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Regression function

Y real valued
X observation vector
Regression problem

mfin E{(Y — f(X))?}

Regression function

m(x) =E{Y | X = x}

Gyorfi Nonparametric regression estimation



Regression function

For each function f, one has
E{(f(X) - Y)*} = E{E{(f(X) - Y)? | X}}
and

E{(FX) = Y)? | X} = E{(f(X) — m(X)+ m(X) — Y)*| X}
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For each function f, one has

Y)?} = E{E{(f(X) - ¥)* | X}}
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Regression function estimate

Data: D, = {(X1, Y1),--.,(Xn, Ya)}
Regression function estimate

mp(x) = mup(x, Dp)
Special case:

P{X=x}>0

Then Y )
_ _ oy det BXYlix—ng
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Regression function estimate

Data: D, = {(X1, Y1),--.,(Xn, Ya)}
Regression function estimate

Mn(x) = mn(x, Dn)
Special case:
P{X=x}>0
e m(x) = E{Y | X = x} & EtVTix= )
B 7 P{X =x}

Local averaging estimate

_ %Z?:l Y"/{XI:X}
%Z?:l I{Xi:X}

mp(x)
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Regression function estimate

Data: D, = {(X1, Y1),--.,(Xn, Ya)}
Regression function estimate

Mn(x) = mn(x, Dn)
Special case:
P{X=x}>0
e m(x) = E{Y | X = x} & EtVTix= )
B 7 P{X =x}

Local averaging estimate

_ 3 Yilix—x . E{Vlix=x3} _ ()
IS lix—xy P{X =x}

mp(x)
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Regression function estimate

General case:

P{X=x}=0
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Regression function estimate

General case:

P{X=x}=0
Then

aef . E{Ylyix_xi<m}
m(x) = E{Y | X = x} = lim P{||X{“— XIIHQ ;}
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Regression function estimate

General case:

P{X=x}=0
Then

aef . E{Ylyix_xi<m}
m(x) = E{Y | X = x} = lim P{||X{“— XIIHQ ;}

Local averaging estimate

1 n
() = ;12,-:’71 Yilfxi—xl<m
7 2oim1 lxi—x|<h}
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Regression function estimate

General case:

P{X=x}=0
Then

aef . E{Ylyix_xi<m}
m(x) = E{Y | X = x} = lim P{||X{“— XIIHQ ;}

Local averaging estimate

1 n n
() = 2ot Yiliixioxism _ 2eima Yilpixi<n)
5 et Hix—xi<hy i X<k

Bandwidth h = A,
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Regression function estimate

General case:

P{X=x}=0
Then

aef . E{Ylyix_xi<m}
m(x) = E{Y | X = x} = lim P{||X{“— XIIHQ ;}

Local averaging estimate

1 n n
() = 2ot Yiliixioxism _ 2eima Yilpixi<n)
5 et Hix—xi<hy i X<k

Bandwidth h = A,
h, should be "small”
nh9 should be " large”
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Error decomposition

> MX) g x— x| <hy

mp(x) = 5
% > i -l <y
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Error decomposition

> MX) g x— x| <hy
Dt lxi—xli <k}

mp(x) =
Error decomposition

mp(x) — m(x)
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Error decomposition

> MX) g x— x| <hy

mp(x) = 5
% > i -l <y

Error decomposition

mp(x) — m(x) = muy(x) — Mu(x) + Mp(x) — m(x)

= variation + bias

Variation

() — () = 21 (Yi = m(Xi)) yxi—xii<hy
2 im1 Hix—xii<hy
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Error decomposition

> MX) g x— x| <hy

mp(x) = 5
% > i -l <y

Error decomposition

mp(x) — m(x) = muy(x) — Mu(x) + Mp(x) — m(x)

= variation + bias

Variation

() — () = 21 (Yi = m(Xi)) yxi—xii<hy
2 im1 Hix—xii<hy

Bias

o ) i) o izt (MXE) — MO xi—x<h
o) = m(x) >t lxi—xi<hy
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Error analysis: variation

S (Vi = M) lgx—xi<hy |
; { ( 2 ic1 Hix—xli<h) > }
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Error analysis: variation

{ S (X)) lix x||<h}> }
>oie 1’{||x —x||<h}

_ {Z L (Y = m(X)Igx; XI|§h}}
(S Hixxii<hy)’
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Error analysis: variation

E { (Z,-”—l(Yi - m(Xi))I{||XiX||§h}>2}

221 Hix—xli<hy
- E { it (Vi = m(XD)) gy -xj<n }
(7 <)
T { s (Y = m(X))(Y; = mOXG)) Lgix,—xl<p i —xl <y }
(71 T xi<ny)”
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Error analysis: variation

> i1 (Vi = m(Xi) i x—x)<my 2}
g { ( 221 Hxi—xl<hy >
_ E{Z," 1 (Yi = m(X:))? /{||x;x||§h}}
- 2
(1 fixi—xli<m)
{Z,-#(Y; — m(X)(Y; = m(X)) gx,—xi<hy 5 —xl<h} }
(Z7t fix—xi<np)”

+E

For i # j,

E {(Yi = m(Xi))(Y; = mX)) x—xii<hix—xl<hy | X155 Xn, Yi}
(vi
0

— m(X))ELY; = m(X;) | X1, ..., Xa, Vit I —xi|<h, | X—xl|<h}



Error analysis: variation

S (Vi = M) lgx—xi<hy |
g { ( 221 Hxi—xl<hy > }
_ E{Z," 1 (Vi — m(Xi))? /{||x;x||§h}}
(Z7s fix—xi<ny)”
E { > i (Yi = m(Xi))(Y; — m(X;)) 15—l <y 1 —x| <} }
n 2
(1 Hixi—xli<m)

For i # j,

E {(Yi = m(Xi))(Y; = mX)) x—xii<hix—xl<hy | X155 Xn, Yi}
(vi
0

— m(X))ELY; = m(X;) | X1, ..., Xa, Vit I —xi|<h, | X—xl|<h}
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Error analysis: variation

Assume that |Y| < L
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Error analysis: variation

Assume that |Y| < L

E{(mn(x) — fn(x))*}
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Error analysis: variation

Assume that |Y| < L

_ B Sy (Vi = m(X) x—xg<ny \
E{(mn(x) — mn(X))z} = E {( 1 27:1 /{HX,'—XHSh} > }
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Error analysis: variation

Assume that |Y| < L

E{(ma(x) — An(x))?2} = E { (Zle(yf - m(x,-))/{uxf-xuq})?}

i1 Xl <h)
e S 2 (Y = m(X))Hyx—xi<hy

- e e
(X7 Tx—xi<m)

Gyorfi Nonparametric regression estimation



Error analysis: variation

Assume that |Y| < L

E{(ma(x) — An(x))?2} = E { (Zle(yf - m(x,-))/{uxf-xuq})?}

221 Mix—xi<hy
E { S 1 (Y = m(Xi)? Iy xi—xii<ny }
(S i xi<my)’
E { > i1 ALl X <hy }
(S7 i xii<ny)’
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Error analysis: variation

Assume that |Y| < L

_ (X-))I X—xl|<h 2
E{(mn(x) = Ma(x))’} = E{ wal LR }>
i1 X —xli<h}
= E{ i (Yi—m(X )3 Iix; x||<h}}
2= X x\|<h})
< E{ i= 14L Hixi x||<h}}
2 i 1I{IIX xH<h})
412
B E{ stk }
2 ll{HX —x||<h} (27 i —xli<my >0}
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Error analysis: variation

Assume that |Y| < L

E{(mn(x) —

fin(x))?}

IN

E

,1MM —x||<h}

{ 1 (Yi = m(X0)? g, x||<h}}
Sy x-xii<hy)’

m(Xi)lix; w<m>2}

m

E ,14Lkw w<m}

Sy ixexi<hy)
412

> i1 Hix—xli<hny

m

/{27:1 /{IX,-—XISh}>0}}

nhﬂ
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Error analysis: variation

Assume that |Y| < L

E{(mn(x) —

if nh? — oo.

fin(x))?}

IN

E m(Xi) lgjix; x||<h}>2}
> e 1/{\\x —x||<h}

X)) x—xli<hy }

} S (Y — m(

Sy fix—xi<m)”
=
(s

m

E

= 14L Iix: x||<h}}

Sy ixexi<hy)
412

> i1 lixi—x)<m}

m
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Error analysis: bias

Assume the Lipschitz condition:

Im(x) — m(z)| < Clix - z||
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Error analysis: bias

Assume the Lipschitz condition:

Im(x) — m(z)| < Clix - z||
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Error analysis: bias

Assume the Lipschitz condition:

Im(x) — m(z)| < Clix - z||

n 2
E{(n(x) - ()} = E{(E"ﬂ("’gii‘,{(ffjjfhj =) }
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Error analysis: bias

Assume the Lipschitz condition:

Im(x) — m(z)| < Clix - z||

E{(n(x) — m(x))?}

Q

1 (m(X:) = mO) lgx—xi<y \
: { ( izt lfixi—xli<hy ) }

< E { (Z,-”zl Cl[Xi — XH’{||X,-—x||<h}>2}
- >t lxi—xi<hy

< C?H?

— 0

if h=h, — 0.
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Regression function estimate

Usual consistency conditions:
- m(x) is smooth

- X has a density

- Y is bounded
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Regression function estimate

Usual consistency conditions:
- m(x) is smooth

- X has a density

- Y is bounded
Nonparametric features:

- construction of the estimate
- consistency
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Universal consistency

Definition

The estimator m,, is called weakly universally consistent if
E {(m(X) — my(X))*} — 0

for all distributions of (X, Y) with EY? < cc.
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Simulated data points.

Y

-1 -0.5 0.5 1
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Data points and regression function.

Y

-1 -0.5 0.5 1
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Local averaging estimates

Stone (1977)
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k-nearest neighbor estimate

Wi is 1/k if X; is one of the k nearest neighbors of x among
X1,...,Xn, and W,,; is 0 otherwise.
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k-nearest neighbor estimate

Wi is 1/k if X; is one of the k nearest neighbors of x among
X1,...,Xn, and W,; is O otherwise. Formally

(X17 Yl)? ) (Xn7 Yn)
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k-nearest neighbor estimate

Wi is 1/k if X; is one of the k nearest neighbors of x among
X1,...,Xn, and W,; is O otherwise. Formally

(X17 Yl)? ey (Xn7 Yn)
nearest neighbor permutation: fix x

(X v By o) vy
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k-nearest neighbor estimate

Wi is 1/k if X; is one of the k nearest neighbors of x among
X1,...,Xn, and W,; is O otherwise. Formally

(X17 Yl)? ey (Xn7 Yn)
nearest neighbor permutation: fix x
(X v By o) vy

such that || X — x|| < X[ = x| < < X0 - x|
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k-nearest neighbor estimate

Wi is 1/k if X; is one of the k nearest neighbors of x among
X1,...,Xn, and W,; is O otherwise. Formally

(X17 Yl)? ey (Xn7 Yn)
nearest neighbor permutation: fix x
(X v By o) vy

such that || X — x|| < X[ = x| < < |X{ ~ x|
Nearest neighbor estimate

1k
=Y

J=1
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k-nearest neighbor estimate

Wi is 1/k if X; is one of the k nearest neighbors of x among
X1,...,Xn, and W,; is O otherwise. Formally

(X17 Yl)? ey (Xn7 Yn)
nearest neighbor permutation: fix x
(X v By o) vy

such that || X — x|| < X[ = x| < < |X{ ~ x|
Nearest neighbor estimate

1k
=Y

J=1

If kn — o0, kn/n — O then the k-nearest neighbor estimate is
weakly universally consistent.
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Nearest neighbor estimate

4 4
t t >

1 05 0.5 1
Figure: Undersmoothing: k, = 3, L, error =0.011703.
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Nearest neighbor estimate

4 4
t t >

-1 —-0.5 0.5 1
Figure: Good choice: k, = 12, L, error =0.004247.
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Nearest neighbor estimate

4 4
t t >

1 05 0.5 1
Figure: Oversmoothing: k, = 50, L, error =0.009931.
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Partitioning estimate

Partition P, = {An1,An2...}
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Partitioning estimate

Partition P, = {An1,An2...}
An(X) = A”J if x € An,j
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Partitioning estimate

Partition P, = {An1,An2...}
An(X) = A”J if x € An,j

>y Yilixie Ay
o1 I An()

mp(x) =
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Partitioning estimate

Partition P, = {An1,An2...}
An(X) = A”J if x € An,j

>y Yilixie Ay
o1 I An()

mp(x) =

Example: A,; are cubes with volume hd
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Partitioning estimate

Partition P, = {An1,An2...}
An(X) = A”J if x € An,j

>y Yilixie Ay
o1 I An()

mp(x) =

Example: A,; are cubes with volume hd

Theorem

For cubic partition, if
lim h, =0

n—oo

and

lim nh? — oo
n—oo

then the partitioning estimate is weakly universally consistent.
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Partitioning estimate

4
t

1 —05

4
+ >

05 1

Figure: Undersmoothing: h = 0.03, L, error = 0.062433.
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Partitioning estimate

P av

10.5

4
+ >

1 0.5 0.5 1
Figure: Good choice: h = 0.1, L, error = 0.003642.
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Partitioning estimate

74

~

\
\

10.5

4
t

1 —05

4
+ >

05 1

Figure: Oversmoothing: h = 0.5, L, error = 0.013208.

Gybrfi
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Kernel estimate

Kernel function K(x) > 0
Bandwidth h, > 0
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Kernel estimate

Kernel function K(x) > 0
Bandwidth h, > 0

Sk ()
S K (554)

mp(x)
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Kernel estimate

Kernel function K(x) > 0
Bandwidth h, > 0

Sk ()
S K (554)

mp(x)

If hy — 0, nh? — oo then under some conditions on K the kernel
estimate is weakly universally consistent.
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Kernel estimate

4
+ >

1 —05 05 1

Figure: Kernel estimate for the naive kernel: h = 0.1, L, error =
0.004066.
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Least squares estimates
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Least squares estimates

Regression problem

min E{(Y — f(X))*}
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Least squares estimates

Regression problem
min E{(Y — f(X))*}

empirical Ly error

1 n
=TI - vl
j=1
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Least squares estimates

Regression problem
min E{(Y — f(X))*}
empirical Ly error ]
IS I0g) - P
j=1

class of functions F,

Gyorfi Nonparametric regression estimation



Least squares estimates

Regression problem
min E{(Y — f(X))*}
empirical Ly error ]
IS I0g) - P
j=1

class of functions F,
select a function from F,, which minimizes the empirical error:
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Least squares estimates

Regression problem
min E{(Y — f(X))*}

empirical Ly error
1 n
= IF0G) = Vi
j=1

class of functions F,
select a function from F,, which minimizes the empirical error:
mp, € Fp, and
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Least squares estimates

Regression problem
min E{(Y — f(X))*}
empirical Ly error

1 n
=TI - vl
j=1

class of functions F,
select a function from F,, which minimizes the empirical error:
mp, € Fp, and

1 — o1
= ma(X) = Vi = min =37 IFOG) - Y12
J=1 1

the class F,, grows slowly as n grows
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Least squares estimates
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Least squares estimates

Examples for F:

- polynomials

- splines

- neural networks

- radial basis functions
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Prediction for squared loss

Y; real valued
X; vector valued
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Prediction for squared loss

Y; real valued
X; vector valued
At time instant / the predictor is asked to guess Y;
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X; vector valued
At time instant / the predictor is asked to guess Y;

with knowledge of the past (Xi,...,X;) = X{
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Prediction for squared loss

Y; real valued

X; vector valued

At time instant / the predictor is asked to guess Y;
with knowledge of the past (Xi,...,X;) = X{

and (Y3,... Y1) =Y !

Gyorfi Prediction of time series: squared loss



Prediction for squared loss

Y; real valued

X; vector valued

At time instant / the predictor is asked to guess Y;
with knowledge of the past (Xi,...,X;) = X{

and (Y3,... Y1) =Y !

The predictor is a sequence of functions g = {gj}7°;
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Prediction for squared loss

Y; real valued

X; vector valued

At time instant / the predictor is asked to guess Y;
with knowledge of the past (Xi,...,X;) = X{

and (Y3,... Y1) =Y !

The predictor is a sequence of functions g = {gj}7°;
gi(X{, Y1) is the estimate of Y;
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Prediction for squared loss

Y; real valued

X; vector valued

At time instant / the predictor is asked to guess Y;
with knowledge of the past (Xi,...,X;) = X{

and (Y3,... Y1) =Y !

The predictor is a sequence of functions g = {gj}7°;
gi(X{, Y1) is the estimate of Y;

After n time instant the empirical squared error

1 . i i—
Lo(g) =~ (&i(X.Yi™h) - Vi)
i=1
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Dependent data: time series

The data D, = {(X1, Y1),...,(Xs, Yn)} are dependent
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Dependent data: time series

The data D, = {(X1, Y1),...,(Xs, Yn)} are dependent
long-range dependent
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Dependent data: time series

The data D, = {(X1, Y1),...,(Xs, Yn)} are dependent
long-range dependent

form a stationary and ergodic process

The best predictor is the conditional expectation

g (XL, Y ) =E{Yi [ X, Y[}
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Dependent data: time series

The data D, = {(X1, Y1),...,(Xs, Yn)} are dependent
long-range dependent

form a stationary and ergodic process

The best predictor is the conditional expectation

g (X1, Y{ ) =E{Y; [ X{,Y{ 1},
The fundamental limit: for any predictor g

liminf L,(g) > lim L,(g*) =L" almost surely,

n—oo n—oo
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Dependent data: time series

The data D, = {(X1, Y1),...,(Xs, Yn)} are dependent
long-range dependent

form a stationary and ergodic process

The best predictor is the conditional expectation

g (X1, Y{ ) =E{Y; [ X{,Y{ 1},
The fundamental limit: for any predictor g

liminf L,(g) > lim L,(g*) =L" almost surely,

n—oo n—oo

where
L* = E{(Yo — E{Yo|X°, YL}

is the minimal mean squared error of any prediction for the value
of Yo based on the infinite past X%, Y~ L.
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Universal consistency

there are universally consistent prediction sequence g,:

a.s. for a class of stationary and ergodic sequences.
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Universal consistency

there are universally consistent prediction sequence g,:

a.s. for a class of stationary and ergodic sequences.
Such prediction sequence is called universally consistent.

Gyorfi Prediction of time series: squared loss



Elementary experts via local averaging

window kernel based elementary predictor (expert): h(%:6),
kl=1.2,.. .
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Elementary experts via local averaging

window kernel based elementary predictor (expert): h(%:6),
kl=1.2,.. .
two radii re¢ > 0and r; , >0
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Elementary experts via local averaging

window kernel based elementary predictor (expert): h(%:6),
kl=1.2,.. .

two radii r,, > 0and r, , >0

for any fixed k 7

lim r.p =0,
{—o0
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window kernel based elementary predictor (expert): h(%:6),
kl=1.2,.. .

two radii r,, > 0and r, , >0

for any fixed k 7

lim r.p =0,
{—o0

and
. /
lim r, ,=0.
l—o0
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Elementary experts via local averaging

window kernel based elementary predictor (expert): h(%:6),
kl=1.2,.. .

two radii r,, > 0and r, , >0

for any fixed k 7

lim r.p =0,
{—o0

and
. /
lim r, ,=0.
l—o0

location of the matches

Jr(Ik’g) = {k <i<n: HX,i_k _Xr,:—k” S rk7€7
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Elementary experts via local averaging

window kernel based elementary predictor (expert): h(%:6),
kl=1.2,.. .

two radii r,, > 0and r, , >0

for any fixed k 7

lim r.p =0,
{—o0

and
. /
lim r, ,=0.
l—o0

location of the matches

k.t
JSO — {k</<n i = Xt il < rees Nlyi—p — yi- kH<rke}
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Then the local averaging prediction of the expert (k, ) is the
'« 1 f / (k,[)

average of y;'sif i € Jy 77

Z,’EJ'(/(»Z) Yi

k7£ n n—
A Oq vy = kD),

Gyorfi Prediction of time series: squared loss



Then the local averaging prediction of the expert (k, ) is the

average of y;'s if i € J,(,k’z):

k7£ n n—
A Oq vy = kD),

These predictors are not universally consistent
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Then the local averaging prediction of the expert (k, ) is the
average of y;'s if i € J,(,k’z):

k7£ -1 Z'E-Ilgkj) y’
w0 ) = =

[Jn
These predictors are not universally consistent
for small k, the bias is large and, for large k, the variance is large
because of the few matchings.
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Then the local averaging prediction of the expert (k, ) is the
average of y;'s if i € J,(,k’z):

kit Ly iee0 i
hf, )(Xfa)ﬁn )= IT@

[Jn
These predictors are not universally consistent
for small k, the bias is large and, for large k, the variance is large
because of the few matchings.
for large radius, the bias is large and, for small radius, the variance
is large because of the few matchings.
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Then the local averaging prediction of the expert (k, ) is the
average of y;'s if i € J,(,k’z):

kit Ly iee0 i
hf, )(Xfa)ﬁn )= IT@

[Jn
These predictors are not universally consistent
for small k, the bias is large and, for large k, the variance is large
because of the few matchings.
for large radius, the bias is large and, for small radius, the variance
is large because of the few matchings.

The problem is how to choose k, r,, > 0 and r,/(z > 0 in a data
dependent way.
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Combination of experts: bounded Y

Machine learning: exponential weighting
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Combination of experts: bounded Y

Machine learning: exponential weighting
|Y] < B, and B is known.
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Combination of experts: bounded Y

Machine learning: exponential weighting
|Y] < B, and B is known.
Let {qk ¢} be a probability distribution over (k, /),
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Combination of experts: bounded Y

Machine learning: exponential weighting

|Y] < B, and B is known.

Let {qk ¢} be a probability distribution over (k, /),
and put

Wi ko = qu e (- DLe-a(h99)/(882)
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Combination of experts: bounded Y

Machine learning: exponential weighting

|Y] < B, and B is known.

Let {qk ¢} be a probability distribution over (k, /),
and put

—(t=1)Le—1(h(k:0) /(8B2 SR (XYY - )2 /(8B)

Wt ke = qk € ) = Qi€

Gyorfi Prediction of time series: squared loss



Combination of experts: bounded Y

Machine learning: exponential weighting

|Y] < B, and B is known.

Let {qk ¢} be a probability distribution over (k, /),
and put

—(t=1)Le—1(h(k:0) /(8B2 SR (XYY - )2 /(8B)

Wt ke = qk € ) = Qi€

and
Wt k¢

v .
2 Wi

ij=1

Ptk =
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Combination of experts: bounded Y

Machine learning: exponential weighting

|Y] < B, and B is known.

Let {qk ¢} be a probability distribution over (k, /),
and put

—(t=1)Le—1(h(k:0) /(8B2 SR (XYY - )2 /(8B)

Wt ke = Qk.c€ ) = Qi€

and
Wt k¢

D Weij

ij=1

Ptk =

Then the combined prediction

1 k 1
g,y ) Z pe e h O (i)
k=1
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Consistency theorem for bounded Y

Theorem. (Gyorfi, Lugosi (2001)) If |Yp| < B, then the combined
predictor g is universally consistent.
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Let h1, b, ... be a sequence of prediction strategies (experts), and
let {qgx} be a probability distribution on the set of positive
integers.
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Let h1, b, ... be a sequence of prediction strategies (experts), and
let {qx} be a probability distribution on the set of positive
integers. Assume that |h,(x{, 7~ !)| < B and |y,| < B.
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Let h1, b, ... be a sequence of prediction strategies (experts), and
let {qx} be a probability distribution on the set of positive
integers. Assume that |h,(x{, y1)| < B and |y,| < B. Define

We i = qre (T DLea(h)/c

with ¢ > 8B?2,
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Let h1, b, ... be a sequence of prediction strategies (experts), and
let {qx} be a probability distribution on the set of positive
integers. Assume that |h,(x{, y1)| < B and |y,| < B. Define

We i = qre (T DLea(h)/c

with ¢ > 8B2, and
Wt k

Vt k — ~—oo -
? .
Doy Wi
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Let h1, b, ... be a sequence of prediction strategies (experts), and
let {qx} be a probability distribution on the set of positive
integers. Assume that |h,(x{, y1)| < B and |y,| < B. Define

We i = qre (T DLea(h)/c

with ¢ > 8B2, and
Wt k

Vt k — ~—oo -
) .
Doy Wi

If the prediction strategy g is defined by

AN 1)—ZVtkhk Xty
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Let h1, b, ... be a sequence of prediction strategies (experts), and
let {qx} be a probability distribution on the set of positive
integers. Assume that |h,(x{, y1)| < B and |y,| < B. Define

We i = qre (T DLea(h)/c

with ¢ > 8B2, and
Ve = Wt k
tk = =0 -
Doy Wi

If the prediction strategy g is defined by
EOd. v ) = ZVt k(o i h)

then for every n > 1,

Lo(&) < inf (L,,(Bk) - C'”‘”) .

n
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Introduce
W =1
and -
W; = Z Wt k
k=1
for t > 1.
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Introduce
W =1
and
o0
W; = Z Wt k
k=1
for t > 1. Note that
> T t t—1 2 > T t  t—1 2
Wt+1 _ Z WtLJ(e,f(y,,»fhk(xl,y1 )) /e _ W; Z Vt,kei()’t*hk(xl,}’l )) /C,
k=1 k=1
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so that

Wt+1 . —(yt—i'lk(xt ytil))z/c
—cln = —cln E Ve k€ 1)1
k=1
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so that

o0

Wt 1 _ 7 tot—1y)2
—cln—=2 = —¢ln E Vt k€ (ve=heCdyi ™) /e

k=1

Introduce the function

Ft(z) — e_(yt_z)2/c
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so that

W > _ _ % xt t—1y)2
—cln Vt{/tl =—cln (Z Ve ke (e=h(xfi ) /C> .

k=1

Introduce the function
Ft(z) — e_(yt_z)2/c

Because of ¢ > 8B2, the function F; is concave on [-B, B],
therefore Jensen's inequality implies that

00 2

- B W1
D vk (yt — hi (X, y1 1)) < —cln l/i/Jr
k=1 t
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Thus,

nL,(g) = (ve — g(xlt7)/1t_1))2
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Thus,

nL,(g) = Z (ve — 8O, y1 ™ 1))2
t—1
n o0 2
= [Z Ve k ()/t — hi(xd v~ 1)>]
t=1 Lk=1
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Thus,

. - 2
nla(8) = > (ye—&0y )
=1
n (e} 2
= [ZWk(Yt—hk X17Y1t 1))]
t=1 1
n
< —c In WV;H
t=1 t
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Thus,

n
~ 2
nla(g) = > (ve— &0 )
t=1
n 2
_ t—1
= [ Vit k }/t—hk(X17Y1 ))]
t=1 =1
W,
t+1
< CZIn W,
t=1
= —cln Wn+1
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Thus,

n

nL,(g) = Z(Yt E(x{,y1 1))2

n 2
= [ Vtk }/t—hk(X17Y1t 1))]

IA
(@}

I M
=3

=<

+

I
|
(9}
=
S
+
F

and therefore
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Thus,

n

nL,(g) = Z(Yt E(x{,y1 1))2

IA
(@}

I M
=3

=<

+

I
|
(9}
=
S
+
F

and therefore

nL,(g) < —cln (Z W,,+17k>
k=1
= —cln (Z qke_”L"(i“‘)/C>

k=1
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Thus,

n

nL,(g) = Z(Yt E(x{,y1 1))2

IA
(@}

I M
=3

=<

+

I
|
(9}
=
S
+
F

and therefore

nL,(g) < —cln (Z W,,+17k>
k=1
= —cln (Z qke_”L"(i“‘)/C>

k=1

< —cln{sup qke_”L"(F'k)/C
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Thus,

n

nL,(g) = Z(Yt E(x{,y1 1))2

IA
(@}

I M
=3

=<

+

I
|
(9}
=
S
+
F

and therefore

nL,(g) < —cln (Z W,,+17k>
k=1
= —cln (Z qke_”L"(i“‘)/C>

k=1

< —cln{sup qke_”L"(F'k)/C
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Sketch of the proof of the Theorem

Because of the fundamental limit

liminfL,(g) > lim L,(g*)=L" as.

n—oo n—oo
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Sketch of the proof of the Theorem

Because of the fundamental limit

liminfL,(g) > lim L,(g*)=L" as.

n—oo n—oo

it is enough to show that

limsup Ly(g) < L* a.s.

n—oo
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By the Expert Lemma

Ln(g) < ing (Ln(h(kvf)) _ C|nnqk€> ,
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By the Expert Lemma

In
< (k)y _ €N Gk
Lo(e) < inf (Lo(At<) = SR 9)

and therefore, almost surely,

|
limsupLn(g) < limsupinf <L,,(h(k’€)) — CW)

n—o0 n—oo k)it n
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By the Expert Lemma

In
< (k)y _ €N Gk
Lo(e) < inf (Lo(At<) = SR 9)

and therefore, almost surely,

|
limsupLn(g) < limsupinf <L,,(h(k’€)) — CW)

n—o0 n—oo k)it n

ki n—oo n

!
< inflimsup <Ln(h(k7£)) - C""“)
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By the Expert Lemma

Ly(g) < lng (L (h(ke)) _ clnnqu> ,

and therefore, almost surely,

|
limsupLn(g) < limsupinf <L,,(h(k’€)) — CW)

n—oo0 n—oo k)it n

In g ¢
< infl plk0)y _ NGkt
< ppiman (040 -
< inflimsup L,(h(k9)

) n—oo
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By the Expert Lemma

In
< (k)y _ €N Gk
Lo(e) < inf (Lo(At<) = SR 9)

and therefore, almost surely,

|
limsupLn(g) < limsupinf <L,,(h(k’€)) — CW)

n—o0 n—oo k)it n

ki n—oo n

!
< inflimsup <Ln(h(k7£)) - C""“)

< inflimsup L,(h(k9)

) n—oo

=: inf €k v
ko
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By the Expert Lemma

Ly(g) < lng (L (h(ke)) _ clnnqu> ,

and therefore, almost surely,

I
limsupLy(g) < limsupinf <Ln(h(k,€)) . quu)

n—oo n—oo k,@ n

|
inf lim sup <Ln(h(k7£)) _ Can,€>

IN

k Z n—oo n

IN

inf lim sup L,(h(<9)

” n—oo

= infﬁkg
k Y

= ||m 6k£
k@—>oo
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By the Expert Lemma

Ly(g) < lng (L (h(ke)) _ clnnqu> ,

and therefore, almost surely,

I
limsupLy(g) < limsupinf <Ln(h(k,€)) . quu)

n—oo n—oo k,@ n

|
inf lim sup <Ln(h(k7£)) _ Can,€>

IN

k Z n—oo n

IN

inf lim sup L,(h(<9)

’ n—oo
= infﬁkg
k Y

= ||m 6k£
k@—>oo

- L*
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Decision problem

Y {1,2,... M} valued
X feature vector
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Decision problem

Y {1,2,... M} valued
X feature vector

Classifier
g:RI—{1,2,...M}.
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Decision problem

Y {1,2,... M} valued
X feature vector
Classifier
g:RI—{1,2,...M}.

Probability of error:
P(g(X) #Y).
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Decision problem

Y {1,2,... M} valued
X feature vector

Classifier
g:RI—{1,2,...M}.

Probability of error:
P(g(X) #Y).

Problem: find

min P(g(X) # Y).
g
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a posteriori probability

Pi(x) = P{Y =i|X = x}.
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a posteriori probability
Pi(x) = P{Y =i|X = x}.
Bayes decision

g"(x) = arg max P;(x).

1
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a posteriori probability
Pi(x) = P{Y =i|X = x}.

Bayes decision
g% (x) = argmax P;j(x).

1

L* Bayes error

For any decision g,

L*:=P{g"(X) < Y} < P{g(X) # Y}.
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P{g(X) # Y} =E{P{g(X) # Y | X}}

and




P{g(X) # Y} =E{P{g(X) # Y | X}}

and

P{g(X) # Y [ X}




P{g(X) # Y} =E{P{g(X) # Y | X}}

and

Pig(X)#Y[X} = 1-P{g(X)=Y|X}




P{g(X) # Y} =E{P{g(X) # Y | X}}

and

Pig(X)#Y[X} = 1-P{g(X)=Y|X}




P{g(X) # Y} =E{P{g(X) # Y | X}}

and

Pig(X)#Y[X} = 1-P{g(X)=Y|X}

M
= 1= P{g(X)=j,Y=j|X}
j=1




P{g(X) # Y} =E{P{g(X) # Y | X}}

and

Pig(X)#Y[X} = 1-P{g(X)=Y|X}

M
= 1= P{g(X)=j,Y=j| X}
j=1

M

= 1= lgo-pP{Y =j1 X}
j=1




P{g(X) # Y} =E{P{g(X) # Y | X}}

and
Ple(X)#Y X} = 1-P{g(X)=Y|X}
M
= 1= P{g(X)=j,Y=j| X}
j=1
M

= 1= lep)=pP{Y =j | X}
j=1

M
= 1= ligpa=ipPi(X)
j=1




Thus

P{g(X) # Y [ X}
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Thus

M

PlgX)# YIX} = 1-) lig)= Pi(X)
j=1
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Thus

M

P{g(X)# Y | X} = 1= lpo—pPi(X)
=1
M

= 1= lgp0=) max Pu(X)
=1
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Thus

M

PlgX)# YIX} = 1-) lig)= Pi(X)
j=1
M

= 1= lgp0=) max Pu(X)
=1

= 1- max Pr(X)
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Thus

M

P{g(X)# Y | X} = 1= lpo—pPi(X)
=1
M

> 1= lig0=j max P(X)
=1

= 1- max Pr(X)

M
= 12 lig 0= max Pu(X)
j=1
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Thus

M

PlgX)# YIX} = 1-) lig)= Pi(X)
j=1
M

> 1= lig0=j max P(X)
=1

= 1- max Pr(X)

M

= 12 lig 0= max Pu(X)
j=1
M

= 1= lg-p)=pPi(X)

j=1
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Thus

M
PeX)# Y IX} = 1= lgpo-PiX)
j=1
M
> 1= lig0=j max P(X)
j=1
= 1- max Pr(X)

M
= 12 lig 0= max Pu(X)
j=1

M
= 1= lg-p)=pPi(X)

j=1
= PE(X)# Y| X)
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Plug-in rule

/5,-()() approximations of P;j(x)
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Plug-in rule

/5,-()() approximations of P;j(x)
plug-in decision g

g(x) = arg max Pi(x).

]
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Plug-in rule

/5,-()() approximations of P;j(x)
plug-in decision g

g(x) = arg max Pi(x).

]

M
P{g(X) # Y} —L* <) E{|Pi(X) - Pi(X)I}.

=
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M

P{g(X) # Y X} =13 lig0= Pi(X)
j=1
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M

P{g(X) # Y [ X} = 1= ligx)=jy Pi(X) = 1 = Pg(x)(X)
=1
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M
P{g(X) # Y [ X} = 1= ligx)=jy Pi(X) = 1 = Pg(x)(X)
j=1

Thus

P{g(X)# Y| X} -P{g"(X) # Y | X}
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M
P{g(X) # Y [ X} = 1= ligx)=jy Pi(X) = 1 = Pg(x)(X)
j=1

Thus

P{g(X) # Y [ X} = P{g"(X) # Y | X} = Pg(x)(X) = Pg(x)(X)
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M

P{g(X) # Y [ X} = 1= ligx)=jy Pi(X) = 1 = Pg(x)(X)
=1

Thus
P{g(X) # Y [ X} = P{g"(X) # Y | X} = Pge(x)(X) = Pg(x)(X)
If g*(X) = g(X) then

Plg(X)# Y| X} -P{g"(X)#Y [ X} =0




If g*(X) # g(X) then

P{g(X) # Y| X} —P{g"(X) # Y | X}




If g*(X) # g(X) then

P{g(X)# Y[ X} =P{g"(X) # Y | X} = Pg(x)(X) = Pgx)(X)




If g*(X) # g(X) then

P{ig(X) #Y | X} =P{g"(X) # Y | X} = Pgx)(X) = Pgrx)(X)
= Ppx)(X) = Pgepxy(X)
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If g*(X) # g(X) then

P{ig(X) #Y | X} =P{g"(X) # Y | X} = Pgx)(X) = Pgrx)(X)
= Ppx)(X) = Pgepxy(X)
+Pgx0)(X) = Py (X)
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If g*(X) # g(X) then

P{g(X) # Y | X} —P{g"(X) # Y [ X} = Pgx)(X)— g(X )(X)
= Pg(X) - g () (X)
+P,. x)(X) = Pgx)(X)

+P x)(X) = Pgox)(X)
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If g*(X) # g(X) then

P{g(X)# Y | X} =P{g"(X) # Y [ X} = Ppx)(X)— g(X )(X)
= Pg0(X) - g (X)(X)
+P,- x)(X) x)(X)
+P, x)(X) x)(X)
Py« (x)(X) = Pg+(x)(X)

IN
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If g*(X) # g(X) then

P{g(X)# Y | X} =P{g"(X) # Y [ X} = Ppx)(X)— g(X )(X)
= Pge(x)(X) - g (X)(X)
+P,- x)(X) x)(X)
+P, x)(X) x)(X)
Py« (x)(X) — Pg (x )(X)
x)(X)

IN

+P 2(x)(X) —

N
Mz
5
>
T
\Z
x
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Universal consistency

Data: (Xl, Yl), cey (Xn, Yn)
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Universal consistency

Data: (Xl, Yl), cey (Xn, Yn)

gn(x) = gn((X1, Y1), .., (Xn, Ya), x).

Definition
The classifier g, is called weakly universally consistent if

P(gn(X) #Y) = L*

for all distributions of (X, Y).
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Local majority voting

the a posteriori probabilities
Pi(x) = P{Y = i|X = x} = E{lyy_,|X = x}

are regression functions,
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Local majority voting

the a posteriori probabilities
Pi(x) = P{Y = i|X = x} = E{lyy_,|X = x}

are regression functions, their local averaging estimates

'E)n,j(x Z Wnl /{Y—_]}

Gyorfi Pattern recognition



Local majority voting

the a posteriori probabilities
Pi(x) = P{Y = i|X = x} = E{lyy_,|X = x}

are regression functions, their local averaging estimates

'E)n,j(x Z Wnl /{Y—_]}

plug-in rule: local majority voting

gn(x) = arg maxz INDnJ(x) = arg maxz Wo,i(x)lgy,=j3
J i=1 J i=1
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Local majority voting

the a posteriori probabilities
Pi(x) = P{Y = i|X = x} = E{lyy_,|X = x}

are regression functions, their local averaging estimates

'E)n,j(X Z Wnl /{Y—_]}

plug-in rule: local majority voting

gn(x) = arg maxz INDnJ(x) = arg maxz Wo,i(x)lgy,=j3
J i=1 J i=1

M
P{g(X)# Y} —L" < Y E{IP(X) — Poy(X)]}

Jj=1

M ~
< S VE(R() - Ba(X)P):
j=1
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Local majority voting

k-nearest neighbor rule

n
gn(x) = argmax »_ Whi(x)liy,—jy,
J i=1
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Local majority voting

k-nearest neighbor rule

n
gn(x) = argmax »_ Whi(x)liy,—jy,
J i=1

Partitioning rule:

gnl(x) = argmax } _ lixie a0y lrv,=j)
J i=1
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Local majority voting

k-nearest neighbor rule

n
gn(x) = argmax »_ Whi(x)liy,—jy,
J i=1

Partitioning rule:
n
gn(x) = argmax Y _ lixea,0 /v,
J i=1
Kernel rule rule:

n
X,' — X
gn(x) = argmaxZK( p ) levi—jy-

J i=1
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Local majority voting

k-nearest neighbor rule

n
gn(x) = argmax »_ Whi(x)liy,—jy,
J i=1

Partitioning rule:
n
gn(x) = argmax Y _ lixea,0 /v,
J i=1
Kernel rule rule:

n
X,' — X
gn(x) = argmaxZK( p ) levi—jy-

J i=1

The k-NN rule and the partitioning rule and the kernel rule are
strongly universally consistent.
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Empirical error minimization

empirical error

1 n
o 2 s
Jj=1
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Empirical error minimization

empirical error
1 n
=2 ex)2v)
j=1

class of classifiers G,
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Empirical error minimization

empirical error
1 n
=2 ex)2v)
j=1

class of classifiers G,
select a classifier from G,, which minimizes the empirical error:
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Empirical error minimization

empirical error
1 n
=2 ex)2v)
j=1

class of classifiers G,
select a classifier from G,, which minimizes the empirical error:
gn € G, and

- z; Kenx)#v;y = min Z ltg(x)2 v}
J:
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Empirical error minimization

empirical error
1 n
=2 ex)2v)
j=1

class of classifiers G,
select a classifier from G,, which minimizes the empirical error:

gn € G, and
B fZ'
n 2 {&n(X))# Y} —g'g'gn n 2 {8(X)#Yj}
J:

the VC dimension of G, grows slowly as n grows
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Empirical error minimization

empirical error
1 n
=2 ex)2v)
j=1

class of classifiers G,
select a classifier from G,, which minimizes the empirical error:

gn € G, and
B fZ'
n 2 {&n(X))# Y} —gfg'g” n 2 {8(X)#Yj}
J:

the VC dimension of G, grows slowly as n grows
Examples for G,:

- polynomial classifiers

- tree classifiers

- neural networks classifiers

- radial basis functions classifiers
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Prediction of time series: 0 — 1 loss
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Y; takes values in the finite set {0, 1}.
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Y; takes values in the finite set {0, 1}.
At time instant / the classifier decides on Y; based on the past
observation (X{, Y{1).
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Y; takes values in the finite set {0, 1}.
At time instant / the classifier decides on Y; based on the past

observation (X{, Y{1).
After n round the empirical 0 — 1 error for X{', Y{" is

Z’{f X[,y hAYy

i.e., the loss is the 0 — 1 loss, and R,(f) is the relative frequency of

€rrors.
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Dependent data: time series

data D, = {(X1, Y1),...,(Xs, Yn)} form a stationary and ergodic
process
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Dependent data: time series

data D, = {(X1, Y1),...,(Xs, Yn)} form a stationary and ergodic
process
Optimal classification scheme:

wivt viely | 1 ifP{Y,=1| X, V{1 >1/2
fe(Xe vy ) = { 0 otherwise.
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Dependent data: time series

data D, = {(X1, Y1),...,(Xs, Yn)} form a stationary and ergodic
process

Optimal classification scheme:

_ 1 ifP{Y,=1| XL, Y1} >1/2
¥yt =1y _ t 1"
frXLY) = { 0 otherwise.

Fundamental limit: for any classification strategy f and stationary
ergodic process {(Xp, Yn) 72

—00!

liminf R,(f) > lim Rn(f*) = R* as.,

n—oo n—oo
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Dependent data: time series

data D, = {(X1, Y1),...,(Xs, Yn)} form a stationary and ergodic
process
Optimal classification scheme:

wivt viely | 1 ifP{Y,=1| X, V{1 >1/2
fe(Xe vy ) = { 0 otherwise.

Fundamental limit: for any classification strategy f and stationary
ergodic process {(Xn, Yn)}52

—00!

liminf R,(f) > lim Rn(f*) = R* as.,

n—oo n—oo

where

R*: E{min (P{Yg - 1’X2 —oo} P{YO = O’X()oov —oo})}
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there are universally consistent classifier sequence f,:

lim Ra(f) = R*

n—oo

a.s. for all stationary and ergodic sequence
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there are universally consistent classifier sequence f,:

lim Ra(f) = R*

n—oo

a.s. for all stationary and ergodic sequence

Such classifier sequence is called universally consistent.
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Theorem

Let g¢(X{, Ylt_l) be a universally consistent prediction scheme, for
bounded Y, estimating the conditional probability

P{Ye=1|X{,Y{ '} =E{Ve [ X{,Y{7'}.
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Theorem

Let g¢(X{, Ylt_l) be a universally consistent prediction scheme, for
bounded Y, estimating the conditional probability

P{Ye=1|X{,Y{ '} =E{Ve [ X{,Y{7'}.

The corresponding classification scheme:

e veeny _ J 1 ifg(XE YY) > 1/2
f(Xi, Y1 )_{ 0 otherwise.
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Theorem

Let g¢(X{, Ylt_l) be a universally consistent prediction scheme, for
bounded Y, estimating the conditional probability

P{Ye=1|X{,Y{ '} =E{Ve [ X{,Y{7'}.

The corresponding classification scheme:

e veeny _ J 1 ifg(XE YY) > 1/2
f(Xi, Y1 )_{ 0 otherwise.

Then f; is a universally consistent classifier (Gyorfi, Lugosi (2001)).
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Martingale difference sequences

for the proof of the Theorem we use the concept of martingale
differences:
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Martingale difference sequences

for the proof of the Theorem we use the concept of martingale
differences:

Definition

there are two sequences of random variables:

{Za}  {Xa}

@ Z, is a function of Xi,..., X,
o E{Z,| X1,...,Xs—1} = 0 almost surely.

Then {Z,} is called martingale difference sequence with respect to

{Xa}.
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A strong law of large numbers

Chow Theorem:
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A strong law of large numbers

Chow Theorem: If {Z,} is a martingale difference sequence with
respect to {X,} and

o

SEZ)

n2

n=1

then

L
JHEOI7EE;ZZ-—-O a.s.
=
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A weak law of large numbers

Lemma:
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZZ;}
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A weak law of large numbers
Lemma: If {Z,} is a martingale difference sequence with respect

to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZiZi} = E{E{ZZ|X,....Xj-1}}
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.
E{ZiZi} = E{E{ZZ|X,....Xj-1}}
= E{ZE{Z | X1,..., X;—1}}
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZZ} = E{E{Z;Z;| X1,..., Xj_1}}
E{Z,E{ZJ | Xla cee 7)9—1}}
E{Z -0}
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZiZi} = E{E{ZZ|X,....Xj-1}}
E{ZE{Z | X1,...,X;_1}}
E{Z -0} =0
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZiZi} = E{E{ZZ|X,....Xj-1}}
E{ZE{Z | X1,...,X;_1}}
E{Z -0} =0

Lemma:
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZiZi} = E{E{ZZ|X,....Xj-1}}
E{ZE{Z | X1,...,X;_1}}
E{Z -0} =0

Lemma:

E (izz,) = LYY Ezz)

i=1 j=1
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZiZi} = E{E{ZZ|X,....Xj-1}}
E{ZE{Z | X1,...,X;_1}}
E{Z -0} =0

Lemma:

E (izz,) = LYY Ezz)

i=1 j=1

1 < )
= pZE{Z;}
i=1
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A weak law of large numbers

Lemma: If {Z,} is a martingale difference sequence with respect
to {X,} then {Z,} are uncorrelated.
Proof. Put i <.

E{ZiZi} = E{E{ZZ|X,....Xj-1}}
E{ZE{Z | X1,...,X;_1}}
E{Z -0} =0

Lemma:

E (izz,) = LYY Ezz)

i=1 j=1

1 « )
- LY ez
i=1
— 0

if, for example, E{Z?} is a bounded sequence.

Gybrfi

Prediction of time series: 0 — 1 loss



Constructing martingale difference sequence

{Y,} is an arbitrary sequence such that Y, is a function of
X1, .. X,
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Constructing martingale difference sequence

{Y,} is an arbitrary sequence such that Y, is a function of
X1, .. X,
Put

Zn=Yn—E{Yn| Xt,..., Xn_1}
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Constructing martingale difference sequence

{Y,} is an arbitrary sequence such that Y, is a function of
X1, .. X,
Put

Zn=Yn—E{Yn| Xt,..., Xn_1}

Then {Z,} is a martingale difference sequence:
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Constructing martingale difference sequence

{Y,} is an arbitrary sequence such that Y, is a function of
X1,y Xn
Put
Zn=Yn—E{Y,| X1,..., Xn_1}
Then {Z,} is a martingale difference sequence:

@ Z, is a function of Xi,..., X,
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Constructing martingale difference sequence

{Y,} is an arbitrary sequence such that Y, is a function of
X1,y Xn
Put
Zn=Yn—E{Y,| X1,..., Xn_1}
Then {Z,} is a martingale difference sequence:
@ Z, is a function of Xi,..., X,

E{Z,| X1,..., Xn_1}
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Constructing martingale difference sequence

{Y,} is an arbitrary sequence such that Y, is a function of
X1,y Xn
Put
Zn=Yn—E{Y,| X1,..., Xn_1}
Then {Z,} is a martingale difference sequence:
@ Z, is a function of Xi,..., X,

E{Z, | X1,..., Xn_1}
= E{Y,—E{Y, | Xt,..., Xo_1} | X1, ..., Xp_1}
=0

almost surely.
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Sketch of the proof of the Theorem

Because of the fundamental limit, we have to show that

nILrgo(Rn(f) — Ry(f"))=0 as.
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Sketch of the proof of the Theorem

Because of the fundamental limit, we have to show that
nILrgo(Rn(f) — Ry(f"))=0 as.
Put ) Lo o
Ralf) =3 ; Bl vi vy | XY
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Sketch of the proof of the Theorem

Because of the fundamental limit, we have to show that
nILrgo(Rn(f) — Ry(f"))=0 as.
Put ) Lo o
Ralf) =3 ; Bl vi vy | XY
and

= 1 ¢ i vi—1
Rn(f ) = ; Z E{I{f*(Xl",Yli_l)fyi} ’ X17 Yl }
i=1
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Sketch of the proof of the Theorem

Because of the fundamental limit, we have to show that
nILrgo(Rn(f) — Ry(f"))=0 as.
Put ) Lo o
Ralf) =3 ; Bl vi vy | XY
and

= 1 ¢ i vi—1
Rn(f ) = ; Z E{I{f*(Xl",Yli_l)fyi} ’ X17 Yl }
i=1

Then Ry(f) — Ry(f) and R,(f*) — R,(f*) are the averages of
bounded martingale differences, therefore
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Sketch of the proof of the Theorem

Because of the fundamental limit, we have to show that
nILrgo(Rn(f) — Ry(f"))=0 as.
Put ) Lo o
Ralf) =3 ; Bl vi vy | XY
and

. 1 ¢ i vi—1
Rn(f ) = ; Z E{I{f*(Xl",Yli_l)fyi} ’ X17 Yl }
i=1

Then Ry(f) — Ry(f) and R,(f*) — R,(f*) are the averages of
bounded martingale differences, therefore

R.(f) — Ry(f) = 0 aus.

and

Ro(f*) — Ro(F*) — 0 a.s.
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Task left:

R.(f*) — Ry(f) — 0 as.
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Task left: B _
Rh(f*) — Ro(f) — 0 a.s.

By the Plug-in Lemma,

> * D 1 . i i— i i—
|Ra(f*) — Ra(f)] < E2|gi(xlay1 1)_E{Yi |X—may—oé}‘
i=1

1< P \i— i i—
< 5 le LT — ELY X Y
i=1
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Task left: ) .
Rh(f*) — Ro(f) — 0 a.s.

By the Plug-in Lemma,

R (f* 1y i yi— i i—
[Ra(F) = Ra(A)l < =D 1ai(X Vi) — E{Yi [ X, YIIH
i=1

IA

1 i - i
;Z|gl(Xi7Y1 1)_E{Yl |XLoovyfool}|2
Need

1 o C ,
S le (YT B X YEP 0 as.
i=1
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Corollary

Let {g,} be a sequence of universally consistent predictors for the
class of stationary, ergodic processes with |Y| < B,
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Corollary

Let {g,} be a sequence of universally consistent predictors for the
class of stationary, ergodic processes with |Y| < B, i.e.,

1 <& o
im ~ 3 (@04 Y ViR =1
i=1
a.s. for the class of stationary and ergodic sequences with
Y| < B.
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Corollary

Let {g,} be a sequence of universally consistent predictors for the
class of stationary, ergodic processes with |Y| < B, i.e.,

n

1
lim —Z(g,(Xl,Y’ Hov)2=1r

a.s. for the class of stationary and ergodic sequences with
Y] < B. Then

n

. 1 i— i i—
lim f§ (X, Y\ ) —E{Y; | X, Y =
=1

a.s.
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Decomposition
R BRI
= (gi(XL Yll_l) - E{YI | XLoov YL; )2
+2(gi(X{, Vi) = E{Yi | XD, YIS N(ELY | X, YIS = V0)
+HELY | X o, YEI} = V)P

[e.9]
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Decomposition
R BRI
= (gi(XL Yll_l) - E{YI | XLoov YL; )2
+2(gi(X{, Vi) = E{Yi | XD, YIS N(ELY | X, YIS = V0)
+HELY | X o, YEI} = V)P

[e.9]

Thus

(gl'(Xli7 Y]fil) - E{Yl | XLoov YL; )2

= (gi(Xli7 Yll_l) - YI)2 ' ' _ )
—2(gi(X{, Vi) —E{Y; | X o, YL D(ELY: | X e, YR = )
—(E{Y; | X o, Y1 = V3)?
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