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1 Introduction

One of the important concepts in the analysis of
physical systems is that of dissipativeness. Areas
in system theory where this notion is applied are
the synthesis of passive electrical circuits (circuits
containing R, L. and C’s). stability questions, H.-
theory, etc. Classically. we have studied dissipative-
ness from the state space point of view [1], [2]. [3].
The purpose of this paper is to study dissipativeness
from a behavioral point of view for controllable lin-
ear time-invariant systems described by high-order
differential equations.

We will consider linear time-invariant systems de-
scribed by (a set of) high-order differential equa-
tions. Let R(s) be a polynomial matrix in the in-
determinate s, with ¢ columns, R € R**%[s], and
consider the linear differential equation

d
R(—)w=0. 1

(d ;) (1)
In terms of the language developed in [4]. equa-
tion (1) describes a continuous-time dynamical sys-
tem

Yr = (R.R".Bpr). (2)

whose behavior Bp is usually defined as the family
of functions w : R — R?, which are locally integrable
and satisfy the differential equation (1) in the sense
of distributions. However, for the purposes of this
note, where we do not want to get involved in s-
moothness considerations, we will define the behav-
ior by

Br:={w|we C"x‘(R.Rq).R(i) w = 0}.

i (3)
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We finally recall that systems of the form (2) which
are controflable in the sense of {4] are characterized
by a left-prime polynomial matrix R(s). equivalently
by a polynomial matrix R(s) such that R{A) has
constant rank for A € C.

2 System dissipativeness

Let M € R%1%92[€, n] be a ¢ X ¢2 polynomial matrix
in the two indeterminates £ and 7.

M(Em) =) Mutn'. (4)
k.t

and denote by M7 ¢ R%X%[£,p] its transpose.
MT,n) = Ek‘,_;z’vlgfﬁn(. An element M €
R7*9[¢,n] is said to be symmetric if M(€.n) =
M¥(n,6). ie. if My = ME. for all kot =
0.1,.... We will denote these by RL[£.p]. Ev-
ery M € RY*I[¢, n] induces a quadratic mapping i
of ("**(R,R?) into C'(R,R). defined by

Conversely. every quadratic function of w and its
derivatives of the form (5) determines a symmetric
¢ X q polynomial matrix M (€, n).

In this note, we will pursue dissipation in linear
systems described by (1), with supply rates of the
quadratic type (3). Thus, assume that we have a dy-
namical svstem Yp = (R,R?,Bg) described by (1).
parametrized by the polynomial matrix R € R**4[s].
Assume that this system exchanges a quantity (say
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energy) with its environment at a rate given by

dk' T df, y
polw):=>_ (E,kﬂ) Qe (d—tl:) - (6)

k.t

This function, called the supply rate, is parame-
trized by the symmetric two-variable polynomial
matrix

Qe =) Quén  eREIEm.  (7)
k.t

We will say that the pair (R, Q) defines a dissipa-
tive system if there exists a second symmetric two-
variable polynomial matrix

P&, =>_ Putn’ eREE N,  (8)
kst
defining the storage function
dru\ 7T d'w
¢p(ll_'):=Z(~(itT) Py (—d—tT) . (9)
k£
such that w € Bp implies
d : :
;ﬁpp(w) < glw). (10)

This inequality is called the dissipation inequality.
It means that the rate of increase of the storage
cannot be larger than the supply. Related to this
inequality is the dissipation rate. This is defined by
a polynomial matrix D € R**4[s] and must be such
that for all w € B there holds

1)

d d
E‘PP(’W) = *PQ("L‘) - ”D(a) ’U«’l

with || - || the Euclidean norm. Thus, the square
of the dissipation rate equals the difference between
the supply and the rate of storage.

3 Result

The purpose of this note is to announce the following
theorem.

Theorem 1 Consider the system Lp = (R.R?,BR)
defined by (1), parametrized by R € R**4[s], and
assume that it is controllable. Consider the supply
rate (6) defined by Q € RY[£,n]. Then the follow-
ing statements are equivalent.

1. The pair (R,Q) defines a dissipative system,
i.e., there erists a storage function P €
RL*7[€,n), such that for w € Br, (10) holds.

2. There ezist a storage function P € RLY[€.n)
and a dissipation rate D € R**4[s]. such that
for w € Bg, (11) holds.

3. For w € Bp with w periodic there holds

1 T
o1 , Ndt > 0. .
Th-inooQT ‘/_qu(u)dt_() (12)
4. For allw € R, the Hermitian matriz Q(—iw. iw)
is nonnegative definite on ker R(iw).

5. There exist X € R**4[s] and D € R**9[s], such
that

Q("‘S, 3) =

XT(-s)R(s)+ RT(—s)X(s) + DT(~s)D(s).
(13)
6. There exist X € R**4[s], D € R**%[s] and P €
RL[€, 7). such that

Q& m)— (E+ n)P(En) =

XT(&)R(n) + RT(€)X(n) + DT(§)D(n).
(14)
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