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Misfit modelling
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Misfit modelling: context

® Special case within misfit vs. latency framework (Lemmerling and
De Moor [4])

® Subspace identification (Van Overschee and De Moor [6])
® Linear algebra framework (QR, SVD)

® |dentification: Kalman state estimation + linear least-squares

® Behavioural systems theory (Roorda [5], Willems [7])

® Set of difference equations — behaviour B: y € B, y € B*

® |dentification: (Structured) total least squares (De Moor [2])




Misfit modelling: methodology

® Inner problem: find optimal misfit y* for given model and data
® Linear problem — orthogonal projection

® Optimal misfit is structured

® Quter problem: find optimal model (a, b)* for given data
® Substitute y* in objective function

® Characterise optima — system of multivariate polynomial egs.

® Solve the polynomial root-finding problem
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Autonomous misfit modelling?

N—1

min Y (v — 9),
ay =

st. ya(z)=0.

® [ S-criterion implies orthogonality:

N—-1

Z(yk — 9)?is minimal <= y Ly
k=0

1See (De Moor [3]) for an in-depth discussion.
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Autonomous misfit modelling (inner)

® Canonical state-space realization (A, C) of a(z):

0 1 0 0
0 0 1 0
A= : , and C=1[1 0 0]
0 0 0 1
—a, —ap-1 ... ... —ai

e O e RINXN) s hackward shift-invariant:
O-A=0

with O = [CT, (CA)T,...,(cav-1T] "

= |y € range(O)
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Autonomous misfit modelling (inner)

an 0 0
an—1 = 0 ° Ta € R(NXN_n)
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= |y =T, (T2)"Ta) " (T)Ty
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Autonomous misfit modelling (inner)
® For N — oo: discrete Beurling—Lax theorem?:

range (T,) @ range (O) = ¢,

® range (T,) a forward shift-invariant subspace M of />

® range (O) a backward shift-invariant subspace M™* of £,

e Continuous Beurling-Lax via isometric misfit model3:
® Orthogonal decomposition of H,

® All-pass completion of a(z) as inner-function:

H(z) = a(z)  l1+az+..+a.z"
~a(z) "4 -4aaz+a,

2The original paper by Beurling (Beurling [1]) derives the theorem for continuous
functions in Ho.
3Y(z) denotes the Z-transform of y, Y(z) and Y(z) are defined similarly.
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Autonomous misfit modelling (outer)

® First-order necessary conditions for optimality:
min 0% = ||7|3 =y Ta(T) Ta) 7' Tay

aa;:: =0, Vi=1,...,n,
is a system of n polynomial equations in n variables.

e Common roots characterize all the stationary points

— select globally optimal solution(s)

® Walsh's theorem

ous misfit modelling
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SISO misfit modelling

an —bn an_1 —bp_1 ... ai —by 1 —b O ... 0 O )
0 0 an —bn an—1 —b,,,l N ar —b1 1 bo ... 0 W]_
. ) . . . ) L .| =0,
0 O L. an —b, ap—1 —bp—1 ... a1 —b1 1 by Wy _1
—_————
Ta,b w
where:
w=1[9 G 51 @ ... v dn].

° Ta,b c R(2N72n><2N)
® Treat as autonomous model of order 2n?
® Optimal misfit: w = T, p ((Ta,b)TT,-,,b)_1 (Tap)"w

® Optimal model: % = |||Z/||§ = wTTa,b(TaT,b Tap) ' Tapw
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Questions?
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