
FP2 - 4:30 Proceedings of 23rd Conference 
on  Decision  and  Control 
Las Vegas, NV, December 1984 

ADAPTIVE STABILIZATION OF MULTIVARIABLE LINEAR SYSTEMS 

Chris topher  I. Byrnes  and  Jan C. Willems 
Dep t .   o f   E lec t r i ca l  and   Mathemat ics   Ins t i tu te  
Computer  Engineering  University  of  Groningen 

and P.O. Box 800 
Dept.  of  Mathematics 9700 AV Groningen 
Tempe, Arizona  85281 

USA 
The Nether lanas  

A b s t r a c t  

A " U n i v e r s a l   a d a p t i v e   s t a b i l i z a t i o n   a l g o r i t h m  i s  
p r e s e n t e d   w h i c h ,   f o r   a n y  m ,  s t a b i l i z e s   a l l  minimum 
p h a s e  mxm m u l t i v a r i a b l e   s y s t e m s   h a v i n g   a n   i n v e r t i b l e  
h igh   f requency   ga in .  

I n t r o d u c t i o n  

R e c e n t l y ,  much p r o g r e s s   h a s   b e e n  made i n   t h e  
d e s i g n   o f   u n i v e r s a l   a d a p t i v e   c o n t r o l l e r s   f o r  
s t a b i l i z i n g  minimum p h a s e   p l a n t s   i n   t h e   p r e s e n c e   o f  a 
m o r e   l i m i t e d  knowledge  of c e r t a i n   d i s c r e t e   i n v a r i a n t s  
t h a n   h a d   p r e v i o u s l y   b e e n   t h o u g h t   n e c e s s a r y   ( s e e   e . g .  
[11 - [41 ) .   Spec i f i ca l ly ,   i n  141  a parameter   adjustment  
s c h e m e   f o r   t h e   g a i n   p a r a m e t e r   i n  a c o n s t a n t  
p r o p o r t i o n a l   o u t p u t - f e e d b a c k   l a w   w a s  shown t o   b e  
g l o b a l l y   s t a b i l i z i n g   f o r  minimum p h a s e   s y s t e m s   o f  
r e l a t i v e   d e g r e e   o n e .   T h i s   s c h e m e   i s   b a s e d  o n  
c l a s s i ca l ,   f r equency   domain   des ign   u s ing   cons t an t   ga in  
f eedback ,   where   t he   s ign  of t h e   g a i n   i s   d i c t a t e d  by a 
g e n e r a l i z a t i o n   o f  a s w i t c h i n g - l a w   s t r a t e g y   r e c e n t l y  
u s e d   b y   N u s s b a u m   [ 3 1   i n   t h e   c a s e   o f   f i r s t - o r d e r  
s y s t e m s .   P e r h a p s   m o s t   s i g n i f i c a n t ,   h o w e v e r ,  i s  t h e  
f a c t   t h a t ,   b e c a u s e   t h e   u n d e r l y i n g   f e e d b a c k  law i s  an 
output-feedback  law,  no a p r i o r i  knowledge  or  estimate 
o f   t h e   M c M i l l a n   d e g r e e   o f   t h e   s y s t e m  i s  r e q u i r e d .  
This  same approach   has   been   ex tended   to   sca la r   sys tems 
o f   r e l a t i v e   d e g r e e   n o t   e x c e e d i n g  two by  Morse [21  and 
t h u s   s e v e r a l   o f   t h e   s t a n d a r d   a s s u m p t i o n s   ( s e e   [ l l )  
r e q u i r e d   f o r   t h e   m o r e   t r a d i t i o n a l   a d a p t i v e  
s t a b i l i z a t i o n  schemes now appea r   supe r f luous .  

T h e   p u r p o s e   o f   t h i s   n o t e   i s   t o   e x t e n d   t h e s e  
t e c h n i q u e s   t o   t h e   m u l t i v a r i a b l e   s e t t i n g .   E x p l i c i t l y ,  
we show t h e   e x i s t e n c e  - f o r  mxm s t r i c t l y   p r o p e r   l i n e a r  
systems - of a u n i v e r s a l   a d a p t i v e   c o n t r o l l e r ,   w h i c h  
g l o b a l l y   s t a b i l i z e s  any minimum phase  plant  having  an 
i n v e r t i b l e   h i g h   f r e q n e n c y   g a i n .   T h i s   s p e c i a l i z e s ,  
when m = l .  t o   t h e  main r e s u l t   i n  [41  and i n d i c a t e s   t h a t  
t h e   r e c e n t   o u t p u t   f e e d b a c k   b a s e d ,   a d a p t i v e  
s t a b i l i z a t i o n   t e c h n i q u e s   f o r   s c a l a r   s y s t e m s   o u g h t   t o  
e x t e n d ,   m u t a t i s   m u t a n d i s ,   t o   t h e   m u l t i v a r i a b l e  
s e t t i n g .  We e m p h a s i z e   t h a t   t h e   c o n t r o l l e r   p r o p o s e d  
h e r e  i s  of a more e x i s t e n t i a l   c o n t r i b u t i o n   a n d   e x p e c t  
t o  have  more t o   s a y  on, e .g .   the   h igh-ga in   fea tures   o f  
u n i v e r s a l   c o n t r o l l e r s ,   i n  a f u t u r e   p a p e r .  I t  i s  a 
p l e a s u r e   t o   t h a n k   o u r  promovendi  Bengt  Martenson  and 
H a r r y   T r e n t l e m a n   f o r   u s e f u l   d i s c u s s i o n s ,   p a r t i c u l a r l y  
on t h e   m a t e r i a l   i n   s e c t i o n s  1 and 2 .  
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1.  A d a p t i v e   S t a b i l i z a t i o n   o f   M u l t i n g i a b l e   S y s t e m s  
wi th   S t ab le   In s t an taneous   Ga in .  

I n  t h i s   s e c t i o n  we c o n s i d e r   t h e  mxm m u l t i v a r i a b l e  
l i n e a r   s y s t e m ,   d e s c r i b e d  by s t r i c t l y   p r o p e r   t r a n s f e r  
f u n c t i o n s  

G 

( H 1 )  and  

i s  assumed t o   s a t i s f y   t h e   c o n d i t i o n s  

d e t  N( s) = 0 E> R e ( s )  < 0; 
spec (G,)  C . where 

m 

s) = 1 Gis-i 

i=l 

( H 2 )   a r e ,   o f   c o u r s e ,   t h e   m u l t i v a r i a b l e  
a n a l o g u e s   o f   t h e  minimum  phase   condi t ion   and   of   the  
cond i t ion ,   cb  ( 0, f o r   s c a l a r   s y s t e m s .   I n d e e d ,   a n y  
squa re   sys t em  sa t i s fy ing  (Ill)-(=) poss  

r e a l i z a t i o n  of   the   form,   wi th   s ta te  x = 

i, = A,,x, + Ally 

9 = A,,x, + A,,y + G,u 
(1 .2)  

where  spec (A,,) c o i n c i d e s   w i t h   t h e   l o c u s   o f   d e t   N ( s ) .  
I n  p a r t i c u l a r  A,, and G, a r e   s t a b l e   s y s t e m s .  Be c la im 
t h a t   f o r  any  such  system  the  control  law 

k = I l y I I z  , u = ky (1.3) 

s t a b i l i z e s   ( 1 . 2 )  . More p r e c i s e l y ,  

Theorem 1 .1. S u p p o s e   t h e   m u l t i v a r i a b l e   l i n e a r  
system (1.1) s a t i s f i e s  (Ill). (E). T h e n ,   t h e   c l o s e d  
l o o p   s y s t e m   c o r r e s p o n d i n g   t o   t h e   f e e d b a c k   s t r a t e g y  
( 1 . 3 )   s a t i s f i e s ,   f o r   a l l   i n i t i a l   d a t a  (x,, k,) 

( i )  k conve rges   a s  t - >  m; 

( i i )  l i m  x = 0 
t - > m  

t 

t 

P r o o f .   S i n c e  k i s  monotone  nondecreasing,  
w i l l  c o n v e r g e   t o  a l lmit ,  k m ,   p r o v i d e d  k r e m a i n s  
b o u n d e d .  We n o t e   t h a t ,   f r o m   t h e  form  of t h e   c l o s e d  
loop   equa t ions :  

_____ t k t  

a s s e r t i o n  ( i i )  a l s o   f o l l o w s   f r o m  th+e b o u n d e d n e s s  of 
k t .   F o r   i f  k i s  bounded,  yte  L3(R , R m ) .  Since A,, 
i s  s t a b l e ,  i t  t h e n   f o l l o w s   t h a t  x,, i, a r e   s q u a r e  t 
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i n t e g r a b l e .   S i n c e  k i s  bounded, kGy and t h e r e f o r e  f 
is squa re   i n t eg rab le .   Thus ,  

x ,  i E L ~ ( R + ,  R ~ )  

and we have l i m  x ( t )  = 0 .  
t- )m 

To s e e  t h a t   k t   i s   b o u n d e d ,   c h o o s e  Q = QT such 

T 

t h a t  

G Q + Q G = - I  

and n o t e  

- k 11yIl2 (1.5) 

Viewing A,,x, a s   t h e   o u t p u t   o f   t h e   s t a b l e   s y s t e m  

i, = A,,x, + A,,Q (Qy) 
-1 

d r i v e n  by t h e   i n p u t  Qy we have 

T T 
Lemma 1.1. ( 1 4 1 )  < A,,x,,Qy ) d t  I c,+c,[ I I y I  l 'd t  

0 0 

where  co  depends  only on x l ( 0 )  . 
I n t e g r a t i n g   b o t h   s i d e s  of (1.5) we have 

T  T  T 

0 0 0 

and r e c a l l i n g  (1.3), we have 

y l  1. y,k(T) - k Z ( T )  

f o r  y,, y a  c o n s t a n t .  In p a r t i c u l a r ,   k ( T )  i s  bounded 
from  above. 

2 .  S t a b i l i z a t i o n   b v   S t a t i c  Precomuens-. 

In t h i s   s e c t i o n ,  we c o n s i d e r   t h e   f o l l o w i n g  
m a t r i x - t h e 0   e t i c   p r o b l e m :  I s  t h e r e  a f i n i t e  
c o l l e c t i o n   % o f  mxm m a t r i c e s   s u c h   t h a t   f o r  any 
B E GL(m,R) a t   l e a s t  one  of t h e   m a t r i c e s  

BK , K E'-$- 

i s  s t a b l e ?  

F o r   e x a m p l e ,   i f  m=l then  we can  take K = ( 2  1). 
I f  m=2, then  a more e l a b o r a t e   a r g u m e n t   ( w h i c h  we  owe 
t o  H.  Trent leman)  shows  that  one can   take  

K = ( d i a g  (E.):& = +_ 11. ~i 

U n f o r t u n a t e l y ,   f o r  m 2. 3 t h e   c l a s s   o f   s i g n a t u r e  
m a t r i c e s  no l o n g e r   s u f f i c e s   a n d ,   a s   f a r   a s  we a r e  
aware,   even  for m=3 t h e   q u e s t i o n  we pose i s  open. 

C o n i e c t g f p :   T h e r e   e x i s t s  a f i n i t e   s u b s e t ,  
)iL= Mm(R) ,  s u c h   t h a t   f o r   a l l  B e GL(M,R), a t   l e a s t  one 
of 

BK , K e x  

i s   ( a s y m p t o t i c a l l y )   s t a b l e .  

I f   o u r   c o n j e c t u r e   w e r e   t r u e ,   t h e   u n i v e r s a l  
s t a b i l i z e r  we c o n s t r u c t   i n   s e c t i o n  3 w o u l d   o f   c o u r s e  
have a simpler  form.  For  our  purposes.   however,  it i s  
s u f f i c i e n t   t o   p r o v e   t h e   f o l l o w i n g   r e s u l t .  

P r o u o s i t i J n  2 .l. For  any m, 
c o l l e c t i o n   % o f   r e a l  mxm m a t r i c e s  
B e GL(m,R) a t   l e a s t  one of 

GK , K e X  

i s  a s y m p t o t i c a l l y   s t a b l e .  

Proof. Taking q E Q, i t  oaf f 

t h e r e  i s  a countable  
s u c h   t h a t   f o r   a n y  

i c e s   t o   p r o v e :  

Lemma 2 .2.  For  any q ) 0 t h e r e   i s  a f i n i t e   s e t %  
of s t a b i l i z i n g   m a t r i c e s   f o r   t h e   s u b s e t  

B = {B E G L ( m , R ) :  I l B - l I  I q) . 
9 

Proof   o f  Lemma  2 . 2 .   D e n o t i n g   b y  S t h e   u n i  t 
sphere  in the   space  of mxm m a t r i c e s ,   t h e   s u % s e t  S O B  
i s   c l o s e d   i n  S a n d   h e n c e   c o m p a c t .   F o r m a n y  
K E GL(m,R) t h e   s \ b s e t  

U' = {B e GL(m,R): BK i s  a s y m p t o t i c a l l y   s t a b l e )  K 

i s  open  and  therefore  

i s  o p e n   i n  Sm 0 B . N o t i n g   t h a t  B i s  s t a b l e   i f ,  and 
o n l y   i f ,  AB i s  s t a b l e   f o r   p o s i t i v e   s c a l a r s  h ,  t h e r e  
e x i s t s  a f i n i t e   s e t   i o f   s t a b i l i z i n g   m a t r i c e s  by   the  
Heine-Bore1  Theorem. 

3 .  G l o b a l   S t a b i l i z a t i o n   b v  Means of a Switching Law. 

c o n t r o l  law w h i c h   s t a b i l i z e s   t h e   l i n e a r   s y s t e m  
I n   t h e   s e c t i o n  we w i l l  c o n s t r u c t  a f e e d b a c k  

= Ay + Bu (3.1) 

u e R ~ ,  y e R m ,  A e Rmxm,  B e Rmxm, w i t h  A and B 
u n d e r   t h e  a p r i o r 1   k n o w l e d g e   t h a t  

B E  nnkndwihxm. We w i l l  assume t n a t &   h a s   t h e   p r o p e r t y  
t h a t   t h e r e   e x ' s t s  a f i n i t e   o r   c o u n t a b l y   i n f i n i t e   s e t  
o f   m a t r i c e s $ =  Rmxm such   t ha t ,   f o r   each  B e 6  a t   l e a s t  
one m a t r i x   o f   t h e   s e t  IBKlK e x )  h a s  i t s  e i g e n v a l u e s  
i n   t h e   o p e n   l e f t   h a l f   p l a n e .  As we have   s een   i n   t he  
p r e v i o u s   s e c t i o n ,   t h i s  w i l l  b e   t h e   c a s e   w i t h  x f i n i t e  
i f   f o r  example 

% = G l ( m )  w i t h  m = l  o r  2 

o r  8= i B  e G l ( m )  IFM  11B-'1 I I MI 
a n d ,   w i t h   d c o u n t a b l y   i n f i n i t e ,   i f  

We w i l l  t r e a t   t h e   c a s e   t h a t x  i s  f i n i t e  
e x p l i c i t e l y   a n d  a! t e r w a r d s   i n d i c a t e   t h e   e x t e n s i o n   o f  
t h i s   r e s u l t   t o   t h e   c o u n t a b l y   i n f i n i t e   c a s e .  

Our c o n t r o l  law c o n s i s t s  of a h igh   ga in   f eedback  
law,   modulafed$ a s w i t c h i n g   g a i n   p o l i c y .   M o r e  
p r e c i s e l y ,   w l t h  = {K,, K , ,  ..., K 1 a f i n i t e   s e t ,  we 
u s e  t h e   c o n t r o l  law 

N 

P = 11yIl2 ( 3  .Za) 

y = k K  s ( k )  ( 3  .2b) 

w i t h  s: R - >  (1, 2 ,  ..., N l  a su i t ab le   swi t ch ing   l aw .  
In p a r t i c u l a r ,  we w i l l  t a k e   f o r   s ( k )  a s w i t c h i n g  
p o l i c y   w h i c h   r o t a t e s   t h e   g a i n  among t h e   d i f f e r e n t  
K . ' s .  S p e c i f i c a l l y ,   t a k e  

s ( k )  = i 

f o r  slN+i k < rlN+i+l 1 = 0,  1, 2 ,  . . . 
i = 1, 2 ,  ..., N 
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w i t h   t h e   t h r e s h o l d s  0 < Tlr ( e ,  < e . .  chosen  such 
t h a t   f o r   e v e r y  i E f l ,  2 ,  . . ., N) the   Cesa ro  mean 

k 

l i m  i n f  ]r 5 f i ( y ) d  = - 
k->m 

where f .(u) = 

1 ( 3 . 3 )  

I' +1 whenever s (u )  = i 

-1 whenever s (u)  # i 

An example  of  such a s w i t c h i n g   p o l i c y   i s  

T ~ + ~  = T~ + e n = 0 ,  1 ,   2 ,  ... 
We will prove: 

na 

r o  oa&lgg-2,1: F o r   a n y   k ,  e R .  y o  e R m ,  
A E R e a n d  B E a c R m r m ,  the   system  (3 .1) - ( 3   . 2 ) ,  
w i t h   ( 3 . 3 )   h o l d i n g ,   s a t i s f i e s :  

. .  

( i )  l i m  k t  = km < - 
t- >- 

( i i )  l i m  y = 0 
t- >- t 

P r o o f :  Since  one of t h e   m a t r i c e s  (BK,, BK,, ..., 
BKN) i s   a s y m p t o t i c a l l y   s t a + l e ,   t h e r e   e x i s t s   a n  
i E ( 1 ,   2 ,  .... KI and a Q = Q > 0 such   tha t  

K ~ ~ Q  + Q B K ~  = -I 

Let  a > 0 be   such   tha t  

KTSTQ + QBK. < a1 f o r  j # i 
J J  J 

and B be   such   tha t  

A ~ Q  + QA P I  

C l e a r l y   k t   i s  monotone i n c r e a s i n g   a l o n g   s o l u t i o n s  
o f   ( 3 . 2 ) .  We w i l l  p r o v e   t h a t  l i m  k t  < -. Assume t h e  

c o n t r a r y   a n d   c o n s i d e r   t h e  6;ha)avior of y Qy a l o n g  
s o l u t i o n s   o f   ( 3 . 2 ) .  Then f o r  t s u f f i c i e n t l y   l a r g e  

T 

E q u i v a l e n t l y ,  

d T  (B - k t ) E t  when s ( k  1 = i 

dt - (j3 + a k t ) E t  when s ( k t )  # i 
- Y Q Y  

t 

I n t e g r a t i n g   t h i s   e q u a t i o n   y i e l d s  

T T kt 
ytQyt i yOQy0 + 5 ( p  - m i n ( 1 , a )   f i ( u ) ) d u   ( 3 . 4 )  

0 

Now ( 3 . 3 )   i m p l i e s   t h a t   f o r  any a ' .  B' e R w i t h  a' > 0 
k 

T h i s  

w i l l  
t h i s  

l i m  i n f  J ( B '  - a '  f . ( u ) ) d u  = -- (3 .5 )  
k->- 

i m p l i e s   t h a t ,   a s   k t  -> -, 

yTQy, + I (B - m i n ( 1 , a )   f i ( u ) ) d u  
k t  

0 

become negat ive.   Since  however  i t  e q u a l s  y Qy T 

i s   i m p o s s i b l e  and c o n s e q u e n t l y   k t  -> km < -. t t  
t - > m  

Now. by ( 3 . 2 a )   t h i s   i m p l i e s   t h a t   t h e   s o l u t i o n  y 
o f   ( 3  .I) - ( 3   . 2 )   s a t i s f i e s  y e L,(IO,-);  R m ) ,  whi le  
( 3 . 2 b )   y i e l d s  u E L, (LO.-); R m ) ,  a n d   ( 3 . 1 )   J i e l d s  
9 e L , ( [ O , m ) ;  Rm) . Now (y, 9 e L , ( [ O , - ) ;  R ) I  ) 
( l i m  y t  = 01,  and t h e   p r o p o s i t i o n   i s   p r o v e n .  
t- >- 

In o r d e r   t o   e x t e n d   P r o p o s i t i o n   3 . 1   t o   t h e  
coun tab le   ca se  K = (K,, K,, . . ., %, ... 1 ,  we c a n   s e t  
u p ,   i n s t e a d   o f   t h e   p e r i o d i c   s w i t c h i n g   p a t t e r n  of t h e  
f i n i t e   c a s e ,  a s w i t c h i n g   p a t t e r n   a s  shown below 

Kl ... 
K, ... 

K,  ... K, ... 
K 4  ... . . . .  , . . .  . . . .  

Now by u s i n g   s w i t c h i n g   t h r e s h o l d s  5 , .  5 , .  .. . which  
a r e   p r o g r e s s i v e l y   s u f f i c i e n t l y   h i g h  we c a n   o b t a i n   t h e  
e x t e n s i o n   o f   t h e   r e s u l t   o f   t h e   c o u n t a b l e   c a s e .   T h e  
d e t a i l s   a r e   o m i t t e d .  

F i n a l l y ,  we w o u l d   l i k e   t o   e m p h a s i z e   s t r o n g l y   t h a t  
P r o p o s i t i o n   3 . 1   s h o u l d   o n l y   b e   c o n s i d e r e d   a s   a n  
e x i s t e n c e   r e s u l t   f o r  a g l o b a l l y   s t a b i l i z i n g   c o n t r o l  
l a w .  We make no c l a i m   w h a t s o e v e r   t h a t   ( 3 . 2 )   g i v e s  a 
r easonab le   adap t ive   con t ro l   l aw .  

4 .  A U n i v e r s a l   S t a b i l i z a h i o n   A l g o r i t h m   f o r  Minimum 
Phase  Systems  with  Invert ible   Hiah  Freauencv  Gain.  

C o m b i n i n g   t h e   a l g o r i t h m s   d e v e l o p e d   i n   t h e  
p r e v i o u s   s e c t i o n s ,  we o b t a i n  a u n i v e r s a l   c o n t r o l l e r  
w h i c h   i s   g l o b a l l y   s t a b i l i z i n g   f o r  minimum p h a s e  
s y s t e m s   w i t h   i n v e r t i b l e   h i g h   f r e q u e n c y   g a i n .  
E x p l i c i t l y ,   c o n s i d e r   a n  mxm system (1.1) s a t i s f y i n g  
t h e  minimum phade   cond i t ion  (Hl) and (E)' d e t  G, f 0, 

w h e r e   G ( s )  = > Gis . As i n   s e c t i o n s   2 ,  3 we choose 

a c o l l e c t i o ~ = ' ~ o f   s t a b i l i z i n g   m a t r i c e s   f o r  
G, E GL(m.R) and   fo rm  the   s t r a t egy   (3  .2) 

-i 

w i t h   s ( k )   a n   a p p r o p r i a t e   s w i t c h i n g   l a w ;   f o r   e x a m p l e ,  
h a v i n g   t h e   f o r m   d e s c r i b e d   i n   ( 3 . 3 ) .  

_I___-- Theorem 4 . l e  S u p p o s e   t h e   m u l t i v a r i a b l e   l i n e a r  
s y s t e m  (1.1) s a t i s f i e s  (Hl) a n d  (H2)'. T h e n ,   t h e  
c l o s e d   l o o p   s y s t e m   c o r r e s p o n d i n g   t o   t h e   f e e d b a c k  
s t r a t e g y   ( 1 . 3 )   s a t i s f i e s ,   f o r   a l l   i n i t i a l   d a t a  
( x o , k o ) :  

( i )  l i m  k t   e x i s t s ;  

( i i )  l i m  x = 0 .  

t->- 

t t->- 

Proof. As b e f o r e ,  i t  s u f f i c e s   t o   v e r i f y  ( i ) .  
C h o o s e  i s u c h   t h a t  G , K i  i s   s t a b l e   a n d   s o l v e  
Lyapunov's   equat ion 

QG,Ki + KiG,Q = -I 
T T  

Modi fy ing   t he   a rgumen t s   i n   s ec t ions  1 and 3 .   f r o m   t h e  
c losed- loop   equat ions   (1 .2)  

2, = A,,x, + A,,¶ 

1576 



we deduce 

7 k 

f o r  a,  p e R w i t h  a > 0.  

From Lemma 1.1 we conclude   the   ex is tence  of c o n s t a n t s  
s u c h   t h a t  

k t  
y Sk(T) + ( p  - a t f i ( t ) ) d t  

o r ,   e q u i v a l e n t l y ,  

S i n c e   t h e   l e f t - h a n d   s i d e  o f  ( 4 . 1 )  has. by choice  of 
the  switching  law s(k), limit i n f i n m  -m as k - >  m, 

i s  bonded. k t  

r11 
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