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Autonomous multidimensional systems
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» We aim to identify multidimensional (mD) systems of the following form [1]:

Xiy1, = A1 - Xp
o o Xie, 141 = A2 - Xp |
'A2T T Viey = C - X1

where A1A2 = A2A1.
» Any finite 2D autonomous system can be realized in the above state space form [4].
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Misfit identification
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» Exact data follows the predefined model class exactly.
» First order optimality conditions (FONC) — system of multivariate polynomials.
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Multiparameter eigenvalue problems
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» The polynomial systems obtained have a special structure, e.g [2]

(A0+V-A1+M-A2)X:0
» Solve using the block-Macaulay method [6]:
1. Determine null space of the Macaulay matrix.
2. Use shift invariance to formulate eigenvalue problem.
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Assumption
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» Assume Aj, A, to be simultaneously diagonizable — assume diagonal Az, As.
» Generic case of commuting matrices.

A, = VD, V!
A, = VD,V1

)

» Allows the following parameterization of the output in terms of the eigenvalues AJ(.' :

Vi = zn: GE; (Ajgl))k (Ajgz))/.

j=1
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Finding the global optimum
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» Define the following matrices of Vandermonde vectors and their derivatives.

» The FONC of the misfit modeling framework then yields the following MEVP:
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» Compute all solutions to the FONC and select global optimum.

ATA

AMTA ANTy

ATy

5=

8/20



Characterization of the optimum
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» The following orthogonality property holds for the misfit sequence:
¥ L Range([A  AM]).

» Indicates structure in the optimal misfit sequence.
> 3IM, with M a Macaulay matrix s.t. M[A AMN] =0 [2].
» Interpretation: y results from an mD FIR filter bank.

y=M'g —

L h
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Characterization of the optimum

» Reminiscent of a finite dimensional version of Walsh's theorem [5, 3].

» Walsh's theorem (1D, infinite dimensional signals):

» Optimal y results from double FIR filtering.
» FIR filter kills modes corresponding to its zeros.

» — Characterization of FONC in terms of
interpolatory conditions in the z-domain.

» Open problem: exact structure of M.

» Need a parametrization in terms of the difference
equations.

FIR 1

(D)

FIR q
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Example: misfit modeling
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» Proof of concept example:
A =0,9 A; =085 C=1 xp0=1

» Misfits sequence constructed using the orthogonality properties
> Signal to noise ratio: ||y]|/||¥|l = 1.9
» The constructed system is recovered up to numerical errors

exact model simulation error function

Yki — Ukt
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PDE example
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» Data: second order solution to the heat equation.

» We identify a first order model.
» Time behaviour is captured nicely, second order spatial behaviour less so.

heat equation solution identified model simulation error function

7
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Conclusion and applications
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» Application: benchmarking heuristic methods.

» Only a few data points can be used.

» Parameterization of the difference equations is better suited.

» Degree of polynomial system is independent on the number of data points.
» Identification of systems with multiplicities in their modes.

» Characterized the optimal misfit sequence from a system theoretic point of view.
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Derivations
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» Objective function:

min 0% = [[§]3 = |ly ~ Axool3

AisX0,0
= y*y + XS,OA*AX(),O — y*AX(),o — XS:OA*y
» FONC:

do2 oA SA

0= =x50A" - —x00— Y =1 k=1
PSP LS VR A S Ve i=1.n, m
50’2 dXo 0 de 0

0= — =x5A*A ~ —y* : =1.

» MEVP formulation: xg0 # 0 (maximizing solution) — "divide” by xg¢ in first set of

equations.
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Derivations
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» Orthogonality of misfits (similarly for A):

SAT0
0 &'&k 0
SA 0 ! 0
— SN — :
ONi k . e [0 vik O]

~—
row i

» Rewrite first set of equations, using ¥y = Axgp and y =y + y:

O=—(y"—y)vik&i i=1..,nk=1..,m
In matrix form, for all k, i:

y*[v171 V172 V271, ] = y*A()\)
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