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ABSTRACT

We study the continuity of the behavior of dynamical
systems as a function of the parameters in their behavioral
equations. The problem is motivated by means of an RLC—circuit
whose port behavior exhibits a surprising discontinuity as a
function of the numerical values of the elements in the
circuit. The main result states that a system described by
means of difference equations involving manifest (external) and

latent (internal) variables will have a continuous behavior in

the limit if the limit system is observable.

1. INTRODUCTION. One of the important issues in the study of
mathematical models is the continuity of their behavior as a
function of the parameters describing the behavioral equations.
Bifurcation theory and structural stability questions are
examples of research areas which address such questions.
However, also areas as system identification, robustness of
control systems, and the performance of adaptive control
schemes, are other areas where (implicitely) continuity
questions are raised. The question of continuity is indeed an
important issue in automatic control theory in particular, and
in modelling in general.

A suitable mathematical formulation of the continuity
property involves more than meets the eye. To begin with, it is
not clear how to formalize it. Second, since a typical
parametrization of a system’s behavior involves a many-to-one
map one cannot expect that system continuity will simply
correspond to parameter continuity. In addition, in physical
systems neither the input/output structure nor the (dimension
of the) state space structure will be robust under parasitic
perturbations and it is clear that the state space framework
does not always provide a satisfactory general setting for
studying the continuity issue. Finally, it is possible to give
examples of innocent looking physical, lumped, linear,
time-invariant systems whose behavior exhibits surprising
discontinuities as a function of the numerical values of the
physical elements. In Section 2 such an example is worked out
in detail.

In [1,2] we have initiated a fundamental study of the
continuity issue. Our setting follows the framework of [3,4,5]:
a system is defined in terms of its behavior and continuity
requires that this behavior is continuous in the limit. The
main result of [1,2] may be formulated as follows. Consider a
family of dynamical systems which can all be described by a
system of difference or differential equations (¢ denotes the
shift)

R,(a,a_l)w=o or

Al o

in which the polynomial matrix Re(s,s'l) or R,(s) depends on a
real parameter £>0. Then under suitable conditions (involving
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the rank and the maximal degree of the R,’s) the behavior of
these dynamical systems will be continuoqs as €»0 11: and only
if the polynomials R, converge. The precise formulation of the
‘only if’ part of this claim is quite myolved (see [1,2])._ In
any case, this is an appealing result which, roughly speaking,
permits us to identify (for this class of systems and under
suitable conditions!) system convergence with parameter
convergence.

The present paper may be viewed as a continuation of t‘his
study. The problem raised stems from _the observa.t.lon
(elaborated in [4,5]) that models obPamed from first
principles will invariably involve both manifest (extex:nfs.l) and
latent (internal) variables. For example, when dqscnbmg the
port behavior of an electrical circuit, one will need to
introduce the voltages across and the currents through the
internal branches in order to express the laws governing the
circuit: the constitutive equations of the elements and
Kirchhoff’s voltage and current laws. In the context of the
class of systems introduced above this leads to systems
described by difference or differential equations of the type

d
Ro,0 Yw=Mo,07)a or Rc(a“?)w=M,(H)a

with w the manifest and @ the latent variables. The questi9n
arises whether, when the coefficients of the polynomial

matrices Rs(s,.s") and M,(s,s") or R.(s) and M(s) converge,
this also holds for the manifest behavior (the port behavior in
the case of electrical circuits). In Section 2 an gxample of a
simple RLC-circuit is studied where this continuity does not
hold. Our Main Result formulated in Section 5 states that this
continuity holds under the requirement that the limit system is
observable!

2, AN EXAMPLE. In order to illustrate the sort of phenon‘lenon
which will be studied in this paper, we will syart. with a
simple concrete example. Let us model the RLC-circuit shown
below:

. — — | SYSTEM

ENVIRONMENT

FIGURE 1



We assume that the values of the elements Ry, Ry, L, and C
are all positive. The circuit interacts with its environment
through the external port. The attributes which describe this
interaction are the current I into the circuit and the voltage
V across its external terminals. We will call these manifest
variables. In order to specify the terminal behavior, we will
introduce as auxiliary variables the currents through and the
voltages across the internal branches of the circuit, as shown
in Figure 2. We will call these auxiliary variables latent
wariebles.
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FIGURE 2

The following equations specify the laws governing the
dynamics ot this circuit. They define the relations between the
port variables and the latent variables. We will call these
equations the full behavioral equations.

Constitutive equations:
Vi, =Rclg,. ;s Ve, =RiIg, ;
. dV aly
,d‘t C=Ic; Lgt=V, (CE)

Rirchhoff's current laws:

I=Ig +I, ; Ig,=Ic; IL=Ig, ;

Ic+IkL=I (KCL)
Kirchhoff's woltage laws:
V=VRC+VC ; V=VL+VRL ;

VRC+VC=VL+VRL (KVL)

This yields the full (or internal) behavior, defined as:

By ={(LV,Ig Ve, T, Vo, T oV o, I 1V 1):R-R|(CE), (KCL),
and (KVL) are satisfied}

From this the (manifest,

external) port behavior,
is formally defined as:

follows. It

B={(LV)R>R*|3Tx Ve o Ig Vi oV oIV 1) R-RE
such that (IeyaII\’C’ch’IRUVRL’ICWVCvILaVL) € %f}

) Let us now carry out the elimination of the latent
yamab}es in order to come up with an explicit relation
involving the port variables ¥V and I only. Eliminating IRc’

VRC, IRL’ and VRI, using (KCL) and (KVL) leads to:
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V=VoiRelg i V=Vi+R, ; CHE =1
L% =VL H I=Ic+IL

Next, eliminate I using the first of these equations and ¥,
using the second, to obtain the ‘state equations’

we 1 1
T =erVerersY
aI, __ Ry

7 = Th +1¥
VR =Vo-Rol,

Now, substitute V. from the third of these equations in the
first to obtain:

ar, | 14V  dI 1
qt c*fe—’r 2l A ) ol
Using the second of the above equations, leads to:
1 1 dV 1 1
[ER—L T)’L FTR 7 (e i o

Now distinguish 2 cases:
1 Ry

CASE 1: TR =L Then the above equation yields
(CRC—+F——) (CRC{TH)RCI @

as the desired port relation between the variables ¥ and I.

CASE 2: —ll?—- e Ry . Then use the earlier equation to solve for

I,. Upon subsmumon in the previous equation this yields,
after some reorganization:

3)

L d
= (CRCZE-‘-I)(R—Z ET+1)RCI

as the desired port relation between the variables ¥ and I.

Note that if we set ?f}l?; = ELIL in the second equation we

obtain:

[CRC% +1)(CRC d 7?—)V

=(CRC’“ )(CRC——— +1)RCI ' ©

Of further interest is the case in which in addition to
1 R R

—_— = > C =

R —LL , there also holds ®, L

Let us now state some results which follow from earlier
work of ours. The first one concerns the presence of common
factors in the polynomials p and ¢ in a differential equation
model

d

plgp)y=4 ;dt- Ju 2(s),9(s)eRs]

describing the relation between u(-):R->R and y(-):R-+R. While a
common factor can indeed be cancelled if we are only concerned



with the transfer function, it cannot be cancelled when we are
considering the behavior! Common factors do contribute to the
behavior. The presence of cormmon factors signifies lack of
controllability in the dynamical system. Cuancelling common
factors corresponds taking the controllable part of the
system [4,5].

to

The second fact concerns the lmit behavior of systems
described by a set of differential equations whose coefficients
depend on a parameter. Under reasonable conditions (which are
satisfied for the full behavioral equations describing the
above circuit and for equations (A4), (B), and (C)) it can be
shown that the limit behavior is, as may be expected, described
by the equations obtained by substituting the limit of the
parameters in the original equations.

The third fact concerns the observability of the latent

variables in the full behavioral equations (CE), (KCL), and
1 _R

. i : ble if and only if 5 #7E.
{KVL). These equations are observable if and only 1 CRC#I_

This yields the following situation for the circuit at

hand (remember that throughout we assume Ry, R¢, L, and C>0):

R

1. Assume qulz—c = —LL . Then the port behavior is described by

equation (A). The full behavioral equations are
observable. 1f % #1, then the port behavior is
controllable.

v R
CRC L
described by

Assume

Then the limit port behavior is

This limit behavior differs
Ry

CRe~ 1L
, yielding a non—controllable mode. If

equation (C).
by the common factor
Rc
R,
then the controllable part of this limit behavior equals
the behavior at the limit.
R R

L - L and —C= 1. Then the full behavioral

CR c

L RL
equations are unobservable and
described by

from the behavior for
d
( CR¢ T +1 )

Assumne

the port behavior is

[(:’RC% -{-l]V: (CRCd% +1]RCI

This defines a non-controllable dynamical system. Its

controllable part is described by V =Rq1.
R R
__!‘_ and i

A gL Then the limit port behavior
L

Assume

1 >
CR,
is described by

(cRe 1) [cret +1]y

R o 41

(CRC% +1)I

[t is not controllable; its controllable part is described by
V=R,I. Thus in this case the limit behavior strictly includes
the behavior at the limit which, in turn, strictly includes the
controllable behavior.

Note that it follows from this example that the difference
between the limit behavior and the behavior at the limit is
more than merely a matter of cancelling common factors. It
illnstrates that taking lmit systems (and cancelling common
factors) is ‘tricky business’.

Note that careless calculation of the open circuit
behavior of this circuit (I =0) would have given
L oo d° Re d |, Rely_
EC'RCE+{1+R_LJCRCW+ . V=o0
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with no warning bells (as the common factor phenomenon for the
port behavior) that, when CRC=R[L , these equations cease to be
L

L

valid. Indeed taking CRC—>R—- yields
L

d

(CRC,% +1](CRCE-£ + Ro

Ry

as the limit behavior, while the behavior when CR;=

Jy=o

o s

Ly
actually described by

(CRC% +§—i)V=oz

We hasten to correct two erroneous impressions which the
above example may have given. First, the phenomenon that the
limit behavior is unequal to the behavior at the limit for
systems described in terms of latent variables can be seen from
much simpler examples than the one given. For instance the full
behavioral equations

with latent variable a give w,=w, for the limit behavior, while
the behavior at the limit is w;=w,=o0. Second, as this last
example also shows, the difference between the limit behavior
and the behavior at the limit is not just a matter of
uncontrollable modes (equivalently, of common factors) at the
limit.

The point of this extensive example is to illustrate that
the behavior of a linear, time-invariant dynamical system
describing a simple electrical circuit need not be continuous
in the physical parameters. This discontinuity is moreover not
due to element values going to zero or to infinity. In
particular, it is not a problem of singular perturbations. The
purpose of this article is to formalize this phenomenon and to
give a very natural system theoretic condition (observability)
which yiclds the desired continuity of the behavior in terms of
the system parameters. (The reason why the example gives the
impression that controllability is an issue is due to the fact
that for this electrical circuit observability and state point
controllability simultaneously hold).

3. OUR MODELLING TRIPTICH. We start our development with a
brief exposition of the modelling philosophy and language which
we have been preaching during the last decade. The basic
ingredients of this theory constitutes a tryptich consisting of
the behavior, behavioral equations, and latent variables.

We define a (mathematical) model as a pair (U,8) with U a
universum and B a subset of 11 called the behavior. Thus a
mathematical model is an exclusion law: from all the a priori
possibilities in U, it recognizes only those in B as being in
principle possible. In most examples the behavior B will be
specified by equations by(u) = by(w). Formally, we assume that we
are given two maps by,b,:U—->E (with © a set called the equating
space) specifying B as B={uel|b(u)=by(u)}. The ‘equilibrium’
equations by(u)=by(u) are called behavioral equations. Clearly
these behavioral equations specify B, but the converse is not
true: there are obviously very many equivalent behavioral
equations (equivalent in the sense that they specify the same
behavior). This illustrates the ancillary role which equations
play in mathematical modelling.

In addition to the behavior and behavioral equations, there
is a third element in our general language for mathematical
modelling: latent wvariables. The introduction of latent
variables stems from the realization that in most modelling
exercises, it will be necessary to introduce other variables in
addition to those which we are trying to model. We will call

these auxiliary variables latent wvariebles and the basic
variables which our models aims at describing manifest
variables.

Formally, a latent variable model is a triple (1,%,8y)
with U the universum of manifest variables, £ the universum of
latent variables, and By a subset of UxQ, called the full (or



internal) behavior. It induces the manifest mathematical model
(1,8) with B={uell|3 £eL such that (u,¢)eBy} the manifest (or
internal, or intrinsic) behavior. In practice, B, will often be
described by full behavioral equations by l(u €) =bg 5(u,8)
leading, after elimination of ¢ (if this proves to be
possible), to the behavioral equations b;(u)=by(u) for the
manifest behavior.

We view a dynamical system merely as a mathematical model
in which the behavior consists of a family of time functions.
Thus a dynamical system ¥ is defined as a triple £ = (T,W,B) with

TcR the time axis, W the signal space, and BcwW the
behavior. Thus B consists of those maps from T to W satisfying
the Jaws governing the dynamical system. A dynamical system is
said to be linear if W is a vector space and B is a linear

subspace of w’. We will consider only the case with time axis
T=27 (discrete-time systems) or T=R (continuous—time sys‘tems).
We will call £=(T,w,8) with T=Z or R time~invariant if 0 B=

for all teT. Here o' denotes the t-shift: (a'w)(t’):: w(t'+1).
Thus in a linear system the behavior satisfies the
superposition  principle: w;,w,eB and o,f scalar imply
ow, +fw,eB. Time-invariant systems on the other hand are
governed by laws which do not depend explicitely on time, we®B
implying ¢ ‘wes.

We will be especially interested in dynamical systems
described by difference or (ordinary) differential equations.
Lel us consider the discrete-time case first. Let R™[s,s™]
denote the family of polynomial matrices with ¢ columns and any
(~finite-) number of rows. Specifically, we will consider

dynamical systems L =(Z,R%,B) in which B is described in terms

of a polynomial matrix R(s,s")eR"[s,s™] by the difference
equations

R(o,0 Yyw=0 (AR)

yielding as behavior ker R(a,a_l) with R(a,o’l) viewed as a

linear map from ([Rq)Z into (Rg)Z (g equals the number of rows

of R). Clearly this defines a linear time-invariant system
(ZR ker R(o,0™)). It is easy to see that ker R(c,0™")
defines a linear shift-invariant closed subset of (Rq)z

(equipped with the topology of pointwise convergence). In fact,
it can be shown that every such subspace can be expressed as
the kernel of a polynomial operator in the shift. We will call
the behavioral equations (AR) AutoRegressive or, briefly, (AR)
equations, and we will denote the family of dynamical systems

induced by them by €7 In [1,4] it has been shown that o

consists of all dynamical systems (Z,IR'I,B] which are linear,.
time-invariant, and complete (see [1,4] for a formal definition
and a discussion of completeness).

If we introduce latent variables in this setting then we
obtain a latent variable dynamical system ;= (T,W,L,B() with T
the time axis, W the signal space, L the latent variable space,
and By =(Wd)"

variable dynamical systems X¢= (Z,Rq,le,ﬁ ;) with B described by
behavioral equations

the full behavior. We will consider latent

R(a,a“‘)w:Mw,a")q (ARMA)

with R(s,s")eR™(s,s7), M(s,s")eR™%s,s™"], both having
the same number of rows; w:Z->R? is the manifest time-series,
and a:Z-R® is the latent 'ua'riable time-series, yielding the

full behavior B,=ker [Raa —M(0,0™")]. We will call the
system of equamons (ARMA) AutoRegresszve-Momng-Avera,ge or,
briefly, (ARMA) equations, with the left hand side the’
autoregressive part, and the right hand side the moving-average
part.

U(s,s)R(s,57") = { R'(5,57)) }

The manifest behavior is defined as B={w(Ja such that
R(o,0  yw= M(a,o’l)a}. Equivalently,B = (R(a,a"))'lz?m M(o,0™).
It turns out that B itself can also be expressed as the kernel
of a polynomial operator in the shift. That is, there exists a
polynomial R'(s,s™) such that B=ker R'(s,0™"). The polynomial

matrix R' can be obtained by premultiplying M(s,s™") by an

unimodular polynomial matrix Ugs, st ) such that
Uts,s ™ YM(s,s™) = }:0—1J with M"(s,s™) of full row
M'(s,s )

rank (implying that Mo,07") is surjective). Then R’(s,s") is
obtained by  taking the conformable partition of

The above is easily generalized to differential equations.
However, in this case there are difficulties with the required
smoothness of w and the sense in which we want the differential
cquation to be satisfied. However, for the purpose of this

paper we will use a C” setting (even though in other context
this has serious disadvantages). The behavioral equations

R(% )w:o (DE)

with  R(s)eR™[s] defines the continuous-time linear

time-invariant dynamical system (R,RY,8) with B= kerR( ddz }
and R[ﬂ viewed as a map from C*(R;R%} into C*(R;R%).
Introducing latent variables leads to
d d
e Jo-n{z; Je
with R(s)eR"q[s] and M(s)e[R"d[s], both having the same number
of rows. Elimination of the latent variables is carried out by

(LVDE)

pre-multiplying by a unimodular polynomial matrix U(s)eR"¥[s]

such that U(s)M(s)= [0
M

] with M"(s) of full row rank
“(s)

(implying again that M" [dt ) is surjective). The behavioral
equations specifying the manifest behavior are then given by

R'( ddz )w o, where [R(s) } is a conformable partition of
R"(s)

U(s)R(s).
Let us illustrate these notions at the hand of the circuit
example of Section 2. In this electrical circuit we consider as

manifest variables the port variables (V,I ):IR->R2, while B
consists of all V,I-pairs which the circuit can conceivably
produce. Our mathematical model involves also the latent

variables (Vg Tg Vg » IRL,VC,IC,VL,IL):ReRB. The full behavior
(KCL), and (KVL). In this case the

mampula,tlons Iea,dmg to equations (4) when CR_ RL— and (B)

equations consist of (CE),

when R # p—— , correspond to carrying out exphcltely the
uuimodula.r pre—multlphca.tmn alluded to above.

4. PARAMETRIZATIONS AND THEIR CONTINUITY. In our framework a
mathematical model is a very abstract object. When we represent

it by behavioral equations it becomes a bit more concrete.

Often, however, it is possible to view a model as being induced

by some concrete parameters.

Let M be a set, for example a family of mathematical
models. In this case each element MeM defines a mathematical
model (U,B). A parametrization (P,x) of M consists of a set P
and a surjective map m:P>M. The set P is called the perameter
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space. We think of P as a concrete space and of an element pelP
as a parameter, for example a set of real or complex numbers,
or vectors, or polynomials, or polynomial matrices. Typically
peP determines a behavioral equation and in this way induces a
mathematical model. If P is a set of matrices we speak of (P,m)
as a matrix parametrization of M. A similar nomenclature is
used for polynomial parametrizations, polynomial
parametrizations, etc. When P is an abstract space related to M
in the same way as above, then we will call (P,m) also a
representation of M. Hence representation (abstract) is
essentially synonymous to parametrization (concrete). For
representations, think of a behavioral equation representation
of a mathematical model, or of a latent variable
representation. etc.

Let (P,m) be a parametrization of M, and assume that P and

M are endowed with a topology. We will call (P,m) a continuous

parametrization of M if whenever p.eP, >0 satisfies lim p, = Do,
>0

then limn(p,)=m(py) and, conversely, whenever M.,eM, 20,
é»0

satisfies {im M, = My, then there exists p,eP such that m(p.)=M,
0

&y

and such that limp.=p,. In other words, in a continuous
>0

parametrization convergence of the ‘abstract’ objects in M can
be put into evidence by convergence of the parameters
representing these objects, that is by the ‘concrete’ objects
in P with the corresponding specific convergence with which

typical parameter spaces are endowed. Actually, for the problem

which we will study, all the results remain valid when € is a

vector in some R However, for the sake of concreteness, we
will look at the case of a real parameter €>0 with €->0.

of

time—invariant complete dynamical systems (Z,RY,B) denoted, as

Now  consider the family discrete~time  linear
. . g -1 oxq -1
mentioned earlier, by £°. Each element R(s,s )eR ‘[s,s |

induces the dynamical system (Z,R? ker R(a,a'l)). Let m denote
the map which associates this dynamical system with the
polynomial matrix R. A basic result from [3] reads:

THEOREM: (R*[s,s7'],7) defines a parametrization of 2.

The question whether this is a continuous parametrization
is a more delicate one. For one thing, it requires specifying a

topology on ¥ and on R™[s,s™"]. For €7 we will use the
following topology. In [2] it has been shown that (Z,R%,8)
belongs to €7 if and only if B is a linear shift-invariant
closed subspace of (R")Z, equipped with the topology of
pointwise convergence. This leads to a topology on &7 with the
following notion of convergence. A family %, =(Z,R%,8,)e 2! with

£>0 a real number is defined to converge to L= (Z,R%,8,)e2’

if (i)  whenever wskeﬁiek,ke[N, lime, =0, and lim W, =Wy
k> k>0
(pointwise convergence), then wyeB,
and (ii) whenever wye®, then 3w, eB, such that lim w, =w,.
>0

On R™[s.5™] we will use the following notion of convergence.

Lot Ro(s,5™ ) eR*[s,5™"], £20. Then li'l‘l)l R.=Ry
&>

if (i) g.=gy for € sufficiently small
(i) R(s,s")= RissL5+RZs_lsLt"l+ +Rf£s‘5 satisfy
t<b.sLl.<L for all e>0
and (ili) lim Rg=Rp for all £<k<L. This last convergence is

>0

componentwise in the entries of the matrices.

Thus system convergence means that convergent time-series
from the behavior of the convergent systems approach a limit in
the behavior of the limit system and, conversely, that each
time-series in the behavior of the limit can be approximated by

matrix.
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elements in the behavior of the convergent systems. Polynomial
matrix convergence simply means convergence of the matrix
coefficients.

It is not possible to prove in full generality that the
parametrization of the previous theorem is a continuous one.
For one thing, we need to restrict our attention to full row
rank polynomial matrices with ¢ columns. We will denote these

as RY[s,s™']. A refinement of the previous theorem allows us
to conclude [4,5]:

THEOREM: (R7“[s,s™"),r) defines a parametrization of .

Actually, we call behavioral equation representation

Rio.0 ' Yw=0 of £ =(Z,R%,B)e? a minimal AR-representation if
R(s,s")eR}xq[s,s"], Equivalently, (and this is what we have
taken as our definition [5]) if the number of rows in R (that
is the number of scalar AR-equations) is as small as possible
subject, of course, to the constraint that it must represent X.
It can be shown that if R(a,a'l)w=o is one minimal
AR-representation of ¥, then the transformation group (the
unimoduler group) R->UR, where U(s,s™' ranges over the
unimodular polynomial matrices, generates precisely all minimal
AR-representations of £. This tremendous non-uniqueness of
behavioral equation representations is, among other things, the
source of difficulty in continuity considerations.

In order to state our result from [1] on continuous
parametrization, we also need to introduce the notion of the
memory span of an element (Z,R?,8)e . It can be shown that B
has the property that it has finite memory span, that is, that
there exists a AeZ, such that w;,w,eB and w,(t) =w,(t) for 0<t<A
implies that w; A w,e8, where w; A w, denotes the concatenation
of w, and w,, defined as (w; Aw,)(t):=w(t) for t<0 and
{w, A w,)(t) 1= wy(t) for £20. The smallest of such numbers AeZ
will be called the memory span of X.

Let R(s,s™') = Rys" + R, 18" +... + Rys"eR™ 5,67, have R, # 0
and R,#0. Then we call L-¢ the degree of R.

Let us denote by R}fg[s,s_l] the collection of elements of
[R}"'{s,s"] with degree <A. Also, let us denote by £} those
elements of £ with memory span <A. In [1] we have proven the
following interesting continuity result:

THEOREM: (R}[s,s™],7) defines a continuous parametrization

of &', in the following sense:

I Assume that RE(s,s'l)eRgxq[s,s'l], €20, satisfy R‘?:ER‘)'
Let B, := ker R,(0,0™"). Then B, = By.

Assume that B,, belonging to L4, Ve>0, satisfy B, > B

Then there is a Ael, and  there  exist
Re(s,s™") e!R}ff\,[s,s'l], Ve>0, such that R.——R, and

B, = ker R,(0,07").

Thus with the restrictions imposed by the above theorem,
linear time-invariant complete dynamical systems converge if
and only if their AR-representations converge.

In {2] we have obtained the continuous-time analog of this
restilt. However, we need to be a bit more restrictive about the
hehavior of (DE) than was advocated in Section 3. We will
define the behavior of

R(Z“f ’w:o (DE)

as B = (weCw(R;R")(R( ad? )w=oand VYneZ, there exists a eR such

+ n
that fl]d—g(c)lleamdkoo). In order we will be restricting
dt"

-

attention 1o € solutions of (DE) which together with its
derivatives are of exponential growth. Let us denote the



collection of dynamical systems E=(IR,[R",f5) thus obtained by &.

A family of dynamical systems 2, = (R,R%,8,)ef¥, £>0 is said
to converge to Ly=(RR%,B,)ef if w.e$,, >0, and W, g

implies wue%U and if wye B, implies the existence of w B, >0,

such that w, o Wo The convergence w, i) is taken to be
&> >

subsets of R.

pointwise convergence, uniform on compact

Convergence of polynomial matrices R.(s)eR*7[s] is defined
completely analogously to the case over [R[s,s'l].
The notion of minimal DE-representation requires, as in the

AR-case, that R(s)eRy“[s), ie., that it is of full row rank.
The memory span can now be defined as the smallest L for which

there  exists DE of reff with

R(s)= RL5L+RL_15L_1+ <. +R,.

a  representation

Denote by & % the elements of 9 with memory span <A and by
Ri'A[s) with degree <A. In [2) we have proven the following
generalization of the previous theorem to the continuous-time
case.

THEOREM: (R}[s],7) defines a continuous parametrization of
@
Thus with the restrictions imposed by the above theorem,

linear time-invariant differential dynamical systems converge
if and only if their DE-representations converge.

5. CONTINUITY OF ARMA-MODELS. Let (T,W,L,B;) be a latent

variable dynamical system. We will say that it is observable if
{(w',a'), (w",a") By, and w' =w"} imply {a’=a"}. Observability
in other words implies that the latent variable trajectory a
can be deduced from the manifest variable trajectory w.
Equivalently, if the full behavior is the graph of a mapping

from the manifest behavior into L.
Now consider the ARMA-model

R(a,a_l)w=M(a,o‘l)a4‘ (ARMA)
with R(s,s7)eR™[s,s™] and M(s,s eR"Ys,s™. In this
situation it is possible to derive a concrete test for

observability in terms of R and M. Indeed, the following result
is proven in [4]:

THEOREM: The following conditions are equivalent:
1. The above ARMA-model is observable;

2. The complex matrix M( MATy s of full column rank for all
0#AeC;
3. There exist polynomial matrices R'(s,s')eR™[s,s™'] and

R'(s,s")eR™[s,5™"| such that the full behavior of

Rio, 0 Yw=0 .
a,=R"(a,0>’)w

is equal to that of (ARMA).

For a full discussion of the notion of observability and the
companion notion of controllability in our behavioral context,
and their relation to the classical versions of these notions,
we refer the reader to {3,4,5].

Now consider a family of ARMA-models
R,(a,a'l)w=M,(a,a"])a
depending on a real parameter £>0. Let ?3} denote its full
behavior and B° its manifest behavior. From the results from

[1] mentioned in  Section 4 we know that if
[Ru(s,s"l)i —My(s,s™")] is of full row rank and if limR.=R, and
>0
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lz‘r;z M.=M,, then B;— B} The question which we wish to
&> &>0

address is if and when this (parameter or behavior) convergence
of the full behavior implies the convergence 8°—8° of the

>
manifest behavior. The example in Section 2 shgws that this
implication will not be automatic and it is refreshing to take
note of the fact that observability provides the key to a
positive result in this direction!

THEOREM (MAIN RESULT): Assume that the ARMA-system
R(,(o,a’l)w—:Mu(a,a'l)a

is minimal (i.e., that [Ry(s,s™")i —=My(s,s™")] is of

full row rank) and observable (i.e., that M(A,,\'l)

is of full column rank for all 0# \eC). Then if

lim Rs(s,s_l) =R0(s,s"1)

and lim M.(s,5™") = My(s,s™), the full behavior

B “will

. &»0
B; as well as the manifest beh
lim B;=8} and lim B° =18

ge:

e>0 e»0
Proof: See [6].
Note that in the above theorem observability is a
sufficient condition for a convergence. It is, however,

certainly not a necessary condition.

For further ramifications of our main result the reader is
also referred to [6].
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