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ROBUST STABILIZATION OF UNCERTAIN SYSTEMS*

JACQUES L. WILLEMSt AND JAN C. WILLEMS#

Abstract. In this paper we consider the systems described by

dx =Axdt+Budt+Y oFxdB; or x=Ax+Bu +Z BFi(x, t)Cx,

and we will derive conditions under which there exists a feedback control law u = Kx such that the closed
loop system is stable for all o; or (smooth) nonlinearities F;. The nonlinearities F; and the noisy gains o; dB;
are unknown uncertainties in the system, and the problem considered is to obtain a control law which is
robust against these uncertainties, as far as stability is concerned.
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1. Introduction. Robustness is a very important feature of control system design;
it deals with the question whether some relevant qualitative properties, such as stability,
are preserved if unknown perturbations are present in the dynamic system. This
property is also often called structural stability. Consequently, it is of interest to
incorporate this property as a feature of control system synthesis.

We consider the following system:

1) x@t)=Ax({t)+Bu(t)+ Z B.Fi(x, t)Cix(t).

In this equation the last terms represent nonlinear and/or time-varying unknown
(deterministic) perturbations. In this paper we will be concerned with the question
whether there exists a linear stationary feedback control law u(t) = Kx(z), such that
the dynamic system described by (1) remains stable for all F(x, t) satisfying only a
Lipschitz or some smoothness condition. A similar question is analysed for the
stochastic system described by the Ito equation

) dx(t)=Ax() dt+Bu(t) dt + Z oFx(¢) dB;(t)

where the processes B; are standard Wiener processes. Intuitively (2) should be
regarded as the equation

x(t)= [A +ZF}ﬁ(t)]x(t) +Bu(t)

where the processes f;(t) are stationary white noise stochastic processes.

There has been some previous work on these stabilizability problems. In [1]
conditions have been derived in terms of the solution of an algebraic Riccati equation.
In § 2 of the present paper the same question will be reexamined; it is shown that
concise stabilizability criteria can be developed by means of geometrical techniques
using the concepts of (A, B)-invariant subspaces [2] and almost (A, B)-invariant
subspaces [3], [4]. In § 3 the robust stabilization of the deterministic system (1) is
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discussed; using techniques similar to those used for the Ito equation (2), criteria for
robust stabilization are derived. It is shown that the model and also the results are
more general than in Molander’s thesis [5], which contains a rather general discussion
of the robust stabilization question. A related reference is [6] where the importance
of the problem considered here is argued. Finally, a recent special issue of the IEEE
Transactions on Automatic Control (February (1981)) demonstrates a great deal of
interest in robustness questions from the point of view of control system design.

A few words on the notation used in this paper: R denotes the reals, C the
complex plane, C,:={s € C|Re (s) <0}, and C, :={s € C|[Re (s)=0}. If q is a positive
integer, then q:={1, 2, - - -, q}. Script capitals are used for vector spaces and subspaces.
If A: %~ is linear and A¥ = %, then A|¥ and A(mod %) are the maps defined by
the commutative diagram

Alg
>

canonical
injection
¥ —F

canonical
projection

A(mod &)

PARA x/<L

(%|A) is the largest A-invariant subspace in a given subspace %. Z,(A) denotes the
A-invariant subspace spanned by the eigenspaces of A corresponding to its eigenvalues
in C,; Zz(A) is similarly defined with respect to C,. o(A) is the spectrum of A and
04(A)=0(A)NC,. The kernel (null space) is denoted by Ker and the image (range
space) by im.

Finally, for the linear system £ = Ax +Bu, y = Cx, with state space &, we use
(Alim B) for the reachable subspace, i.e. the smallest A-invariant subspace containing
im B, and (Ker C|A) for the nonobservable subspace, i.e. the largest A-invariant
subspace contained in Ker C. Finally we will be considering (almost) (A, B)-invariant
and controllability subspaces [2], [3], [4] freely; the relevant facts and results are
summarized in Appendix D. For a subspace & of &, V*(¥), V¥ (¥), V¥ (&) denote
respectively the supremal (A, B)-invariant, F.-almost-(A, B)-invariant, and %;-
almost-invariant subspace contained in %, while Z*(¥), R¥ (&), R¥ (¥) denote the
similarly defined (almost) controllability subspaces. The subspace 7% (%) is the
supremal stabilizable (relative C,) subspace contained in &, i.e.

V¥ (L) =sup{¥ = &|3K suchthat (A+BK)V <= ¥,a(A+BK)=C,}.
V¥ (&) is similarly defined relative C,.

2. Robust stabilization of stochastic systems.

2.1. Problem statement. Consider the system described by the Ito stochastic
differential equation (2) where, without loss of generality, the Brownian motions 3;
are assumed to be zero mean and independent:

E[dB:(t)]=0 Vi, Viel,
E[dB.(t)*]=dt Viel,
E[dBi(t)dB;(1)]=0 Vi, jel, i#j.



354 JACQUES L. WILLEMS AND JAN C. WILLEMS

In other words, B; is a standard Wiener process. In (2) x € =R" denotes the state,
u € U =R™ denotes the control input. The constant matrices A, B, F; have appropriate
dimensions. The positive factors o; indicate the intensities of the disturbances. The
symbol E denotes expectation.

We will consider the stabilizability of (2) by means of a time-invariant memoryless
state feedback law

3) u(t)=Kx(r)
with K a constant matrix of appropriate dimension. Then (2) reduces to
4) dx(t)=(A+BK)x(t)dt+ Y, oFx(t) dB:(¢).

iel

For this closed loop system, the mean square asymptotic stability property expressed
by the definition below, will be analysed:

DEFINITION 1. System (4) is said to be mean square asymptotically stable if for
all initial states x (0)

lim Ex(0)x "T1=0.

This leads to the following stabilizability definitions:

DEFINITION 2. System (2) is said to be perfectly robustly stabilizable if there exists
a feedback control (3) such that (4) is mean square asymptotically stable for all noise
intensities o;.

DEFINITION 3. System (2) is said to be robustly stabilizable for all noise intensities
if for all bounds {s4, * * *, si}, there exists a feedback control (3) such that (4) is mean
square asymptotically stable for all noise intensities satisfying

gi=s; (lel).

The property expressed by Definition 3 is somewhat weaker than the property
expressed by Definition 2 in that the feedback matrix K may depend on the bounds
s;; some entries of K may increase without bound as some of these bounds s; tend to
infinity.

2.2. Stability of uncontrolled systems with state-dependent noise. In order to
derive stabilizability conditions for (2), we first discuss criteria for mean square
asymptotic stability of the stochastic system described by the Ito differential equation

(5) dx(t)=Ax(t)dt+ Y aFx(t) dB:(¢).
iel
This system is autonomous (in the sense that there are no exogenous inputs), but it
contains a state-dependent noise term. The second moment matrix
M(t)=E[x(t)x(t)"]
satisfies the matrix differential equation

(6) M@O)=AM@)+M AT+ a?FM()FT
iel

which evolves in the cone of nonnegative definite symmetric (n Xn) matrices. The
mean square stability properties of (5) hence depend on the eigenvalues of the linear
mapping L, on the linear space of symmetric (n X n) matrices, defined by

7) Li(M)=AM+MA" +Y oF.MF.

iel
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The problem considered here is the asymptotic stability of (7) for all noise intensities
a;. This may be resolved by introducing the subspaces %, defined recursively by the
following algorithm:

o”/‘() = {0}7

W, = <ﬂ F;_hu/j—I'A>a
iel

i.e. W; is the maximal A-invariant subspace contained in N; F; " %;_;. It is easily seen

by induction that the subspaces ¥/ are nested, i.e., #j.1 > W;. Hence

Weo=lmW;,=W,

j—>oo

exists and satisfies

W= <n F:I‘leA>.

iel

This limit is obtained monotonically in a finite number of steps.
'THEOREM 1. The following conditions are equivalent:
(D) Wo=% and o(A)<=C,.
(ii) System (5) is mean square asymptotically stable for all {o.}, i €l.
(iii) In a suitable basis the matrices A and F; (i €l) take the block triangular form :

A Ap o Agg 0 Fiio -+ Fiq

0 Ay -+ Ay 0 0 -+ Fi

A= 0 0 cv A3q, F'i= 0 0 A E,3q
0 0 - Ay 0 0 - 0

and o(A;)=C, forieq.

(iv) The Lie algebra generated by the set of matrices {A, F;; i €l} (i.e. the smallest
Lie algebra containing this set) is solvable [7]; the matrices F; are nilpotent, and
og(A)<=C,.

Proof. The equivalence of (ii), (iii), and (iv) has been shown in [1]. The elegant
and computationally feasible geometrical condition (i) is proved in Appendix A. O

The geometrical criterion (i) turns out to be very well suited to attacking the
stabilizability problem of system (2). This is the subject of the next section. The
possibility of writing {A, F;; i €I} in block triangular form is related to the Jordan-
Holder theorem and has been studied in the context of constructing canonical forms
for bilinear systems [8]. In fact, through condition (i) Theorem 1 yields a simple test
for generalization of the question when a family of nilpotent matrices can be simul-
taneously triangularized. The solution of this problem is known as Engel’s theorem
[15]. It is concerned with a basic problem in the theory of Lie algebras, and it has
implications in the theory of associative algebras and quivers.

The condition of the above theorem can be simplified if there is only one stochastic
element (I = 1) with the corresponding F; of rank one: Fy = bc1, where b, is a column
vector and ¢ a row vector; in this case (5) becomes:

dx(t)=Ax(t)dt +a1bic1x(t) dB1(t).
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The condition for mean square asymptotic stability for all o1 is that the matrix A be
Hurwitz (i.e. 0(A) = C,;) and

W,=2,
or equivalently
im b; < (Ker c4|A).
This condition is equivalent to
ci1exp (A)b1=0 VieR,

or
ciIs—A)'b;=0 VseC.

This decoupling condition [2] is an obvious sufficient condition also for F; = B;C; of
any rank. However, if the rank of F is larger than one, then the decoupling condition
is in general much too strong.

2.3. Feedback stabilizability of stochastic systems. The results of § 2.2 will now
be used to analyse the perfect robust stabilizability of (2). This system is perfectly
robustly stabilizable if and only if there exists a matrix K such that the matrices
{A+BK, F;;i €l} satisfy the conditions of Theorem 1. This condition can be made
explicit by means of the concept of (A, B)-invariant subspaces and stabilizability
subspaces (see Appendix D). To derive the criterion the following definition is required:

DEeFINITION 4. Consider the subspace 7%, defined by the following recursive
algorithm:

v :0 = {0}’

V=0 FE L),

iel
X 13 * _ grk
LVg@O = hm LVg,J‘ - CVg,no
j—=>co

As was the case for W '«, this limit is attained monotonically in a finite number of steps.
THEOREM 2. System (2) is perfectly robustly stabilizable if and only if Ve =%.
Proof. (i) The condition is necessary. Suppose there exists a feedback matrix K

such that the conditions of Theorem 1 are satisfied with respect to the system

dx(t)=(A+BK)x(t) dt+ Y, oFx(t) dB:(¢).
iel
Then
Wom {0}, Wieyi= <n FZ“M'A +BK>
iel

yields Ww=&. Moreover, o(A +BK)<C, We claim that ¥, > %;. This is easily
proved by induction. It is obviously true for j = 0. Moreover

P = 7/15(0 F:lvfj:,,) 5 ‘Vi:(n F:lm) 5 <n F:lw,.‘A +BK> =W
iel iel iel

yields the inductive step. Hence ¥ > W =&, which proves the necessity of the
condition.
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(ii) The condition is sufficient. To prove the sufficiency of the condition by means
of Theorem 1, we need to show that there exists a single feedback matrix K such
that for all j the (A, B)-invariant subspaces ¥ ; become (A + BK )-invariant subspaces
with the properties required by Theorem 1, in particular stabilizability and inclusion
of ¥*; in N, F;'¥¥,_,. This is not trivial, since we have no guarantee that the
(A, B)-invariant subspaces can be made (A+BK)-invariant by means of the same
matrix K (independent of j). This feature is called compatibility of the (A, B)-invariant
subspaces 7%, (see Appendix D). In general, compatibility is difficult to analyse. It
is not hard to show that the (A, B)-invariant subspaces ¥, ; are compatible as
(A, B)-invariant subspaces, because they are nested (¥, < ¥%,.,). However, here
we have to prove in addition that they are also compatible with respect to the
stabilizability and inclusion properties. Let the state space be partitioned as

=020 O,

where p is the integer such that ¥%, =%, ¥"%,_, # %, and where the subspaces %, are
chosen in such a way that for all j e p,

(8) PACELICTRNCE /A S
If the conditions of the theorem hold, then for all j € p there exists a feedback matrix
K; such that o(A + BK;) = C,, and

V* = < anzlvzj_liA +BK,>.

Let K| be defined by
Kix =ZK}xi

where x; is the component of x in ;. Then we check that the feedback law
K*x =Kix;+K3x:++ - +K5x,

makes the subspaces ¥¥; (A + BK *)-invariant, and such that ¥%, <N, Fi ¥ % ..
In a basis compatible with the above partitioning of the state space, A*:=A + BK*
and F; have hence the form:

All A12 e Alp 0 E,12 e E,lp
arc| O Am Al g (00 B
0 0 - A, 0 0 -+ 0

Then there exists a transformation of the input and of the state, which does not change
the structure of A* and F; (by redefining &>, * - + , %,, such that (8) remains true), but
which transforms the input matrix B into the form [9, pp. 543-544]:

B1 0 M O

0 B, -+ 0
B= L

0 0 --- B,

Since V"%, is a stabilizable (A, B)-invariant subspace, the pair (A1, B;) is stabilizable;
there hence exists a partial feedback of the state K;x; such that 0(A11+B1K1) =C,.
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Also V¥, is a stabilizable (A, B)-invariant subspace. Hence the pair
[Au AIZ] [Bl 0 ]
0 Ayl 0 B,

is stabilizable. This, however, implies the stabilizability of the pair (A,,, B>). Therefore
a feedback K,x, exists such that o(A,;+B,K>) <= C,. Proceeding in this fashion all
subspaces 7'%; are stabilized without altering the structure of A* or F.. 0O

From the definition of ¥ it is immediately clear that an equivalent statement
to the criterion of Theorem 2 is as follows:

COROLLARY 1. System (2) is perfectly robustly stabilizable if and only if for some
finite integer k

9) Y imF, < Vi
iel
Proof. Condition (9) implies
NF'vV*. =%
iel
and hence
Vzlﬂ.l = % D

Here also the condition can be simplified if there is only one stochastic element
and the corresponding matrix F; has rank one:

(10) dx(t) =[Ax () +Bu(t)] dt + o1b1c1x (t) dB1(¢).
Then the stabilizability condition becomes

Vi, =%
or

imFy=im b, c V%, = V¥ (Ker cy).

This condition implies the existence of a feedback matrix K such that A +BK is
Hurwitz and ¢;(Is —A — BK )~ 'b; vanishes identically. The condition of Theorem 2 is
then equivalent to the criterion for disturbance decoupling with stability from the
disturbance input im F; or im b; to the output with Ker F; or Kerc;. In general,
however, the condition of Theorem 2 is much weaker than the disturbance decoupling
requirement.

We notice that the criteria of Theorem 2 or Corollary 1 are also sufficient for
feedback stabilizability in cases where:

(i) the stochastic disturbances are zero-mean but not necessarily white, provided
they have finite second order moments which are uniformly bounded in time,

(ii) stabilizability with respect to other moments than the second moment is
considered.

2.4. High-gain stabilizability of stochastic systems. In thissection itisinvestigated
to what extent the criterion of § 2.3 can be relaxed if only stabilizability of system (4)
is required for all o;; this means that for any {0} a stabilizing feedback matrix K must
exist, such that

(11) M =(A+BK)M+M(A+BK) +Y ¢’F,MF!

iel
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is asymptotically stable in the cone of nonnegative definite (n X n) matrices. Since the
matrix K may depend on the noise intensities o;, some elements may go to infinity
as the noise intensities increase without bound. Then there does not exist a single
feedback matrix which stabilizes (4) in the mean square for all noise intensities.
Considering the criterion derived in § 2.3, one might be tempted to conjecture that
for this type of stabilizability the conditions of Theorem 2 may be relaxed by replacing

e (A, B)-invariant subspaces by almost (A, B)-invariant subspaces [4],

e C,byC,.

The notions of almost invariant subspaces have been introduced in [3] and
further worked out in [4]. The relevant facts from that reference are summarized in
Appendix D.

It is unlikely that the above conjecture is correct because of the high gains involved
in the transfer function which results when the gains o; - 0. The criterion of Theorem
3 below is not as strong as the above conjecture, but nevertheless it yields a useful
relaxation of the conditions of Theorem 2; indeed in the last step (A, B)-invariance
may be replaced by almost (A, B)-invariance and C, by C,.

THEOREM 3. Let the subspaces V¥, be as defined in §2.3. Let R} (¥F) be as
defined above. Then system (2) is robustly stabilizable for all noise intensities if the pair
(A, B) is stabilizable and

(12) 5 im < V(N Fi' Vi) + k(0 F:l"z/;‘,w)
iel iel iel
Proof. From the definition of the subspaces ¥, it follows that there exists a
constant feedback matrix K such that in an appropriate basis and with the control

u(lt)=Kx(@t)+o(t)

the system representation (2) takes the form

A Az o Aggn B
A . B
dey=| 0 A . Azant |y de+ 2 o) a
0 0 e Aq+1,q+l Bq+1
[0 Fi1o + Fiiq Fiige |
0 0 -+ Fipgq Fiogn
+Y o E x(£) dBi(1)
iel .
0 0 A O E,q,q+1
;0 0 v 0 E,q+1,q+1_

with o(A;;) = C, for i € q, and with ¥}« = ¥"5,. The conditions of the theorem imply
that the pair (A;+1,4+1, Bq+1) is stabilizable and that

Z im Fi,q+1,q+1 < Vék(n Ker I:i,q+l,q+1) +%?;(n Ker E,q+1,q+1>
iel iel iel

where R} and ¥’} are taken relative to (Ag+1,4+1, Bg+1). Corollary B.2 and Lemma
A.3 from the appendices then show that the reduced order system

(13)  dxg+1(t) = Agit,g+1Xq+1(t) dt + Ba1v(t) dt + Y, 0iF; g+1,q+1%q+1(t) dBi(t)

iel
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is robustly stabilizable for all noise intensities. The remainder of the proof of the
theorem now easily follows from the triangular structure of the system equation. 0

Theorem 3 is particularly interesting in the special case considered in (10), where
there is only one stochastic element and the corresponding matrix F; has rank one.
Then the criterion for robust stabilizability can be derived from the criterion for
perfect robust stabilizability from § 2.3 by just replacing (A, B)-invariance by almost
(A, B)-invariance and C, by C,: system (10) is robustly stabilizable for all noise
intensities if and only if (A, B) is stabilizable and

imb,c V¥ (Kerci)+R¥ (Ker cy).

Suppose in addition that there is only one input: B is a column vector which is denoted
by b. Then the perfect robust stabilizability and the high-gain stabilizability conditions
for system (10) can be expressed in terms of the transfer function

_aIs—A)"'by
ciIs—A)"p "

We assume that (A, c;) is a detectable pair [2]; this entails no loss of generality, since
the stabilizability of the pair (A, b) implies that there exists a feedback vector k such
that (A + bk, c,) is detectable. System (10) is perfectly robustly stabilizable if and only
if (A, b) is stabilizable, F(s) is strictly proper, and, after cancellation of common
factors, F'(s) has no poles with nonnegative real parts. System (10) is robustly stabiliz-
able for all noise intensities if and only if (A, b) is stabilizable and, after cancellation
of common factors, F(s) has no poles with positive real parts.

F(s):

3. Robust stabilization of uncertain deterministic systems.

3.1. Problem formulation. In this section we consider the deterministic counter-
part of the problem analysed in § 2. Here the question is: When can a system with
anunknownnonlinear and/or time-varying element can be stabilized by means of alinear
state feedback regulator? In § 1 we introduced the class of systems (1) which we have
in mind. However, this equation may be written in the following form, which makes
it more alike to the system considered in § 2:

(14) )é(t)=Ax(t)+Bu(t)+Zlﬁ(x(t), t)Fx(t).

This formulation has (1) as a special case. To see this write the nonlinear term in (1)
as

BiE(xa t)ci = Z [E(x, t)]r,s[Bi]r[Ci]s

where [B;], denotes the rth column, [C;]; denotes the sth row, and [F;(x, t)],, denotes
the (r, s) entry of B;, C; and F;(x, t), respectively. The system formulation (14) also
has as a special case the system
(15) X(t)=Ax()+Bu(t)+ Y ¥ ByFi(x(t), t)Cyx (1),
iek jel

which is perhaps the most logical starting point for the class of robustness problems
considered here.

DEFINITION 5. We say that (14) is perfectly robustly stabilizable if there exists a
feedback law (3) such that the null solution of

(16) () =(A+BK)x()+ X fi(x (1), )Fix (1)
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is asymptotically stable in the large for all bounded nonlinear and/or time-varying
gains f;(x, t). We assume throughout that the gains f;(x, t) are sufficiently smooth, e.g.
Lipschitz, such that the existence and the uniqueness of the solution of (1) is ensured.
We say that (14) is robustly stabilizable for all uncertain gains if for any set {m;; i €1},
there exists a control law (3) such that the null solution of (16) is asymptotically stable
in the large for all f;(x, t) satisfying |f;(x, t)| <m..

Note again that in the second formulation K may depend on the bounds m;,
while in the first formulation this is not possible. The results which will be obtained,
actually imply the stabilizability of the system with the structure of (14) in which the
nonlinearity f; is any £,-input/output stable operator. The robust stabilizability prob-
lem for the related but more restricted class of systems

(15" x(t)=Ax(t)+Bu(t)+Gf(Hx, t)

has been studied previously by Molander [5] in essentially the same setting. Without
actually introducing almost invariant subspaces he does obtain results which are
important special cases of ours. Specifically he shows that (15') is robustly stabilizable
if the system (A, B, G, H) may be stably almost disturbance decoupled in the &£;-sense.
This result is a special case of our Theorem 6; it requires that

im G V¥ (Ker H)+ R} (Ker H).
A similar result has been obtained independently in [4, Thm. 17].

3.2. Criterion for perfect robustness. In order to derive a criterion for robust
stabilizability we first consider the uncontrolled system

17 X()=Ax(0)+ X filx(0), )Fx(t)

and investigate when the null solution of this system is asymptotically stable in the
large for all bounded functions f;(x, t). Our sufficient conditions are:
(i) the matrix A is Hurwitz;

(ii) the matrices F; are nilpotent;

(iii) the matrices {A, F,, i €I} can be transformed to upper block triangular form
by means of the same similarity transformation.

Expressed geometrically this yields:

THEOREM 4. The null solution of (17) is asymptotically stable in the large for all
bounded gains f;(x,t), if the matrix A is Hurwitz, and Wo=2Z, with We defined
preceding Theorem 1.

This result follows immediately from Theorem 1. By means of Theorem 4 and
the ideas used in proving Theorem 2 from Theorem 1, we obtain:

THEOREM 5. Let V¥« be as in Definition 4. Then (14) is perfectly robustly
stabilizable if Viw =Z.

The condition of Theorem 5 is of course equivalent to Y., im F; = ¥, for some
integer q. The criteria of Theorems 4 and 5 can be simplified in the cases

(18) x(t)=Ax(t)+Bu(t)+B1Fi(x(¢), t)Cix (t),
in which case the criterion requires that the system
x(t)=Ax(t)+Bu(t)+B.d(t), z(t)=C1x(t)

should be disturbance decouplable with internal stability by state feedback [2]. In the
more general situation

x(t)=Ax(t)+Bu(t)+ Y BF;(x(t), t)Cix(2),
iel
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the criterion requires that the system

x@)=Ax@)+Bu(t)+ Y Bid:(t), zi(t)=Cx(¢), iel,
iel

should be strictly triangularly disturbance decouplable with internal stability in the
sense that there should exist a feedback K with o (A + BK)<C, such that in the
closed loop system

X(@)=(A+BK)x()+ X Bidi(t), z:()=Cx(t), i€l
iel

there should exist a permutation of 1 such that the resulting transfer function
(d1,da,+ -+, di)+> (21, 22, * * +, zx) is strictly upper block triangular.

3.3. Criterion for robustness for all uncertain gains. As in § 2.4, it is tempting
to conjecture from Theorem 5 that robustness for all uncertain gains would be
achievable under the conditions of Theorem 5, but with almost (A, B)-invariance
replacing (A, B)-invariance and C, replacing C,. However, since the stabilizability
condition in this case comes down to impulse response quenching in the #;-sense, it
is not possible to replace C, by C, (see the example at the end of Appendix C).
Nevertheless it is possible to use almost (A, B)-invariant subspaces in the last step of
the algorithm of Theorem 5.

THEOREM 6. Let the subspace V. be as defined in §2.3 and let
RE (N F7' V%) be as defined preceding Theorem 3. Then (14) is robustly stabilizable
for all uncertain gains if (A, B) is stabilizable and

(19) ¥ im F < Vio + (N F' Y Ew).
iel iel
Proof. The proof of this theorem follows exactly the same route as the proof of
Theorem 3 except where Lemma A.3 of Appendix A was used. Here instead Proposi-
tion C.1 of Appendix C yields the result. O
Note that condition (19) could equivalently be expressed as

(20) Y im F, < ‘Vi:(n F:lv:w) +gz;*:(n F:W;‘,w).
iel iel iel
This shows more clearly the relationship between Theorems 3 and 6.
It is straightforward to specialize the result of Theorem 6 to the case where, as
in equation (10) for the stochastic case, there is only one nonlinear term; the corres-
ponding matrix F; has rank one, and there is only one input:

1) X(6) = Ax (£) +bu(t) + f1(x (t), t)b1c1x (1)

where the same notation as in (10) is used, and # is a column vector. Suppose (A, c1)
detectable and (A, b) stabilizable. This system is perfectly robustly stabilizable if the
transfer function F(s), defined in § 2.4, (i) is strictly proper and (ii), after cancellation
of common factors, has only poles with negative real parts. It is robustly stabilizable
for all uncertain gains if (i) holds.

The conditions of Theorem 3 are in general not sufficient to guarantee robust
stabilizability for all uncertain gains in the deterministic case. This distinction is an
intrinsic one and may be illustrated by means of (21) and

(22) dx(t)=Ax(t) dt +bu(t) dt +o1b1c1x(t) dB1(¢).
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Robust stabilizability of (22) for all noise intensities requires for any £ > 0 the existence
of a feedback vector k such that o(A +bk)<=C, and

f w(t)’ dt = 2—177- f: |H (jo)P do =&
where
w:t+>cqyexp[(A+bk)t]by,
H:s+ci(ls—A—bk) 'b;.

On the other hand, robust stabilizability of (21) for all uncertain gains requires
J lw(t)|dt=e or sup|H(jw)l=e.
0 weR

Take for example

o S S H

Then system (22) is stabilizable for any noise intensity. However, (21) is not perfectly
robustly stabilizable. Even for linear time-invariant gains f(x, t) =k, there does not
exist a feedback strategy which stabilizes the system at the same time for all gains
satisfying |k | < K max if Kmax > 1. This is in agreement with the above reasoning. Indeed,
taking

u)=kx(®)=[-a —Blx()
yields the closed loop transfer function

-
s’+(1+a+B)s+a’

H(s)=

The condition o (A + bk) = C, requires @ >0, 1+a + >0. Now |H (0)| = 1 cannot be
influenced by @ and 8, whereas

[eo)

1
[ IHGo)l do =
27 J_ o

a

21+a+B)
can indeed be made arbitrarily small.

4. Discrete-time systems. A similar analysis can be performed on the stabilizabil-
ity of the discrete-time stochastic system

(23) Xt+1 =Ax,+Bu,+ Z O'iF'ixtfit

iel
where the scalar processes f; are zero mean uncorrelated normalized white noise
processes, and with respect to the robustness of the nonlinear discrete-time determinis-
tic system

(24) Xe+1=Ax.+Bu+ ). fi(x, t)Fix..
iel
It follows from Appendix A that the criteria for perfect robust stabilizability of

(23) and of (24) are exactly the same as in the continuous-time case, provided of
course Re (s) <0 is replaced by |z|< 1. However for robust stabilizability of (23) for
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all noise intensities or robust stabilizability of (24) for all uncertain gains, it is not
possible to relax the conditions as much as in the continuous-time cases. For (24) in
fact no relaxation has been obtained. For robust stabilizability for all noise intensities
of (23) it is possible to replace the condition |z| <1 by |z| =1 in the last step.

The distinction between discrete-time and continuous-time systems can be seen
as follows. The feedback strategy u () = Kx (¢) stabilizes the stochastic continuous-time
system (2) if and only if the linear mapping

(25) ML (M)=(A+BK)M+M(A+BK)" +Y oiFMF]

iel
has only eigenvalues with negative real parts. The feedback strategy u, = Kx, stabilizes
the stochastic discrete-time system (23) if and only if the linear mapping

(26) M+-LyM)=(A+BK)M(A+BK)"+Y oiFMFT

iel
has only eigenvalues with magnitude smaller than 1. The eigenvalues of L,(M) are
larger than the eigenvalues of the mappings

ML, (M):=ad?FMF!.

The eigenvalues of L;(M) are oiA,(F;)A,(F;), where Aq(F;) and A,(F;) are arbitrary
eigenvalues of F;. Hence the existence of a stabilizing feedback for all noise intensities
requires that the matrices F; have only zero eigenvalues. This is also true if the feedback
matrix K is allowed to depend on the noise intensities {c;}, hence for the property of
robust stabilizability for all noise intensities. A similar conclusion is not valid however
for continuous-time systems.

5. Example. In this section the application of the criteria developed in §§ 2, 3,
and 4, is illustrated on the example [2] of a second-order system with the data:

0 1 0 2
A=[0 —1]’ b=[1]’ Fr=bicy, bl:[—1]’ ci=la 1}

The continuous-time and discrete-time, stochastic and deterministic, cases will be
examined:

27 dx(t)=Ax(t) dt +bu(t) dt + o Fix(t) dB1(¢),
(28) X(t)=Ax(t) +bu(t)+fi1(x (), )F1x(t),

(29) Xer1 = Ax, +bu, +o1F1x.f1,

(30) Xer1 = Ax, +bu, + f1(x,, t)F1x,

For the continuous-time case we obtain:

(i) a<O0: Ve ={0}, VEFI'Vic)={0}, RF¥FI'Vio)=imb,
1
(i) a=0: V%o ={0}, ‘VE(FI“VZ‘,OO)=im[O], RE(F1 Y go) =im b,
1
(iii) a>0, a#.5: ‘V’;,oo:im[_a], RE(FT'V % ) =im b,

@iv) a=.5: Vic=%.
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For the discrete-time case the results are:
@) a=.5: Viec =%,

(ii) la|<1, a#.5: ‘szoo=im[_cll], VEFT V Ew) =V,

1
i) lal=1:  Vie={0) VEFTVie)=im| ],
(v) la|>1:  ¥Vie={0}, VEFT'VEic)={0}

Hence the stabilizability criteria are derived:
(i) The stochastic continuous-time system (27) is perfectly robustly stabilizable

if a =.5. It is robustly stabilizable for all noise intensities if a =0.

(ii) The deterministic continuous-time system (28) is perfectly robustly stabiliz-
able if a =.5. It is robustly stabilizable for all uncertain gains if a > 0.

(iii) The stochastic discrete-time system (29) is perfectly robustly stabilizable if
a =.5. The same condition holds for robust stabilizability for all noise intensities.

(iv) The deterministic discrete-time system (30) is perfectly robustly stabilizable
if a =.5. No relaxation of this condition is obtained for robust stabilizability for all
uncertain gains.

Appendix A. The first part of this appendix is relevant to the proof of Theorem
1. We consider the following linear mappings in the space of (n Xn) symmetric
matrices:

l

(A.1) M+—Li(M)=AM+MA" + ,~§1 oiF;MF],
(A.2) M—L,(M):= éﬁ o’F, J:o exp (AT)M exp (A TYdr FT,
(A.3) M~ LiM)=AMA" + i=zll oiFMF],
(A4) MoLM)= 3 oF, § AMATE,
N -

where L, is only defined if A is a Hurwitz matrix, i.e. 0(A)<C,, and where L, is
only defined if A has only eigenvalues smaller than 1 in modulus. Since L, and L,
map the cone of nonnegative definite matrices into itself, it follows that the largest
eigenvalue of L, and L, is real and positive, and that it increases with increasing
T1,02," " , O

LEMMA A.1. (i) The linear mapping L1 has all its eigenvalues in C, if and only
if the matrix A is a Hurwitz matrix and the mapping L, has only eigenvalues with
modulus smaller than 1.

(ii) The linear mapping L has all its eigenvalues inside the open unit disk of the
complex plane if and only if all eigenvalues of the matrix A and of the mapping L, are
smaller than 1 in modulus.

Part (ii) follows from an earlier paper [10]; part (i) is proved in a similar fashion
and is left to the reader. The lemma can also be obtained using the analysis of [11].
Lemma A.1 yields the following theorem:
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THEOREM A.l. (i) The mapping L1 has all its eigenvalues in C, for all {o;;i€l}
if and only if the eigenvalues of the mapping L, vanish for some nonzero values of
o1, , o In this case all eigenvalues of L, vanish for all {a;;i€l}, i.e. L, is nilpotent;
moreover, the eigenvalues of L1 are independent of {o;; i €l}.

(ii) The mapping L3 has all its eigenvalues in the open unit disk @, '={z € C||z|< 1}
for all {o:;iel} if and only if the eigenvalues of the mapping L4 vanish for some
nonzero values of o1, * * * , o1 In this case all eigenvalues of L4 vanish for all {o;;i€l},
i.e., L, is nilpotent ; moreover, the eigenvalues of L3 are independent of {o;;i€l}.

Let the subspaces ¥#; and W's be defined as in § 2.2, preceding Theorem 1.

LEMMA A.2. The following statements are equivalent:

(i) Woo = .%,
(ii) L. is nilpotent,

(iii) L4 is nilpotent.

Proof. Only (1)< (ii) is proven; (i)< (iii) is completely similar. We need to prove
that L3'(M) =0 for al M =M " and m =n(n +1)/2.

(i) The condition is sufficient. Let x € W;. Compute L(xxT). Because of the
definition of %, we have

exp (At)xeW;
and
Fiexp (At)x e Wi-1 (Viel).

Hence

Lo(xx™)= ) ViVk
with all y, € W;_;. Repeatedly applying L, yields

LixxT)=0

for « =j. This proves the sufficiency of the condition since any symmetric matrix can
be expressed as the linear combination of dyads of the form xx .
(ii) The condition is necessary. If W # Z, then

A)
Let x*e% and x*& Ww. Consider L,(x*x*"); from the above property of W' it
follows that F; exp (At)x* € W'» cannot be true for all i and all ¢. Hence

ww=<n Folw.,

iel

Ly(x*x*T) = % Yiyr

where at least one of the vectors y. € % . Repeatedly applying L, yields that L,(x *x*7)
cannot vanish for any integer . 0

The second part of this appendix is relevant to the proof of Theorem 3.

LEMMA A.3. Forall {F;;i€l} and {K; <o0;i €l} there exist bounds {a;; >0;i,j€l}
such that system (5) is mean square asymptotically stable for all noise intensities
{oilo: =K.} and all system matrices A such that o(A) < C, and

L IF, exp (ADE|P dt <oy (i,j ).
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Proof. The largest eigenvector A * of the mapping L, defined by (A.2), corres-
ponds to a nonnegative definite eigenvector M * which, for nonzero A ¥, is of the form
M*=Y FNF/.

jel

Let M; denote F;N;F|. We have N; =0, M; =0, j €. The eigenvalue equation

AEM* =Y o?F, I exp (AT)ENF [ exp (A"r) dr FT
iel 0
jel

leads to

A*M* = Z. o’F, L exp (AT)FF;ENFF;F] exp (ATr) dr FT
jel

where F; denotes the generalized inverse [12, pp. 142-144] of the matrix F;. This yields

AEM* = Z. a%F,.J exp (AT)EFMF;"F[ exp (A"r)dr F|
ie 0
jel

and

I=IMA 3 oF7 [ IF exp (ADE dr ),
jel

The matrix M™* can be taken to be of unit norm; since M* =Y M; and since the
matrices M, are symmetric and nonnegative definite, then ||M;||=1, j €l. Hence the
eigenvalues of the mapping L, are smaller than 1 in modulus if the constants «;; are
sufficiently small. 0O

Appendix B. In this appendix the following problem is investigated: let A, B,
G, H, respectively, be (nXn), (n Xm), (nXq), (p Xn) matrices; we want to state
conditions on these matrices such that for all € >0 there exists an (m Xn) feedback
matrix K such that

Q) o(A+BK)<C,
(ii) j WO de<e
0
where

Wk :teR"+—H exp[(A + BK)t]G.

This property is called impulse response quenching in the £»-sense with internal
asymptotic stability. It is well known that a constant K exists such that (i) is true and
Wx =0 if and only if

im G < ¥V (Ker H).
If it is only required that (ii) hold, i.e., that Wi can be made arbitrarily small in the
Z,-sense, then one could expect two refinements:

(i) 7% (Ker H) may be replaced by ¥¥ (Ker H) since by a small feedback the
eigenvalues can be shifted from the imaginary axis into the left half plane.
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(i) im G may be allowed to have a component in & ¥ (Ker H), since in that space
it is possible to make Wi arbitrarily small by high gain feedback [4].

The following result is indeed obtained.

THEOREM B.1. Impulse response quenching in the £L,-sense with internal
asymptotic stability is possible if

(i) (A, B) is stabilizable (relative C,),

(ii) im G =R ¥ (Ker H)+ V% (Ker H).

The proof of this theorem proceeds via a number of propositions and lemmas:

PROPOSITION B.1. Assume that (A, B) is stabilizable (relative C,) and that
xo€ V¥ (Ker H). Consider now

T (xo) = inf L ly ()IF de

subject to: X = Ax +Bu, y = Hx, x(0) = x0, u € £5(0, 00), x € £,(0, 0©). Then J(xo) =0.
In order to prove this proposition, we start with a lemma.
LEMMA B.1. Assume (A, B) controllable and o(A) ={s € C|Re (s) = 0}. Then
lim W '(0,4)=0

tg—>00

where
I
W, &)= j exp (~Ac)BBT exp (~ATo) do.
0

Proof. 1t suffices to prove that a”W (0, t5)a = M, ||a|® with lim,. M, =c. By
controllability of (A, B) there is a § >0 such that

1
L IBT exp (—Ao)alf do = 6alf.

Now, since o(A)<{s € C|Re (s) =0}, the solutions of ¥ =—A"x have the property
that there exists T >1 such that |x(T)|*=|x (O)|* (to see this, assume A in Jordan
form: if A is semisimple, it is immediate, otherwise it follows from some simple
estimates). This yields

NT
J‘ IBT exp (—~A"a)al do = Né|jalf.
0

This yields the desired growth of W(0, t;). O

LEMMA B.2. Assume (A, B) controllable, x, given and o(A) < {s € C|Re (s) = 0}.
Then, for all € >0, there exist T >0 and u € £»(0, ©) such that the solution of % =
Ax +Bu, x(0) = xo, satisfies x(T) =0 and ||Ju||z,0.)=¢.

Proof. Consider, for ¢ fixed, J(xo):=min [{|lu(¢)|* dt subject to % =Ax +Bu,
x(0) = x0, x(¢;) = 0. It is well known (see [13, p. 137]) that J(x,) = xaw (0, tr)xo. The
result follows then from Lemma B.1. 0

Proof of Proposition B.1. Since (A, B) is stabilizable (relative C,), there exists K
such that

(A+BK)V%(Ker H)<= V¥ (Ker H),
o[(A+BK)|V%(Ker H)]<C,,

a[(A+BK)(mod V¥ (Ker H))] < C,.
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By suitably choosing the basis, this yields

B 1A, 0]
X = 1D%>, A+BK—[0 A,
with
o(A)c{scClRe (5)=0}, o(A2)<C, B=[§l], H=[0 H]
2

Furthermore, since (A, B) is stabilizable, (A1, B1) will be controllable. From xo€
¥ (Ker H) it follows that H exp [(A + BK)t]x, vanishes for all #. Lemma B.2 implies
that for all € >0, there exists u and T >0 such that |ju,0,0c)=¢, x(0)=xo, and
x(T) € Z>. This yields
t
y(0)= Ha [ exp [Aalt=)Bau(r) dr

which, since o (A,) = C,, is the convolution of an £;-kernel {t +>exp (A,t)B} with an
arbitrary small u € %,(0, ). Hence y is arbitrarily small in the &£,-norm. It is also
immediate that the corresponding x € %,(0, ). This yields J(xo) =0, as desired. [

PROPOSITION B.2. Assume  xoeRf(Ker H). Consider now  J(xo)=
inf [ ly (0| dt, subject to ¥ = Ax +Bu; y = Hx; x(0) = xo, u € £,(0, ), x € £»(0, c0).
Then J (x0) =0.

Proof. That [g |ly(#)|* d¢ vanishes without the constraints u € £,(0, ) and x €
Z,(0, 00) follows immediately from [4, Thm. 10]. However, it is easily seen by
examining the proof that the u and x used for showing that this infimum is zero are
indeed %,-functions. This yields the proposition. 0O

Proof of Theorem B.1. Consider the least squares control for the system x =
Ax + Bu with cost functional, with ¢ >0

[, el el?) +ErelP1

Let J.(xo) be the optimal cost with xo=x(0) and u = K.x the optimal control law.
From Proposition B.1 it follows that lim, .o J.(xo) =0 for xo€ ¥"s (Ker H) and from
Proposition B.2 this follows for xo€ R (Ker H). Since (A, B) is stabilizable (relative
C,), u=K.x is an asymptotically stabilizing control law with J,(xo)= [, [Hx|’ dt
arbitrarily small for ¢l0 and xoe Ry (Ker H)+ V% (Ker H). This yields the
theorem. 0O

COROLLARY B.1. Simultaneous quenching of the impulse responses

H; exp [(A + BK)t]G; (iek,jel)

in the £,-sense, with internal asymptotic stability (by means of a common feedback
matrix K) is possible if

(i) (A, B) is stabilizable (relative C,),

(il) ¥;0im G RE (Niex Ker Hy) + V5 (Nicx Ker H).
This corollary is an immediate consequence of Theorem B.1. The next result follows
directly from Corollary B.1 and Lemma A.3 in Appendix A.

COROLLARY B.2. Consider the linear mapping

M->Lg(M)=Y o?F, j exp [(A+BK)7IM exp [(A +BK)"r]dr Fl
iel 0
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in the space of (n X n) symmetric matrices. Then for all {0} there exists a matrix K such
that the eigenvalues of Lx (M) are smaller than 1 in modulus if

S imF, cgz;r(n KerE)+°//§(n KerE).

iel iel iel

Appendix C. In this appendix a question similar to that in Appendix B is con-
sidered, but now with respect to the £;-norm. With the same notations we say that
impulse response quenching in the %1-sense with internal asymptotic stability is possible
if for all £ > 0 there exists a feedback matrix K such that

(@) o(A+BK)<C,,
(i) j Wi (Ollde <.
0

The obtained condition is slightly stronger than the criterion of Theorem B.1; it is
expressed by the following result:

THEOREM C.1. Impulse response quenching in the £i-sense with internal
asymptotic stability is possible if

(i) (A, B) is stabilizable (relative C,),

(i) im G =R ¥ (Ker H)+ V¥ (Ker H).

Proof. (i) It may be shown that there exists an (A, B)-invariant subspace 7 and
a matrix K such that (A + BK{)¥1 < ¥, o((A + BK1)|¥1) = C,, and

R¥Ker H)+ V¥ Ker H)=RE (Ker H)® V1.

(ii) By the results of [4, Thm. 12] there exists an (A, B)-invariant %,
and a matrix K. such that R.->..0%FKerH), (A+BK.)R.<R.,
o((A +BK.,)|®.) < C,, and

J |H exp [(A +BK,)t1G'|dt=¢
0

where G': im G N R, > Z is the canonical injection.
(iii) Let K : £ > U be defined by K|¥'1 =K;|V1, K|R. =K. |R. and 0 (A + BK) <
C,. The stabilizability of (A, B) guarantees the existence of such a K. Also

j |H exp [(A + BK)t1G| dt = J |H exp [(A +BK)t]G'|dt=e
0 0

which yields Theorem C.1. O

Notice the difference between the conditions (ii) in Theorems B.1 and C.1. In the
former case im G should lie in the almost stabilizable almost (A, B)-invariant subspace
“contained” in Ker H ; in the latter case im G should be part of the stabilizable almost
(A, B)-invariant subspace ‘““contained” in Ker H. It is not possible to replace condition
(ii) of Theorem C.1 by the slightly weaker condition (ii) of Theorem B.1. This is
illustrated by the following example:

Al 3 5[ o[} #e0
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Then
1 1
V¥ (Ker H)=im [O]’ V¥ (Ker H)={0}, R} (KerH)= [1]

This shows that condition (ii) of Theorem C.1 is not satisfied; it is shown in § 3.3 that
impulse response quenching in the #;-sense with internal asymptotic stability is not
possible. On the other hand, condition (ii) of Theorem B.1 holds, and impulse response
quenching in the %,-sense is possible.

CoRrOLLARY C.1. Simultaneous quenching of the impulse responses

H;exp [(A +BK)t]G; (iek,jel)

in the £1-sense with internal asymptotic stability (by means of a common feedback
matrix K) is possible if

(i) (A, B) is stabilizable (relative C,),

(i) ¥jaim Gy =R (Nia Ker H) + V5 (N e Ker H).
The result of Corollary C.1 can be used to derive a condition for stabilizability of the
nonlinear time-varying system
F,
F,

(C.1) 1@t)=Ax@®)+Bu(@)+[F, F, --+ FIMx(@),t) x ()

F

with x € R". The matrices F; are square (n X n) matrices. The gain matrix M (x, ) is
of dimension (In XIn). Let a linear time-invariant feedback u(¢) = Kx(¢) be applied
to this system. Then, according to the small loop theorem [14], the system is Z,-input-
output-stable if
(i) o(A+BK)<cC,,

(i) M, oll<a Vx, Vi

(i) max,;c fo |F; exp [(A +BK)t]F|| dt <1/al’.
Hence Fix (t) € £>(0, 00); the Hurwitz character of A + BK then shows that the solution
of (C.1) tends to zero as t -0 for all initial conditions. Hence the null solution of
(C.1) is asymptotically stable in the large. Sufficient conditions for the existence of a
feedback matrix K satisfying (i) and (ii) can be derived from Corollary C.1. Consider
now the special case that M (x, t) is a block diagonal matrix

M(x)=diag[fi(x, )F1 falx,OF3 -+ filx,)F7]

when the functions f; are scalar and F; denotes the generalized inverse [12, pp.
142-144] of the matrix F;. Then (C.1) reduces to (14); the following result is hence
obtained:

ProposITION C.1. For any a >0 there exists a constant feedback matrix K such
that the null solution of

(C.2) x(t)=(A+BK)x(t)+ Zlﬁ(x (t), DFx (1)

is asymptotically stable in the large for all nonlinear gains satisfying
lfitx, )l <a (i€l Vx, Vt)
if (A, B) is stabilizable (relative C,), and if

Y im F; C%Z‘(ﬂ KerE)+"l/';"(ﬂ KerF,»).

iel iel iel
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Appendix D. Following the suggestion of one of the reviewers we have collected
in this appendix the relevant facts on (A, B)-invariant and almost (A, B)-invariant
subspaces used in this paper. More details may be found in references [2], [3], [4].

Consider the system x =Ax +Bu with x e :=R". A subspace ¥ < is said to
be an (A, B)-invariant subspace if there exists a matrix K such that ¥ is (A+
BK)-invariant (i.e. such that (A+BK )% < ¥"). An equivalent property is that 7" satisfies

AV <<V +RB

where B =im B.

Let V(&) denote the set of all (A, B)-invariant subspaces contained in a given
subspace &. Then this set is closed under subspace addition, i.e. V1, Ve V(¥)>
V14V, e V(¥). Hence there exists a largest (A, B)-invariant subspace in &, which is
denoted by ¥*(¥). Systematic finite and linear algorithms are available [2, 3] to
compute ¥*(¥). A related concept, denoted by ¥'% (&), is defined as follows

V() =sup {¥ € V(¥)|3K such that (A +BK)¥ =¥ and (A + BK) < C,}.

It is easily proven that this subspace is well defined. It is called the largest stabilizability
subspace contained in & and is readily computed from ¥*(¥) [2]. Finally ¥ is
similarly defined with C, replacing C, in the definition.

Let 7}, i ek, be a family of (A, B)-invariant subspaces. Then, by definition, there
exist matrices K; such that (A + BK;)¥; < 7. However, there is no guarantee that there
exists a single K such that (A +BK)¥7; < ¥; for all i ek. If this is the case, then the
subspaces 7 are said to be compatible (A, B)-invariant subspaces. It is easy to prove
that the subspaces ¥; are compatible, for example, if they are nested (¥, = ¥,<: .- <
v%), but in general compatibility is a difficult matter to verify.

A further generalization leads to controllability subspaces. Thus

R*(F)=sup {¥ € V(&)|for K such that (A +BK)V < ¥,
there holds (A + BK | Nim B) = ¥}.

Again, R*(&) is well defined. For equivalent definitions and algorithms for computing
R*(¥) we refer the reader to [2].

An interesting generalization of (A, B)-invariance is almost (A, B)-invariance.
These notions have been introduced in [3] and further worked out in [4]. The largest
almost (A, B)-invariant subspace contained in a given subspace & is the subspace of
initial states in & for which there exists an input such that the resulting state trajectory
is almost contained in &. However, this depends on the topology chosen. In particular,
we obtain a somewhat larger subspace if we measure ‘“‘almost being contained in’’ in
the &,-sense (1 =p <o0) rather than in the L.-sense. Similarly, the largest almost
