular problems. In fact, it could be claimed that
the theory of (almost) controlled invariant and controllable subspaces are the generic
tools for studying this class of problems as demonstrated in [1].

In the present paper, we will investigate the problem further and obtain algorithms
for actually computing the optimal control. The nonminimum phase case is also
considered and results are found by solving reduced order algebraic Riccati equations.
As is well known, the optimal control may not exist in the class of regular control
functions and indeed, our optimal trajectory and the ensuing state trajectory lies in
the class of distributions. In addition, for positive times, the optimal trajectory is
smooth and lies on a predetermined linear subspace of the state space.

We will be using standard notation: R™ for m-dimensional Euclidean space,
R*:=[0,00), 9’ for the distributions with support on R*, A\B for A Beomplement
(A|Z) for the largest A-invariant subspace containing the subspace %, and (¥|A)
for the smallest A-invariant subspace contained in %. Of course, for the familiar
X=Ax+Bu, y=Cx, (Alim B) is the reachable subspace, while (ker C|A) is the
nonobservable subspace.

2. Problem statement. In this paper we will study the full linear quadratic problem
with nonnegative cost functional. The usual formulation is to consider, for the system
% = Ax + Bu, the cost functional | g(x, u) dt with q a quadratic form (in x and u jointly).
However, since we will only be concerned with the situation in which ¢ =0, we can
always introduce the output y = Cx+ Du such that |y|>=q(x, u). As in [1] we are
thus led to consider the linear system

(1) 3 x=Ax+ Bu, y=Cx+Du
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with state space & =R", input space % =R™, and output space ¥ =RP?, and with cost
put sp P

[yl a.
Consider the following spaces of inputs:
(i) Regular inputs:

U = LR R™)

={y:R+—>R"'

T
u is measurable and J |u|l* dt < oo for all T€R+}.
0

(ii) Distributional inputs: Even though we could consider general distributions on
R*, we will, as in [1], restrict our attention to Bohl type distributions (those whose
Laplace transform is rational). Thus

WUt = {ue D' |u=u""+ u"® with u"™ an impulsive distribution, and u"te U™}

An impulsive distribution is one with support in 0, i.e., a distribution of the form
Y, a8 with a,eR™, § the Dirac delta, and (i) the i-th derivative.

Let ™8, %, %™t and ¥** be similarly defined. Obviously %% > U™, Now
for any given initial condition x(0) = x, and any u € U%*, 3 generated in the standard
way unique solutions x € Z**" and y € %' (for details, see [1, § 3]). In order to display
the dependence on x, and u we will denote these unique solutions by x(x,, u) and
y(xo, u). Of course, if ue U™ then also x(xo, u) € ™ and y(x,, u) € ¥*%. However,
it is important to observe that some u € %"\ %™ may lead to solutions y(xo, u) € Y&,

Now consider the cost function [ || y|? dt. Formally, define

F: X x US> RE
by

@) S0y 1) = j Iy Gro P dt

where we will agree to set $(x,, u) =00 when
y(xo, u) € YU\ Y™t or when y(xo, u) € LN,

We will be interested in minimizing ¢ with or without stability conditions on the
state. Let

UL (x0) = {u € Ulim x(xo, u)(1) = 0}

and let UE (x,) be similarly defined. Now define

F*(xo) = infimum $(xo, u)
ueoudnst

and

fstab(xo) = lnﬁmum f(xo, u)
ueoumb(xo)
We will study a number of aspects of the cost minimization problem introduced
above. In particular we shall answer the following questions:
(i) How can $* and $%,, be evaluated? When are $*(x,) and $%,,(x,) finite?
When are they zero?
(ii) Find, if it exists, u* e A" such that $(x,, u*) = F*(x,). Is u* unique? When
is u*e s
(iii) Same questions for u* € ULS(x,) and F*,.(x,).
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Example. Before jumping into the details of the analysis, let us consider the special
case in which we consider the controllable system X: X = Ax+ Bu and are asked to
minimize [ |x|? dt, i.e., y=x. Now set ¥ = Z,@® Z, with £,'=im B and &, = (im B)*
In this basis, = becomes:

X, = Allxl + A12x2+ u,

Xy =An1x;+ ApX,,
and

F(x0) = L (x> + |x.]1%) dt,

where we have chosen also the basis in % suitably and we have assumed that B is
injective.

Note that (A, B) controllable implies (A,,, A,,) controllable. Let x, = (X, 9, X50) be
given. Now solve the classical linear quadratic problem which asks to minimize

j Ul + 1zl de
0

with v as control, for X, = A,,X,+ Az, X,(0) = X, 0. This yields v™* = FXx, as the optimal
control law and x,, on20 as the minimal cost. There K is the unique posmve definite
symmetric solution of the approprlate algebraic Riccati equation and F = —AJ K. Now
it is easy to see that #(x,, X20) = X 20Kx, 0, and that $*(x, 0, X5,0) = Fhan(X1,0, X20) =
X3, on2 o provided x, o= Fx, . If, however, x, ,# Fx,, then we can use the impulsive
control u = (Fx,0—X;0)8 in order to obtain x1(07) = Fx,(0") = Fx,,. This impulse
derives the state to the desired subspace.
The optimal control law then looks like

= (FX2’0“x1,0)_8 for t= 0,
u= F(A21x1+A22X2)—A11x1""Alz.XZ fOI‘ t>0.

Our purpose is to generalize this picture: the optimal control consists of an impulse
part at t = 0. This brings us to a subspace where the rest of the motion takes place and
where a classical LQ problem needs to be solved. This surface (a linear subspace) in
Z is the regular subspace. The computation of this subspace and the control law to be
used on it can be carried out by solving a classical algebraic Riccati equation. The

computation of the impulses which bring us on this surface involves linear equations
only.

3. Some notions from geometric control. The analysis of the singular LQ-problem
defined by = via (1) and (2) needs the full power of the geometric theory of linear
systems as exposed in [2], generalized to “almost” versions and distributional inputs
in [3], and further generalized and made relevant to linear quadratic problems in [1].
In this section we will introduce these notions in a self-contained way and recall some
relevant facts regarding them.

Consider for the system

3:x=Ax+ By, y=Cx+Du.
The following line-up of subspaces:
(i) ¥*, the output nulling subspace, defined as
V*:={xo€ ¥|3u € U™* such that y(x,, u)=0};
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(ii) &*, the controllable output nulling subspace, defined as

R* = {xo€ Z|3uWU"* such that y(x,, ) =0 and such
that u(x,, u) has compact support};

(iii) 7%, the distributional output nulling subspace, defined as
V= {xo€ |3u € U™ such that y(x,, it) =0 distribution};

(iv) R¥, the controllable distributional output nulling subspace, defined as

R 5= {xo€ ¥|Fu € U™ such that y(xo, u) =0 and
x(xo, u) has compact support};

(v) 7%, the L.-almost output nulling subspace, defined as
VE={xoe Z|Ve >0, Juec U such that ||y(xo, #)| .= ¢e};

(vi) R¥*, the controllable L,-almost output nulling subspace, defined as

R¥={xo€ Z|3T > 0such that Ve >0, Ju e U8, such that
lly(xo, u)||,= & and support x(xo, u) = [0, T1};

(vii) V%, the L,-almost output nulling subspace, defined as
V¥ ={xoe X|Ve>0, Juc U™ such that ly(xo, W)l , =€}
(viii) R¥, the controllable L,-almost output nulling subspace, defined as

R¥ = {xo€ X|3T > 0such that Ve >0, Ju c U™, such that
lly(xo, u)||,= & and support x(x,, u) < [0, T1}.

These subspaces have been studied in [3] for the case D =0, and much of it has
been generalized to the case D # 0 in [1]. Actually the case D # 0 is easily reduced to
the case D =0. Indeed, by choosing the bases in % and ¥ properly, we may always
write X as

x=Ax+B1u1+B2u2, n= C1x+ U, V2= sz

with U = U, D U,, U,=ker D, ¥ =Y, ®Y,, ¥,=im D. Now define
E': X = Alx + B2u2, Vo= sz

with A''=A— B,C,. It is easy to see that the subspaces (i)-(viii) are identical for X
(with input u and output y) and for X' (with input u, and output y,). The properties
desired below are easily obtained from this observation and the results of [3]. However,
it is convenient to express the relations in terms of = directly.

ProposiTION 1. There holds

1. V¥=V* RE¥=RE;

2. VE=V*+RE, VE=V*+R¥;

3. REF=V*NRE=V*NRE;

4. R*¥=RENC'im D, R¥=[ABl(R*® U) Nker [C,D]).

We particularly draw attention to property 4 which yields a simple way of deriving
R* from RF and vice versa.
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In [1], [3] simple algorithms have been derived for the computation of the
subspaces (i)-(viii). For the situation at hand, these are

Vom 2, Vin= [g] (:@wn+im {g])

Ro={0}, Riry=(C~'im D)N[ABI((%:® U) Nker [C,D]),
Fo={0}, F111=[AB]((¥:® %) Nker [C,D])).

These recursive algorithms compute the desired subspaces. In fact,

Vil V=7,
RA R, = R,
yiTyn = gzta

(7/‘: n %l)T(VH n %n) = %*a
(ViNEMN(Va N F) = R*.

These algorithms immediately yield the following.

ProposITION 2. There hold

1. *¥=(C'im D)N[AB]((2*® %) Nker [C,D]);

2. RE¥=[ABJ(R¥®U)Nker [C|D]).

The subspaces introduced allow to decide invertibility of =. We quote some results
to this effect from [1]. We will say that = is right invertible if for every y € %#“* there
exists an u € U such that y(0, u) = y. (In [1] it is actually assumed in the definition
that y € %™, but the above definition defines an equivalent and perhaps a more natural
property.)

ProrosiTiON 3. The following statements are equivalent:

(i) X is right invertible.
(i) V¥=% and im[C,D]=%.

(iii) The transfer function T(s)= D+ C(Is— A)~'B is right invertible over the field

of rational functions.

Also, left invertibility is readily desired from the notions introduced above. The
system = is called left invertible if {07 ue U }=>{y(0, u) #0}. (In [1] it is actually
assumed in the definition that y(0,u)e %™® but the above definition defines an
equivalent and perhaps a more natural property.)

ProPOSITION 4. The following statements are equivalent:

(i) X is left invertible.
(ii) R*={0} and ker[p]={0}.

(iii) The transfer function T(s)= D+ C(Is—A)"'B is left invertible over the field

of rational functions.

Note that left invertibility immediately implies that {y(0, u;) = y(0, u,)}=>{u, = u,}.

Actually, using the results of [4] we can also classify the transfer functions with
a polynomial inverse.

PrOPOSITION 5. The following statements are equivalent:

(i) R¥=2%.

(ii) T(s)= D+ C(Is—A)"'B has a right inverse which is a polynomial matrix.

Finally, the equivalence of the open loop definitions of the spaces (i)-(viii) and
their feedback counterparts lies at the basis of many control theoretic applications of
these notions. We will only need the following here.
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PROPOSITION 6. There exist a feedback matrix F: ¥ - U and a chain B; = B such that
(i) (A+BF)V*< ¥* and (C+ DF)V*={0};

(ii) (A+BF)R*c R*,

(iii) R¥=B,DAB,®- - - @AY 'B,.

Proof. The proof follows from [6, Thm. 1] where the subspaces &% and ¥* are

called strongly reachable and weakly unobservable subspaces and denoted as %
and V.

4. A suitable basis choice and preliminary feedback. By means of an appropriate
choice of the basis in the input, state, and output space, and by applying a preliminary
feedback, it is possible to simplify the analysis considerably.

Decompose ¥ =¥, @ ¥, with ¥, =im D and ¥,=%;. Now choose 4U,=ker D
and %, such that U, = U,® U,. By suitably choosing the basis we obtain D=[; ¢].
This yields for X:

)é = Ax+ Blul + B2u2, )’1 = C1x+ Uy, y2 = sz,

with || y|I>=[y:>+ |ly2|l> It is easy to see that the spaces (i)-(viii) introduced in § 3
are identical for the system X as for

X= A,x + Bz“z, Vo= sz With A, =A- Bl Cl

where we consider u, as input and y, as output.
Now decompose the state space as follows:

X=X, DXDLDLs
with

Xy=R*, DX =V*, LDL=R%E,
and

LD LD X5 = RY.

Now choose feedback F such that (A'+B,F)V*<c¥* C,v*={0},
(A'+ B,F)R*< R* and RE = Byy®(A'+ B,F)By®(A'+ B,F)?By,®- - - @
(A'+ B,F)"'B,, where B,,=B, and B, is a chain in B, (see Proposition 5). This
yields ¥*Nim B, ®*. Also from Proposition 1.4 we know that R} =R} Nker C,
and RF=(A'+B,F)R¥+im B,.

The choice of basis indicated and the feedback

(3a) u =u;—Cyx,
(3b) u, = ub+ Fx,

reduces our system to =

X, Ay 0 0 0 AisT T B, 0

X2 Ay Ap 0 0 Axs | | x2 By, 0

X3 | = |Asn Ay Az Az Ags| | x|+ [ B | uit | B | un,
X4 An 0 0 Ay Aus X4 By, B,

Xs Asy 0 0 Asy  Ass] Lxs Bys B;s
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Xy

X2
(4) yi=1uy, y2=[C; 0 0 0 Cys]|x3].

X4

Xs
The problem is to
5) minimize |~ 1+ 21" de

0

We have the following.

PROPOSITION 7.

1. ker C,5={0}.

2. The transfer function associated with

Az Ass Ass B;
0 A44 A45 ’ BZ4 > [0 0 I]
0 A54 A55 325

has a right inverse which is a polynomial matrix.

3. The system
Au A45] [324] }
, , [01
{ [A54 ASS B25 [ ]
is left invertible.

4. (Aass, Bys) is a controllable pair.

Proof.

1. It follows from R¥ Nker C,= R*.

2. It follows from Proposition 4 that this transfer function with the output matrix
replaced by [0 0 C,;s] has a polynomial right inverse. The result then follows using 1.

3. By Proposition 4 we need to show that the controllability output nulling
subspace associated with this system is zero. Assume that this is not the case and add
this subspace to &. Clearly the subspace obtained in this way will be in the controllabil-
ity output nulling subspace for the original system X, proving the claim.

4. Follows from (A'+ B,F|im B,N ®*)=R*. 0

We will use the feedback F and the chain B,; to simplify the system representation
given in (4). We obtain

PrROPOSITION 8. There exists a coordinate transformation such that =1 =3* where

X, A¥ 0 0 0 AsT [ By, 0

X, A5 An 0 0 Az | | X2 B, 0
Xk|=10 A, Asz Ay Ass| x|+ | Bis| uit | B |u,
X4 0 0 0 Au Ass X4 By, By,

Xs 0 0 0 Ass  Ass] Ixs B;s Bys

)’2=[C§<1 000 Cylx, n=u

where (C%,, A},) is an observable pair.

Proof. Follows from Lemma 1 and the Column Elimination Algorithm given in
[6]. O
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5. Regular LQ problems. Our approach in studying singular LQ-problems will
be to reduce them to regular LQ-problems. Regular LQ-problems are those for which
distributional inputs are not candidates for optimal controls since they always lead to
infinite cost:

DeriNITION. The LQ problem X (as defined by (1), (2)) will be called regular if
{x0€ Z, u€ UTN\U™}=>{F(X,, u) = 0}.

It is easy to decide regularity as follows.

THEOREM 1. The following conditions are equivalent:

(i) X defines a regular LQ-problem.

(ii) {xo€ &, ue U\ UE=>{y(x,, u) € YH\Y™#}.

(iii) ker D={0}. )

Proof. (i)=>(ii): Since y(xo, ) = y(x,, 0)+y(0, u), (ii) is equivalent to

{y € oudist\gureg}ﬁ{y(o’ y) e qydist\@reg}'

Now, if this were not the case, Ju € U\ U ™8 such that y(0, u) € ¥, The correspond-
ing x(0, u) will satisfy x(0, u)(¢t)€(Alim B) for all ¢>0. In particular, x(0, u)(1)e
(Alim B). Hence since x(0, u)(1) belongs to the controllable subspace of X, we can
modify, if needed, u(t) to u™"(¢) for t =1 such that y(0, u™") € £(0, ). This u™" is
still in U\ U™, but F(x,, u™™) <o, Hence {not (ii)}=>{not (i)}. The implication
(ii)=(i) is obvious.

To show the equivalence of (ii) and (iii), observe that by a suitable choice of the
basis in % and %, X may be represented as

X=Ax+B1u1+B2u2, nh= C1x+u1, V= sz,

u=(x,uw), y=0,x)

with u;, e R™, m,;=codimker D=dimim D and u,eR™, m,=m—m,. Now (ii)&
{m,=0}&(iii) is obvious. 0O

Regular LQ problems may thus be reduced by a simple basis change and a
feedback transformation to the standard LQ problems.

Recall the LQ problem standard if it is regular and if the associated ¥™* = {0},
i.e., if ker D={0} and if (C'im D|A—(D"D)'D"C)={0}.

Let X define a regular LQ-problem. By Theorem 1 this is equivalent to ker D = {0}.
By choosing the basis in % appropriately and making an orthogonal basis change in
% we can then bring D into the form [{]. = becomes

X=Ax+Bu, y,=Cixytu, y,=0Cx, y=(y,¥2)
Now use the preliminary feedback u = v — C;x,. This yields the system
X =A'x+ By, Vo= Cox

with A':= A—B,C, and £ =[5 (||lv]*+]y./?) at.
We obtain the familiar standard LQ problem
minimize J (a|l>+ 7)) at
0
for X =A%+ Bii; 5= C% with the simple basis change such that C = C/L where
L=(7*".

6. The singular LQ-problem without stability constraints. At this point it is con-
venient to study the LQ-problem introduced in § 2 with and without stability separately.
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We will reduce the general singular problem to regular ones, and regular problems to
standard ones. In addition, we will assume throughout that (A, B) is asymptotically
stabilizable. We have the well-known proposition as follows.

ProrosITION 9. Let (A, B) be asymptotically stabilizable and assume that 3. defines
a standard LQ-problem. Then the control law u* = F,x generates $(x,, u*) = $*(x,). Here

(6) F,=—(D"D)'(B"P,+D'C)
and P, is the unique positive semi-definite solution of the algebraic Riccati equation
(7) A"P+PA—-(PB+C"D)"(D"D)(PB+C"D)+C"C=0.

In fact, Py> 0 and $*(x,) = xd Pyx,. Moreover, the closed loop system % = (A+ BFy)x is
asymptotically stable.

It is easy to extend Proposition 9 to the regular case.

ProposITiON 10. Let (A, B) be asymptotically stabilizable and assume that 3. defines
a regular LQ-problem. Then the control law (6) with P, the infimal positive semidefinite
solution of the algebraic Riccati equation (7) generates $(x,, u*) = $*(x,), and F*(x,) =
Xq Poxo. Further {$*(x,)=0}&{x,eker P} {x,€ ¥*=(C'im D|(D"D)'D"C)}.
Finally, the closed loop system x = (A+ BF,)x will be asymptotically stable if and only if
V*< ¥ (A-B(D"D)'D"C) (i.e., detectability).

Proof. See [1] with the sign change on (6.2) at page 23, [7].

Note that in order to solve for P, and F, in Proposition 10 it suffices to solve a
standard algebraic Riccati equation of dimension=the codimension of ¥™*, since
Py=PJ =0 and ker P,= V*.

We now have all the preliminary results which go into the solution of the general
singular LQ problem without stability. We will assume that the problem is already in
the form (4)-(5).

THEOREM 2. Assume that (A, B) is asymptotically stabilizable and consider the
singular LQ-problem (4)-(6). Then

(i) $*(x,) <. In fact,

f*((xl,o, X2,0, X3,0, X4,0, X5,0)) = x;’:opoxw
with P, the unique positive semidefinite solution of the algebraic Riccati equation
(8) AP+ PA;; —(PA;s+ C3,Cas) T (C35Cas) ' (PA s+ C3, Cys)
- PB“B;I-]P"' C2T]C21 =0.

Moreover, Py> 0. .
(ii) Vxo€ &, there exists an u* e U™ such that F(x,, u*)= $*(x,). This optimal
control is generated as follows

9) u{*=-—B;r1P0x1
and ub* such that x¥ is regular and satisfies
(10) x’5k=—(C2TSC25)_1(A{5P0+ C;SCZI)XI'

There always exists a distribution u5* such that (10) will be satisfied as a distribution.
(iii) The optimal trajectory lies on the linear subspace

Xs = —(Cgsczs)_l(A;rspo'*' Cszczl)xl
for t>0.
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(iv) The optimal trajectory

is such that
x¥ and x¥ are regular

and x¥, x¥, and x¥ may be distributions. Moreover, x¥, x¥, x¥ and x¥* are uniquely
defined, while x¥ is not.

The proof of this theorem is given in Appendix A.

Theorem 1 allows us to recognize several interesting special cases of the singular
LQ-problem. Recall the following lattice diagram (B, and C, are as defined in § 4):

Z

ker C,

47/‘*

im B,
{0}

The problem is standard:
& {the optimal control is a regular function and #*(xo) > 0 for x, # 0}
<{VE={0}}
The problem is regular:<{the optimal control is a regular function}
S{RE={0}}
< {Ker D ={0}}.
The problem is cheap:<{ #*(x,) =0 for all x,}
S{VE=%}).
The problem is totally singular:<{the optimal control has zero regular part}
S{R¥ =% and R*={0}}.
The problem is potentially singular:

& {there always is an optimal control with regular part zero}
S{RE=2}.

7. The singular LQ-problem with stability. In this section we will generalize the
ideas of § 6 in order to study the singular LQ-problem with the stability constraint
lim,, . x(#) =0 as a side condition. We start by analyzing the geometric structure of
3 as given in § 2 in still a bit more detail and derive a refinement of the decomposition

4).

7.1. A further decomposition of ¥"*. Our approach to solve the singular LQ-
problem with stability needs a further decomposition of the output nulling subspace
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¥*. Consider ¥, ¥°,and ¥"* the output nulling subspaces with respectively asymptotic
stability, neutral stability, and exponential instability. These are defined and computed
as follows.

Take any F such that (A+ BF)¥™ c 9* (solutions converge neither for t > +0)
and (C + DF)V* ={0}. Then (A+ BF)®* c ®&*. Now there exists such an F with the
property that the characteristic polynomial of (A+ BF)|®* is equal to any given monic
polynomial of suitable degree. However, the eigenvalues of (A+ BF) (mod ®*) are
independent of the F which we choose. Now choose an F such that the spectra of
(A+ BF)|2* and (A+ BF) (mod &*) are disjoint. This yields a decomposition of ¥*
into ¥*=9,@ Y, V,®R* with ¥, ¥, and ¥; (A+ BF)-invariant and such that
(A+ BF)|7,, (A+ BF)|¥, and (A+ BF)| ¥’ have their spectra in the open right half
plane, on the imaginary axis, and in the open left half plane, respectively. In terms of
these, set ¥V " =R*@ Y, V°=R*®V,, and ¥V = R*D V.

Using such an F and the above decomposition of Z,® % in (4) yields a decomposi-
tion of &, into &, =2, ® X,,® &,; with an associated partitioning of A,,, A,s, and
B,, into

Axy 0 0 Ass Bz,
(1 1) Axpn= 0 Azz,z 0 A= Azs,z By,= an,z
0 0 Axs Ajs B2

with 0(Ax,), 0(Axy,), and o(A,, ;) in the open right half plane, on the imaginary
axis, and in the open left half plane, respectively. Furthermore, A;,=0.

7.2. The regular LQ-problem with stability. In the standard problem we obtain
asymptotic stability of the closed loop system as a consequence of the minimization
of #. This shows that the standard problem has the same solution with or without the
side constraint lim,,. x(¢t) =0. The difference starts when we consider the regular
problem.

Consider now the regular LQ problem: X with ker D ={0}. By Theorem 1 we may
restrict attention to %"&. Now consider the subspaces ¥, ¥°, and ¥~ introduced in
§ 7.1. Because of regularity, these may be computed in more detail:

¥*=(C'im D|A") with A'=A—(D"D)"'D'C

and, also because of regularity, %#* ={0}. Now make a spectral decomposition of ¥™*
corresponding to the decomposition of the spectrum of A’|%™* into its open right half
plane, its imaginary axis, and its open left half plane parts. This yields ¥, ¥°, and
V™~ respectively.
We obtain the following proposition.
ProrosITION 11. Consider the regular LQ-problems: 3 with ker D = {0}, with the
stability condition lim,_, . x(t) =0. Then
(i) For all xo€ %, there exists a control u € U5, (x,) such that F(x,, u) < if and
only if (A, B) is asymptotically stabilizable. Assume this to be the case.
(ii) There exists a supremal nonnegative definite symmetric solution, P, to the
algebraic Riccati equation (7). We have inf,c s, #(Xo, u) = inf,cqaisc F(xo, u) = xg PiXo.
(iii) For all x,€ & there exists an optimal control u* € ULE (x,) (hence F(u*, x,) =
xq P.x,) if and only if ¥°={0}.
(iv) Assuming this to be the case, then u*=F,x with F,=
—(D™D)(B"P,+ D"C) generates the optimal control.
(v) {inf,cars F(xo, u) =0} {x,€ker P, }>{x,e ¥°+ ¥V}
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(vi) P, = P, (and consequently the nonnegative definite solution of (7) is unique)
if and only if V" ={0} (i.e., exponential detectability).

(vii) u* = Fyx will yield also asymptotic stability if and only if V™ + V°={0}. In this
case, the LQ problem X with and without stability give identical answers.

Proof. Of course, part (i) is obvious. Assume thus that (A, B) is asymptotically
stabilizable using the representation derived at the end of § 5. It follows that we should
prove this proposition for the LQ-problem in which we are asked to minimize J, (||u|*+
ll¥|I?) dt for the system x = Ax+ Bu; y = Cx. Then ¥*=(ker C|A), while ¥, ¥°, ¥~
correspond to the decomposition of ¥* associated with the partition of the spectrum
of A|¥™* into its components in the open right half plane, on the imaginary axis, and
in the open left half plane, respectively. The associated algebraic Riccati equation is

A"P+PA-PBBTP+CTC =0.

Let P, be the infimal nonnegative definite symmetric solution of this algebraic Riccati
equation. Since (A, B) is asymptotically stabilizable, such a solution exists. Using
standard calculations, it is easy to see that, whenever lim,_, x(¢) =0, then #(x,, u) =
xg Poxo+ g ||u~+ BTPox(x,, u)||” dt. Now use the preliminary feedback u=v— BPyx.
The problem then requires the minimization of {; ||v||*> dt for x = Agx + Bv with Ay:=
A— BBTP,, under the stability constraint lim,_ . x(xo, v)(¢) =0. Let £*, £°, ¥~ be the
decomposition of & corresponding to the partition of the spectrum of A, into its
components in the open right half plane, on the imaginary axis, and in the open left
half plane. By Proposition 9, we know that ker P,= ¥* = (ker C|A). Further ¥* is
Aq-invariant and A, (mod ¥™*) has its eigenvalues in the open left half plane.

Now minimize $(xo, u)=[g ||v|* dt subject to x=Ayx+ Bv, x(0)=x, and
lim,, . X(xp, v)(£)=0. Clearly if x,e%¥”, the optimal control v*=0, and
min #'(x,, v*) = 0. Next, if 07 x,€ £°, inf $'(xo, v*) =0 (see [5, Lemma 3.2]) but no
optimal control exists since v* =0 does not meet the condition lim,_, . x(x,, *)=0.
Consider now the situation x,e £*.

Define A, = A,¥"* and B,:= QB with Q the projection of 7 onto &¥* along
F°® F. Note that the stabilizability of (A, B) implies that (A, B.) is controllable.
Further the eigenvalues of A, are in the open right half plane. Now solve the
minimization of [; ||v|? dt for X, = A, x, + B, v with x,(0) = x, o and lim,. x,(t, v) =
0. The optimal control for this problem is v*=—BTW'x, with W,, related to the
controllability Grammian, defined as the unique solution of A, W, + W, Al = B.BT.
Clearly W, = W1>0, and hence 7, = W' is the supremal (alternatively, the unique
positive definite) symmetric solution of 7, A, + Al 7, — 7, B, Bl 7, =0. Now combine
the solution which we obtained for £, £°, and ¥*. Define

. 0 O
T= [ 0 0 0]
0 0 0
to conform with the partition of & into =%"®L°® L . This yields xg mx, as
inf $'(x,, v). If Z=%"® L then v*=—BTrx is the optimal control law.
Combining this solution with the preliminary feedback yields xq (P,+ 7)x, for

inf $(xo, u) and u*=—B7(Py+ m)x. Define now P, = P,+ 7 and unify all the state-
ments of Proposition 11.

7.3. The singular case with stability. We are now in a position to state the solution
of the general singular LQ problems with stability. We will assume that the problem



SINGULAR OPTIMAL CONTROL 335

is already in the form (4)-(5) with the refinement of &, leading to the partition of A,,
as given in (11).

THEOREM 3. Consider the singular LQ-problem (2) with the stability constraint
lim,. o x(t) =0. Assume that by a preliminary feedback and a proper choice of the bases,
2 is already in the form (4)-(5), with %, further decomposed so as to induce the form
(11). Then

(i) For all xo€ &, there exists a control u € Usse(xo) with $(xo, u) <o if and only
if (A, B) is asymptotically stabilizable. Assume this to be the case.

(ii) Let P, be as defined in Theorem 2 (i). Now let W, be the solution of

(12) A22,1 W, + W+A;rz,1 = B12,1BT2,1+A25,1A;5,1'

Then W, = W{>0, and $¥,,(xo) = x{oPoX, 0+ X3, 0 Wllxn,o;

(iii) For all x,€ %, there exists an optimal control u* € U3 (x,) if and only if Z,, =0
(in the notation of § 7.1 this means V* = ¥+ ¥~). This optimal control is generated as
follows

(13)
and u5* such that x¥ is regular and satisfies

(14) x¥= _(C27'5C25)—1(A17'5p0+ C2TSC21)X1 “A2Tl,1 W»:lle-

* _ T T -1
ui =—B1Pyx,— B3, ; Wi X,

7.4. Computation of optimal input. In this part we will discuss the computation
of the optimal input. Using Theorem 3 (iii), we will obtain u}*, x¥ x¥, x¥ for initial
conditions x,, and x,, 0. To compute u5* we consider the differential equation

X5 3 Azz,a 0 0 Ay X2,3 By 0

’fs - 0 Azz Az Ass|| x + By; )+ B;; ul,
X4 0 0 Ay A x, B, By,

Xs 0 0 Asy Ass]lxs Bis Bss

We will first compute X, 3, X3, X4, X5 by taking uj = uf and u5=0. Since from Theorem
3 part (iii) &,,=0 we can conclude

Ans 0 0 Axlfo
0 A33 A34 A35 823
0 0 Ay Ai||Bu
0 0 Asy Ass] LBys
Lo 0 0 I]

has ¥*+ R¥ =% (see Proposition 6.2). Therefore, we will compute uj* such that
Axs(t) = %s(t) — x¥(t) will be zero. If Axs(0)#0, us* contains impulses. Using the
results of [6] one can directly compute the impulsive and regular parts of u*. We will
first find the feedback F and chain B; which are defined by Proposition 5 by using [6,
Theorem 1] for A'=A - B,C,, B, and C,. By applying the nested version of the left
structure algorithm one can find output transformation Q, input transformation
G and feedback F such that Ar=A'+B,F, C;=[(CHT---(C*7T] and
B,=[By;  * * Bya+1] where (CH)", B,;e B™4 %) If Q#1 one has to introduce
Q into ARE in  Theorem 3. We  will choose [T, T,]=
Im[By, Bys ApBys:+* Boyy* " - A‘;:'_2Ba+l] and Ts=[B,, ApBy - - A% 'B,,] where
columns of [T; T,] and T are basis vectors for xs, x, and x; respectively. With this
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special basis selection we will obtain the matrix

A33 A34 A35 B 23

N=[ 0 Ass Ay By
0 Ass Ass B
where
Ny - Nlol
N=| : :
Nozl e Nezol

and for each i 3aj*(i) such that N;j«; =1 where j*(i)<i. Then we will apply the
column elimination algorithm [6] to eliminate nonzero elements of each row. Let
J ={j|3i>j*(i) =j}. For each j € J, ;) + AssAxs(t). We start the procedure with i = 6,,
at each step we know x; and compute xj«;y since j*(i) <i. Recursively one can find
x;(t) Vi and u)(t). From the special selection of the basis vectors in & it is not hard
to prove that the impulsive part of u5 has the following property: uj3 =
[Z76(t) ¢78(t) - ¢TI ,6°7'(t)]. The numerical aspects of the computations are
investigated in [6].

Appendix A. Proof of Theorem 2. We start with the system in the form (4)-(5).
The idea is now to consider the subsystem

g- j (+ | Cors + CosxoP) d

0

with x5 considered as a control (i.e., as being unconstrained). Obviously

inf f’(xl,o) = inff(xl,o, X2,0, X3,0, X4,0 xs,o)-

Since the LQ-problem thus obtained is regular, we can apply Proposition 10. Observe
that asymptotic stabilizability of (A, B) implies asymptotic stabilizability of
(Ayy, (A5 Byy)). The resulting optimal control (u(*, x¥) is then given by (9)-(10) and
consequently in order to prove statements (i), (ii), and (iii) of Theorem 2 it suffices
to show that there always exists a distribution u¥ such that (10) will be satisfied. More
explicitly, define L= —(C15Cys) '(A{sPy+ C35Cs,). Then we should generate x¥ = Lx¥}
with x¥ defined by

Jé;k=(An"'Ast_BuB;I;Po)Z"lk, gcik(O)=x1,0.

The fact that the desired u5* exists is an immediate consequence of Proposition 7.2.
Note that since in particular x5, may be unequal to —Lx;,, we obtain in general
distributions for u%* and hence for x¥, x¥, and x¥. The uniqueness claim (iv) of
Theorem 2 may be shown as follows. From the original construction of x¥ and ui™* it
follows that they are unique. From Proposition 4 it follows that x¥ is not unique, while
from Proposition 7.5 it follows that x¥ and x¥ are unique.

Appendix B. Proof of Theorem 3. We start with the problem in the form (4)-(5)-
(11) and consider first the subsystem

Xy Ay 0 ][xl] [AIS] [Bu] ,
= + X5+ X
[xz] [Alz Anllx, Ajs s B, '
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for which we will minimize

(e o}
f;mb=j (+ [ Corsr + Cosssl®) d
0

with x5 considered as a control and with the constraint lim,_ . (x,(¢), x,(t)) = a. Since
this is a regular problem, we can apply Proposition 9. This yields the optimal trajectory
x¥, x¥, x¥ which converges to zero at t > 0. Using the ideas of Appendix A, this will
yield Theorem 3 provided we can show that there exists a u5* which generates x¥, x¥
which also converge to zero. This, however, immediately follows from the fact that in
Proposition 7.2 a right inverse with a polynomial transfer function is obtained.
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