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System identification

We want to find a LTI autonomous model for observed data

y Observed data
i Misfit to be reduced

ﬁ]{; — CAkCBO
Model output
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Least-squares realization problem

Minimize the misfit
: ~ 112
min [y — 9|3
subjectto T,y =0
Toeplitz matrix
First order optimality conditions yield the multiparameter eigenvalue problem

(Ago + Aroar + Agras + Axpas + Ajianas + Ageas) z =0

(Oél, 042>
Poles of a second order SISO LTI Autonomous model !

(De Moor, B., 2019)
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Multiparameter eigenvalue problem

/The multiparameter eigenvalue problem M(X1,...,\,)z = 0 consists in finding all n-tuples \
A= (A1,...,A\,) € C" and corresponding vectors z € C'*'\{0} , so that

M(A,... )z = ZAw)\“’ z =0,
{w}

_ lall =1 Y,

Coefficient matrices Aw = A, w,) € CF with Kk >1+n—1

.....

An example of a two-parameter eigenvalue problemis (Agy + AA19 + nAg1)z =0

Can be solved using the block Macaulay Matrix framework
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Block Macaulay Matrix Framework

Consider a linear two-parameter eigenvalue of degree d, = 1

(A()o + )\Al() + ,LLA()l)Z =0

Ao Ao Apr O 0 0
0 AOO 0 A10 A01 0
0 0 A()() 0 AlO AOl

Generate a block Macaulay matrix of degree d
using forward block multi shift recursions
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null(M)

Using multi shift invariance property of the null space
construct a solvable single parameter eigenvalue

problem.

(Vermeersch, C. and De Moor, B., 2022.)
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Block Macaulay bottleneck

H T

2 =%
! A
<2 =3
= null(M)
| =3N—5 < O(pg x min(p, q))
=
q(d) = l(dan?)!
y c RN A€ szxl M € Rp(d)XQ(d)
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Block Macaulay bottleneck

Scaling of the block Macaulay Matrix

5
10 T T T ]
—6—n =2
n =
n=4
10* i
T ]
§ ]
= )
10° |
102(1 .............................
1 1.5 2 2.5 3 3.5 4
d—

The rows of the block Macaulay matrix
for a k x [ matrix with k = 100
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Lot Computational complexity

—oe—svd
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The computational complexity of the SVD



Subspace methods

For a one-parameter problem (A —AI)z =0

O(k3)

O(m?)

W e Rmxk (A —XI) € RF*F V € RF*™

L K

projection space search space

large-scale problem
(k >>m)
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v

(A — M) € Rmxm

projected problem



Subspace methods

Two natural questions arise

1. Extraction: Does the smaller problem have approximations to the large-scale problem ?
2. Expansion: How to manipulate the large-scale problem to assist in convergence ?
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Extraction: Rayleigh quotient

Does the smaller problem contain approximations to the large scale problem ?

Consider m = 1 it can be shown that the Rayleigh Quotient yields the eigenvalue when
w, v are the left and right eigenvectors.

H
_ w Az
=0

Rayleigh quotient

(A — M) € RF*K

(Parlett 1974)
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Extraction: Rayleigh guotient iteration

We do not know the eigenvectors before hand

Using Inverse iteration estimates of the eigenvector can be refined

_ one step of inverse iteration

H _
approximate \,,, approximate Z,,

Rayleigh quotient

Rayleigh Quotient Iteration a diagram from Trefethen and Bau
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Expansion: Rayleigh-Ritz

Convergence can be accelerated by expanding the search and projection spaces as

There are added benefits to expanding the spaces

« Numerically stable for A € C

(W@)H(A — M) (V2)=0 « Can handle larger matrices
« Can help compute a subset of A

W = {wy,..., Wy, } € RM*F

(A= M) eRMF v _
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Rectangular multiparameter eigenvalue problems

Type 1 Type 3
(A—AB)z=0 k (A—-AB)z=0
[
(k+1) equations (m+1) equations :> (k+1) equations (m+1) equations
(1+k) variables (1+m) variables (I+1) variables (1+m) variables

Type 2 (Al — /\Bl — ,uC’l)zl =0 k Type 4 ﬁ

(A2 — ABy —,UCQ)ZQ =0 (A — )\B — ,U/C)Z — O

[

+ . + T .
(nk+n) equations (mk+m) equations (+n-1)+1) equations ' (m+1) equations
(n+nk) variables (m+mk) variables (I+n) variables (n+m) variables

( Hochstenbach et al 2004) underdetermined ?

3 | Subspace methods



Extraction: BMM-RQOI

Consider a one-parameter rectangular eigenvalue problem

What is the Rayleigh-like quotient?

l )\_'wHAz
w! ¢ RF zeR — wiB=z

block Macaulay Rayleigh quotient

(A — AB) € RF*!
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Extraction: BMM-RQOI

Equations of the Inverse iteration do not hold up for rectangular matrices

We can write for an approximation of the left and right eigenvectors at step m

(A — )\mB)Zm—I—l — Ullmwm+1

_ Jl|m

>\m—|—1 - )\m — wHBv

By choosing the vectors which make the pencil the most rank deficient we refine the A estimate
This can be visualized as traversing to a minima in the Pseudospectra

omin(A—AB) for A € C
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Extraction: BMM-RQOI

Adapting the Trefethen and Bau flow to the Rectangular case

m svd
01
02
wt c R¥ z € R’ B \\
= N
(A= AB) € RFX! (A—A,B) eRF*l U cRF*k SRy cRiX
Approximate the eigenvalue Approximate the eigenvector
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Convergence analysis

Consider a randomly generated
Rectangular problem

A
1.027429454379017
1.099012545384454
1.115994481273991
1.116571414400400
1.116572007766462
1.116572007767087

Quadratic convergence of the BMM-RQI
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-0.8 F
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0.5
Re(z) —
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Pseudospectra of the rectangular problem



Extraction: BMM-RQOI

Consider a multiparameter eigenvalue problem
m m

w! c RF z € R z € R! =0
W € Rnxk

(A —AB — iC) € R"*1

(A - AB — uC) € R (A —AB — uC) € RFX!

Introduce extra constraints !
« Random vectors
« Or orthogonal to w

For a multiparameter problem the above
Construction of the BMM-RQI is underdetermined
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Example: A linear 2-parameter eigenvalue problem

Consider a two-parameter problem

2 6 1 0 4 2
4 5| +X|0 1| +u|0 8| ]z=0
0 1 1 1 1 1

A1 A2 <1 ) wq w2 w3
0.9338 —1.375 | 0.7848 0.6197 —0.8381 —0.5432 —0.0500
1.3683 0.0552 0.8623 —0.5065 0.6064 —0.2791 —0.7446
3.6026 —0.4183 0.7958 —0.6056 0.7056 —0.7084  0.0192
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Example: A linear 2-parameter eigenvalue problem

Psendospectra M(A(, Az ): Zoomed in
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BMM-RQI for the two-parameter problem

5 BMM-RQI Two Parameter EP . Pseu(liospectra and convergclence of BMIM—RQI
~ —— = WIM(A;, \)z =0 NG
ar /// WEM(A, A)z = 0] ] 1
P wl MM, A2)r =0
3 had —— = wWIM(A, A)r =0/ 7
5 //// 0.5
- 1E7 /\ S 0
of S <o (0.934,-1.375)
1L (-4.526-1.272) S Sao o
2 \\\\\ -1
3 \\\ ;
L 4 -2 0 2 4 6 e
)\1 /\1
The BMM-RQI equations evaluated Convergence starting with different
at eigenvectors and the random vectors initial conditions
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Expansion: BMM-RR

Expanding the search and projections spaces similar to the RR approach

<

<

m svd
m
01
g 0.2
N\
WH c R(n—i—m)xk — \\
V e Rix(+m) L7
(A—\B — uC) € R¥X! (A—AnB —uC) c R U € RF*F Y. € RFX V e R
Approximate the eigenvalue Approximate the eigenvector
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BMM-RR Speed Up'!

Solving the MEP associated with a randomly generated order two Least-squares realization problem

N  Problem size = Computation time(s)  Residual error

50 146 x 145 0.8604 4.5576 x 10~
100 296 x 295 3.9671 9.1061 x 1072
150 446 x 445 5.3200 8.0039 x 1077
200 596 x 595 11.0338 5.5277 x 107?
250 746 x 745 16.9015 8.5270 x 1077

Using the existing (block) Macaulay approaches, it can take up-to 100s to solve a 14 x 13 problem !

(Vermeersch and De Moor 2022Db)
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Conclusion and Future work

« Afirst-of-its-kind subspace algorithm for rectangular multiparameter eigenvalue problems
« Can be leveraged to find solutions to large-scale system identification problem
« Linearizing nonlinear MEPs arising from system identification can help locate real roots to the problem

* Rigorous proof of convergence for the multiparameter problems need to be carried out
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Questions
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Extraction: BMM-RQOI

Equations of the Inverse iteration do not hold up for rectangular matrices

However, we can write at Iteration m _ _ _
Smallest singular value of the matrix pencil

<A - )\mB>Zm—|—1 — Ullmw'm+1
Am

o1lm
Amy1 = Am = wljllB'v /
A

A — | = O(€?)
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Convergence analysis

Rayleigh quotient iteration

A
5.000000000000001
5.213114754098361
5.214319743184031
5.214319743377537

Symmetric A € R3%3
At — Am| o O(€?)
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i

[[M(An) 2

= 100

Rayleigh-Ritz method

100 ''''' LR LB BB T LI EREL! T
—e—RQI
1072 RR |]

107 3

108 1

10 10 [

1012 E }

104 1 1 Ll L L 1 . 1 1
8

1 2 3 4 5 6 7 9 10 11
Iterations m —

Random A, B € R°00%500
RR takes lesser # of iterations
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Extraction: BMM-RQOI

A

svd

wH € RF m
( —
01
wOH E Rk \/ l ()
zeR >
L \
— N -
L
(A—\B — uC) € R¥X! (A—AnB —uC) c R U € RF*F Y. € RFX V e R

[
»

Approximate the eigenvalue Approximate the eigenvector
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