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Some Results on the L, Stability of
Linear Time-Varying Systems

JAN C. WILLEMS, MEMBER, IEEE

Abstract—This paper considers the L, stability of systems with
a convolution operator in the forward loop and a time-varying gain
in the feedback loop. A frequency-domain condition involving the
frequency response of the forward loop and the Fourier coefficients
of the time-varying gain of the feedback loop is presented. The
paper also contains a somewhat more involved time-domain condi-
tion in terms of the open-loop weighting pattern.

I. INTRODUCTION

HE STABILITY of systems with a convolution

operator in the forward loop and a time-varying gain
in the feedback loop has been considered by many authors,
and the result that is best known is the so-called circle
criterion which has evolved out of the work of Sandberg
[1], Zames [2], and others. The problem considered in
this paper is the same, but the approach is different in the
sense that the estimates which are used here are not the
usual L, estimates of the operators in the forward and the
feedback loop separately but rather a direct estimate on
the gain of their composition. This approach leads to an
interesting frequency-domain condition and a more elab-
orate time-domain criterion.

The setting of the problem is the one used by Sandberg
[17 and Zames [2] and uses the idea of extended spaces.
The reader is assumed to have some familiarity with
{, and L, spaces. The proofs require the notions of Banach
spaces and Banach algebras. The reader is referred to [3]
for details on these.

Let z(t) be a complex-valued function of ¢ and let
T ¢ R. Then Prx(t) is the complex-valued function of ¢
defined by Prz(t) = x(t) fort < T and Prz(t) = 0 other-
wise. L, is the space of all functions z(¢) for which
Prx(t) € Lyforall T € R.

Let I, I, R, Rt denote respectively the integers, the
nonnegative integers, the real numbers, and the nonnega-
tive real numbers. Consider now the linear feedback sys-
tem shown in Fig. 1 with-the convolution operator G in
the forward loop defined by

Gael) = £ golt — 1) + [ gzt — ) dr
Rt

ner+
and the time-varying gain G, in the feedback loop defined
Gz (t) = k() (t)
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Fig. 1. Feedback system.

with {¢,}, » € I't, a sequence of nonnegative real numbers,
{ga}, n € I't, an l; sequence, g € L; with g(¢) = 0 for
t <0,and k(t) € L.

A standard argument shows that G; and @, define
bounded linear transformations from L, into itself,
1 <p < o, and that G& and G, are causal on L, ie.,
PrGy and PpG commute with Py on L,. Thus G, and G,
map L, into itself.

Definition: The feedback system under consideration is
said to be L, stable if, for any u € L,, any e € L,, which
satisfies (in the L, sense) Pru = Pr(I 4 G:Gy)e for all
T € R actually belongs to L, itself, and if || el|z, <
K || w ||z, for some K € R, independent of u. It is said to
be L, unstable if it is not L, stable.

II. MaiN REsuLTs

Let

G(s) = X gnexp (—sty) +/ g(t) exp (—st) dt
s

nel

denote the Laplace transform of Gi. G(s) is analytic in
Re s > 0. Note that whenever g (¢) is real-valued, G(jw) =
G(—jw), for all w € R, where the bar denotes the complex
conjugate.

It is assumed that k() can be expressed as

B = X kwexp (—junt) + [ B(ju) exp (—jat) de

nel

with {k.}, n € I, an [; sequence, {w.}, n € I, a sequence
of real numbers, and % € L,. Note that whenever k(t) is
real-valued it follows that if w, € {w.} then so is —w,.
Furthermore, the values k, associated with them are com-
plex conjugate of each other, and % (—jw) = &(jw). The
above restriction on k(¢) is a mild one and allows, e.g.,
every periodic and almost-periodic function with a [
Fourier series as the feedback gain.
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Theorem 1
The feedback system under consideration is L, stable if

Fno(w) = Z |knG(.7(w"‘wn))I

nelt
+ [ A6 (io = ) | dat
and
Fi(0) = 2| kG (j(0 4 @) |
nel

+ [ 156w + @) | do?

satisfy || F o |z || F1llze < 1.

Remark: Note that if g(Z) and/or k() are real valued,
then || Fejlzw =] Fillze and there is thus only one
L., norm to be computed in the verification of Theorem 1.

It is, of course, possible to make the usual transforma-
tion on the feedback loop. Let ko, denote the mean value
of k(t), i.e., the sum of the coefficients with w, = 0 in the ex-
pansion of k(f), and let G’ (jw) = (1 4 kG (Jw))'G(jw).

Theorem 2

Assume that
inf |1+ kG(s)]| > 0.
Re s20
Then the feedback system under consideration is L stable
if

Fo'(w) = Z | kG’ (j(0 — wa)) |
E(JoNG (jlw — o dw’
+fR| (j)6 (o — o)) |
and
Fi' (o) = Z | kaG' (e + wa)) |

t+ [ 1EG) @ o + ) | do
R

satisfy ” Fw' ”Lw, H Fl' ”Lw < 1.

Remark: Note again that if ¢(t) and/or k(¢) are real-
valued, then || Fo' |[Le = || F1 |-

As usual, the above theorems are all derived from some
estimate on the norms of the operators GoG: and G1G,. The
above theorems consider the operators G»G: and GiG, as
nonstationary operators in the frequency domain and make
some L;- and L-type estimates on the norms. From these
conditions L, stability is then concluded. It is apparent
that the roles of the operators G, and G are dual in the
sense that G» operates in the frequency domain precisely
as G operates in the time domain, and vice versa. Con-
sequently, the question naturally arises what the corre-
sponding criterion is when these estimates are made in the
tinde domain. This leads to the following theorems.
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Theorem 3

The feedback system under consideration is L., stable if

o) = T Lokt =t |+ [ 1okt =1 |ar

nel T

satisfies || fw ||z < 1. Tt is Ly stable if

50 = X gk@+ ) |+ [ [g@kE+n) | dr
nelt Rt

satisfies || fillze < 1. It is L, stable (1 <p £ o) if
[ follzw < 1 and || fi |z < 1.

Let ky again denote the mean value of k(¢), let £/ () =
k() — ko, and let

G (Jo) = (1 + kG (jw))7G( jo)

- =

nelt

gn' exp (—jot,’) + / g’ (t) exp (—juwt) dt.
Rt

Theorem 4

Assume that
inf |14 kG(s) ]| > 0.

Re 320
Then the feedback system under consideration is L, stable
if || fo'llze < 1. It is Ly stable if || fi' ||z < 1. It is L,
stable if || fo' ||z < 1 and || fi’ ||z < 1. The functions
fo'(t) and fi’(¢) are defined exactly as f,(¢f) and fi(¢)
but with k(2), {g.}, {£.}, and ¢g(¢) replaced by &' (), {g.'},
{t.’}, and ¢’ (2).

As will be shown through an example, the above stability
criteria are not implied by the circle criterion. (They by
no means generalize the circle eriterion, however.) This
might be surprising since it is to be expected that L.
estimates will give the best results for linear systems. The
circle eriterion is in fact based on L, estimates, and the
above criteria are not. The reason why in some circum-
stances it is thus possible to improve on the circle criterion
appears to be that in the circle eriterion the gains of G, and
G, are estimated separately and they yield an estimate of
GzGl thI‘Ollgh the inequalit-y ” GgGl “ S “ G2 H ” Gl ”
This is not the case in the above criterion which is based
on direct estimates of the norms of GGy and G1Ge.

It should also be noted that particularly the L., stability
obtained above follows rather easily from the usual esti-
mates which are made in proving bounded-input, bounded-
output stability for linear time-varying systems. See [4]
for a correct exposition of this relationship.

I1I. ExavprLES

Ezample 1

Let &£(¢) = ko 4 ki cos (wet + ¢), wo > 0. Theorem 2
then predicts Ly stability whenever

31h| (|G (J(o—w)) |+ ]G (Jleoe+w)]) <1
forallw € R.
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Example 2

Let k() = > na kaexp (—jnwet), we > 0, and assume
that G(jw) satisfies a filtering condition of the type
[G'(Flw + nwo)) | K| G (jo) | for all n € I, n # 0, and
| @ | < wo/2. Then L, stability results if

max |k, | < 1.

max | ¢'( jo) |
weR nel;n70

Ezample 3

Let g(f) > 0 and k() = A sin wt. Theorem 3 yields
L, stability if

sup |A|/ g{t) | coswo(t + &) | dt < 1.

0Lo<T 0

The circle eriterion predicts L. stability if
]A|/ g(t) dt < 1.
0

More generally, whenever ¢(f) 2 0 (or ¢(¢) <0), and
k() has symmetrical limits [i.e., esssupwr k() =
ess infy.z k(¢) ] then Theorem 3 will give at least as good
an estimate for stability as the eirele eriterion.

IV. Proors

Since the results of Theorems 1 through 4 are essentially
concerned with the existence of a bounded inverse of a
bounded linear transformation from a Banach space into
itself, it appears useful to introduce the algebra of bounded
linear transformations from a Banach space into itself.

Let B denote a complex Banach space and let £(B,B)
denote the algebra of all bounded linear operators from B
into itself, with addition and multiplication defined in the
obvious way and with multiplication of elements defined
as composition of maps. Let the norm on £(B,B) be the
induced norm, i.e., for L € £(B,B),

| Lz |5

lzlls

|| L |le.By & sup

zeB;z70

Lemma 1

£(B,B) is a Banach algebra with a unit.

Proof: The proof of this standard result can be found,
e.g., in Hille and Phillips [3, p. 51].

The open-loop operator characterizing the feedback
system under consideration is a time-varying operator
belonging to £(L,,L,), 1 £ p £ «, and is for the purposes
of the paper most easily characterized by its weighting
pattern. This operator will be imbedded in a general class
of time-varying operators with weighting patterns con-
sisting of a function and a string of (time-varying)
impulses.

Consider the space Y, consisting of complex-valued
(generalized) functions on £ X R defined by

y(7) = wltr) + 2 g.(0)8(r — 1+ 1)
ﬂéI
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and the space Y; consisting of complex-valued (general-
ized) functions on B X R defined by

y(r) = w(r) + X ha(7)8(E — 7 — 72).
nel

By defining addition and scalar multiplication in the
obvious way, Y, and Y, become vector spaces. ¥, and Y,
can be equipped with a norm if some assumptions about
the integrability in the ¢ or 7 direction is made. It is thus
assumed that!if y € YV, then w(¢,+) € Lyand {g.(8)} € 4,
for almost all ¢t € R, and if y ¢ Yy, then w(+,7) € L, and
{ha(7)} € I for almost all 7 € B. Let

Jo(®) =1l w) [z, + || {g:(D} |l
and

H(m) = || w(m) llza 4 || {ha(D) } -

Lety € YVoiffo € Loand ]| ¥ ||ve &l follzw andy € Vi
if i € Lo and {} y||lv. 2] f1 ||z It can be verified that
the spaces ¥, and Y; thus defined are in fact Banach
spaces. This generalization of a well-known fact for time-
invariant operators (see, e.g., [3, p. 153]) is left to the
reader sinee it follows rather easily if one keeps the validity
of this result for the time-invariant case in mind.

The intersection of Y, and ¥; will be an important space
which will be considered in the sequel, and consists of all
y(t,r) which can be written in both the forms imposed by
Y. and Yi. A few words of explanation of this characteriza-
tion of Y, N Y: appears necessary. It imposes a uniform
integrability constraint on w(i,r) in both the ¢ and the 7
direction. It can also easily be verified that if y € Y. n ¥y,
then g.(t) = h.(t — 70).

The spaces Y, and Y; are introduced for the reason
that every element of Y., and Y; defines a bounded linear
transformation from L, and L, respectively, into itself.
Moreover, every element of YN Y; defines a bounded
linear transformation from L, 1 < p < «, into itself.
This is the subject of the following lemma. Consider thus
the mapping formally defined by

Wz (i)

S Wzt — ) + f w(t,r)z(r) dr

S ha(t — m)a(t — ) + f w(t,r)e(r) dr.

nel R

Let w denote the (generalized) function

w(t,r) + 2 g.(0)8(r — £ + )

nel

=w(tr) + T A1) — 7 — 1)

nel

where ¢, (£) = ho(t — 72).

Lemma 2

D) Ifw€ Yy, then W € £(Le,Lo) and || W |le@w Lo =
| 0]]7e

! The integrations involved are with respect to ().
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2) If w € Yy, then W € &(Ly,Ln) and || W ||ei1n =
[ [fr.

3) If we YonYy then W€ £(LyL,), 1 <p < 0,
and | W e,y < wllrot?j| wilpte with 1/p +
1/q = 1.

Proof: For simplicity in notation, assume that g.(¢) =0
for all n € I (the extension to cover the general case is
straightforward), and assume that 1 < p < = (the case
p =1orp = = can easily be treated directly). Then

Walt) = f w(t,r)2(r) dr

R

{/.Iw(hr)fix(r)ld%]pdt

=f[f |w(t,7) [llql’w(tﬂ)ll."pllaj(’i')ldT:Ipdt_
R R

and thus

1w 1z < |

R

Thus from Hélder’s inequality it follows that

[| We@®) || < f U fw(tr) ldTT
R R

UR w(tr) || () [Pdr] d

<Nwlveres [ [ Jw@n) |2() 17 dr

R"ER
Sliwllrerm w2 iz,

and thus [ Wz (@) [lz, < | w|lye || @ [lv,™ || 2 |]2, 28
claimed.

The above shows that W is well defined and that in-
equality holds in 1), 2), and 3). To show that actually
equality holds in 1) and 2), certain particular choices of
z(¢) need to be made which yield an L. or L; gain which
is arbitrarily close to || w ily., or || w ||¥,, respectively. The
details of the resulting tedious inequality manipulations
are left to the reader. Let it just be mentioned that for the
L. case, signum functions for z(¢), and for the L, case,
delta-like functions, ought to be considered to obtain this
tight estimate.

One more important fact which is needed about the
relationship of ¥, and ¥y with £(L,1lw) and £(L1,1,),
respectively, is the algebraie structure of ¥, and ¥; them-
selves. Let Y, and Y1 be made into algebras by defining
multiplication of elements as composition of maps. This
composition makes sense by the previous lemma and
satisfies the norm inequalities by Lemmas 1 and 2. Closed-
ness of Y, and Y under multiplication is immediate from
consideration of the weighting patterns of the resulting
map.

Lemma 3

Y is a closed subalgebra of £(L.,L.) and Y;is a closed
subalgebra of £(L,L1).
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Proof: Since Y, and Y, are Banach algebras themselves
and equipped, by Lemma 2, with the norms of £(L.,L«)
and £(L;,L;) respectively, the lemma follows.

A few more facts on existence of inverses are needed to
complete the introductory material which goes into the
proofs of Theorems 1 and 3. These are stated in Lemmas
4 and 5. The proofs are both immediate.

Lemma 4

Let W be an element of a Banach algebra B, with a
unit 7. Then I + W is invertible if || W ||z < 1. In fact,
(I+W)y1= > (—1)W~

nel +
Lemma 5
Let W, and W, be elements of a Banach algebra B with

unit I. Then I + W,W, is invertible if and only if 7 4
WeW, is, and in fact,

(I + WW)t =1 — W+ W W,y)"1W,.

The stage 1s now set to attempt the proofs of Theorems
1 through 4.

Proof of Theorem 1: Consider the mappings in the fre-
quency domain defined by Hix(jo) = G(jw)z{jw) and
Hox(jo) = 2 ka2 (0 — @)

nel
+ i{\: ] @ - (JJ, x -(IJ' (ZLO'

where G, {k,} and k are as defined in Section II. Clearly
Hi and H; agree with G and G: on L,. Let My = H.H,
and My = H:H;. Then My, and 3y correspond to the
time-varying weighting patterns (inthe frequency domain)
given by

i

G(j)k(jlo — o))
+ > kG (juw)d(eo — o + wa)

nel
G(j)k(j(w — w"))
+ > kG(jle + wi))o(w — &' — wa)

Mar(w,w’) = k(j{o — 0))G(jo’)
F+ X kG J(w — wa))d (0 — o + wa)
nel

mlg(w,w’)

!

= k(j(o — «"))G(jo")
+ > kG (ju)d (0 — o — )

nel

and hence mp,ma € Y, 0 Yy Moreover

Feo ~
[ 160Gk @ — ) | do

—00

nmmmﬁ

+ 1 EaG (G0 + @) |

nel

| Lo
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and
+e0 .
[|m21||Yw=|f | £(j(e0 — "))G(jo')) | do’
+ 2 kG (G0 — wa)) |
nel Leo
Notice that thus || mue ||y, = || F1l|ze and || mujlre =

|| Fo ||z, and thus that by assumption

[| s [l vss || 721 || < 1.

Henece m;, and me; are by Lemmas 4 and 3 invertible on ¥
and Y, respectively. This then implies by Lemma 5 that
ma 1s thus invertible on Y, n ¥;. This inverse thus has a
weighting pattern which belongs to ¥, 0 Y5 It induces by
Lemma 2 an element of £(Ls,Ls) which obviously qualifies
for the inverse of I + G2Gy on L. It remains to be shown
that (I 4+ G:G4)'is causal. This, however, follows since at
no point in the previous proof was the fact used that the
Lz(— o ,4 o« ) was being considered rather than Ly(7T, ),
T € R. Hence I 4+ G2G; has a bounded causal inverse on
Lo. Lete € Lo, satisfy Pru = Pr(I + GoGi)e, forall T € R.
Thus Pre = Pr(I 4 GoG1)7'Pru. Hence || Pre||r, <
| (I + G:G1)7 || |l w||z. which proves L, stability as
claimed.

Proof of Theorem 3: The proof of Theorem 3 is com-
pletely analogous to the proof of Theorem 1 with the time
domain replaced by the frequency domain and the roles
of k(t) and G( jw) reversed. However, somewhat stronger
conclusions can be made since in this case I, and L, are
of some intrinsic importance. The proof thus proceeds by
demonstrating that the assumptions of the theorem assure
that I + GoG: has a bounded inverse on L, or L if
|| fo llzwor || fillzeo < 1, respectively. This merely involves
application of Lemmas 2, 3, and 4. Lemma 4 also immedi-
ately shows that this inverse is in addition causal. If
|| foo llzeos || f1 llzw < 1 then the weighting pattern of this
inverse will actually belong to ¥, N Y and thus by Lemma
2 induces an element of £(L,, L), 1 < p < =. Causality
is again immediate from Lemma 4 and stability then
follows in all the previous cases by an identical argument
to the one used in the proof of Theorem 1.

Proof of Theorems 2 and 4: Some well-known results (see
[3], p. 150) ensure that I + koG has a bounded causal
inverse on L,, 1 < p < «. Since

[T+ (Go — ke )Gi(T + EBG) )T + keGy) = 1 4 GGy

it follows that this case can thus be reduced to Theorems
1 and 3.
Remark: The proofs of Theorems 1 and 3 for the case
1 < p < « are not based on the principle that the condi-
tions of the theorems assure that the open-loop gain is less
than unity. This might nevertheless be the case, but the
invertibility results are not based on the contraction
principle. The estimates are somewhat more delicate and
“are based on consideration of the weighting pattern of the
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inverse and proving some properties of this inverse weight-
ing pattern. This is done through consideration of I + G1G
and I 4 GoGi simultaneously. Moreover, in Theorem 1
artificial spaces (i.e., I, and L functions of w) are intro-
duced which only in the L, case have a meaning in the
time domain where stability is defined. It should also be
noted that the introduction of Banach algebras in the
proofs appears to be the natural setting for the analysis
which goes into proving the results.

V. ConcLupiNG REMARKS

1) It is a simple matter to generalize the preceding
theorems to the case where G; is a matrix convolution
operator and G; is a time-varying matrix multiplication.
In particular, Theorem 2 then becomes (for the real-valued
case)

a) || F' |[zo < 1, where

F@) = T 1kl €0 = o) |
+ [ 1B 11116 Gt — ) [l do?
R
b) inf |det (I 4+ koG(s))| >0
or )

inf |det (I + G(s)ky) | > 0.
Re s>0
2) The condition infres=o| 1 -+ koG(s) | > 0 can, at
least when g, = 0, for all » € I+, be reduced to

a) inf |1+ kG(s) | > 0
Re o=0
b) EG(jo), —o <o< ®

does not encircle the —1 -+ 07 point in the complex plane.
3) Theorems 2 and 4 can be stated as instability
theorems if the condition

inf |14 kG(s)| >0

Re s>0

is replaced by
inf |14 kG(s)| =0 and

Re 530

(see [5] for details).
4) It is of course not necessary to assume that ko in

Theorems 2 and 4 is the mean value of k(¢). This was

merely done because it apparently gives the best results.
5) If the system is described by an ordinary differential

equation then L, stability implies asymptotic stability.

For more results in that direction see Sandberg [1].

inf |14 kG(s)|>0

Re s=0
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Minimum Sensitivity Design of Linear
Multivariable Feedback Control Systems
by Matrix Spectral Factorization

JOSEPH J. BONGIORNO, JR., MEMBER, IEEE

Abstract—A scalar measure of system sensitivity to plant
parameter variations is employed in the design of linear lumped
stationary multivariable feedback control systems. The plant
parameters are treated as random variables, and design formulas
are derived which lead fo systems with the smallest expected value
for the chosen scalar sensitivity measure. The design formulas give
physically realizable feedback and tandem compensation network
transfer function matrices provided the overall system transfer
function matrix is properly specified. The solution of the minimum
sensitivity design problem is obtained by first solving the multi-
variable semi-free-configuration Wiener problem.

IxTRODTCTION

HE RESULTS of an earlier effort [1] are extended

to linear lumped stationary multivariable eontrol sys-
tems in this paper. The system considered is shown in
Fig. 1. The plant is represented by the rational transfer
function matrix G,(s,e). It is assumed that the plant is
asymptotically stable. (When the plant is not asymptot-
ically stable, but is completely controllable, it can always
be made asymptotically stable with state variable feedback
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- Compensation Piant
] H(s) ll—
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Fig. 1. System.

[2] or with output feedback through a compatible ob-
server | 3].) The N-dimensional column veetor o repre-
sents the mean or expected value of the plant parameters.
and any deviation from the mean is denoted by dce. Thus,

Efées} =0, i=12---N (1)

where E{-} denotes the expected value, and 8« is the ele-
ment in the 7th row of sce. It is assumed that the covariance
matrix (the prime denotes the transpose)

2 = E{aasa’} = [Uij:l,a'j{ = 0y = E{aa;aa,‘} (2)
is known, and that the variations da; are small and inde-
pendent of the signals in the system. The input R is
generated by a stationary stochastic process with known
power spectral density matrix.

The rational transfer function matrices G.(s) and H(s)

represent, respectively, the tandem compensation network



