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Back to the roots:
@ Of linear algebra: Eigenvalue problem (=roots)

@ Of algebraic geometry: Common roots of sets of multivariate
polynomials

@ To do something about the heuristics in modern day data science

@ Honor my mentors (Kailath, Golub, Willems, ...)

| have deeply regretted

that | did not proceed far enough

at least to understand something

of the great leading principles of mathematics
for men thus endowed

seem to have an extra sense

Charles Darwin
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Eigenvalues
0®0000

Eigenvalue problem

For matrix A € R™*"™ find z #£ 0 € C", )\ € C so that
Arz=2x A

Eigenvectors: invariant directions for operator A in R"
Eigenvalues: Characteristic equation - fundamental theorem of
algebra

p(\) =det( M, —A) =N"+ X" 1+ . fa, 1 A +a,=0
Since Galois, for n > 5: no solution in radicals = iterative algorithms
Eigenvalue decomposition: Jordan Canonical Form (JCF)
A=XJX !
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Eigenvalues
00000

Dimensionality Reduction
Principal Component Analysis

oy _ 19y
ot v dr’

Wave equation

uﬁgﬁm‘pv

Maxwell’s laws

andspan(¥) is

Can. Corr./Principal Angles

&< =~

Modal shapes

1. V-D=p,

2. V-B=0

3. vxg=-"B
ot

4. VxH=Q+J
ot

Maxwell’s field equations

The PageRank problem

Tha PageRank random surer

1. Wi probabiiy bera, ol
& random-walk step

2. with protabity (1-betel,
fump rancdonly - st .

‘Goal fid the stationary dis.
x=AD"x + (1 - Gv
Alg Soive tha neas system
(- 5AD X = {1 - sy

Graph spectral analysis
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Hear the shape of a drum?

-
F(Hz)
a7 1 Xe=Xe
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Eigenvalues
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Target2

((‘i’D

Target 1

L0 . :
HOl(0)) = ihg, 1 (1) | \\&!
Schrodinger equation - :.(lST[GV/‘;‘")'TH‘_, \s%\dsm 3

Q*Q*&
Antenna array
Matter curves spacetime moves matter Direction of Arrival

Mapping between the s plane and the : plane Kalman Decomposition Theorem

Primary strip and Complementary strips (cont.) e i
State-space equation into the following canonical form:

‘open-loop plant

Mapping regions of the s-plane onto the =-plane
dicates not.

Pole placement
Controllability /observability

Stability

Observers Kalman Filter H oo -filter

Riccati Riccati

Hamil. EVP Sympl. EVP
Control LQR H 5, -control

Riccati Riccati

Hamil. EVP Sympl. EVP

fatency o* = a3 +Blal + vlel3,

LS LTI System ID = EVP ! 7/44




Eigenvalues
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Multiparameter Eigenvalue Problem (MEVP)

Given Ag,..., Ay, € RP*T withp > ¢, find \; € C,i=1,...,m
and z # 0 € C? so that

(Ao—i-Al)\l—l-—l-Am)\m)l‘:O

Special cases:
@ Ordinary EVP: Ay e R™*" Ay = —1,, A; =0,1>2
o 'Generalized" EVP: Ay, A1 e R™*™ A; =0,1 > 2
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Basic idea to solve an MEVP (illustrated for m = 2)

(Ao + A1) + A2>\2) z=20

x
x1 [ Ay A, A, 0 0 0 0 iil
></\1 0 AO 0 Al AQ 0 0 ﬁ
X)\Q 0 0 Ao 0 A1 A2 0 {L‘)\1>\ =0
2 112
S e
A}

Block ’'quasi’-Toeplitz structure 4 'generalized’
Vandermonde structure
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© Models and data
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Models and data
000000

Basic modelling loop:

@ Collect data (preprocess, wrangle, clean, ...)
Select model class parametrized by unknown parameters
Select an approximation criterion

Solve’ using nonlinear optimization

®© 600

Validate the results
@ Re-iterate when necessary
What do we mean by ‘solved’ 7
@ Result of nonlinear optimization ? Trouble with:

@ Starting points (feasibility);
@ Convergence (step sizes, rate, stopping criteria,...)
® Local minima

@ Solved = convex or set of linear equations or eigenvalue problem !

m 11/ 44




Models and data
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Simple Neural Network

(2

(L7
N

Ny
KA
A TN

S T
?é“"’? é‘&m
LA AN
N\

Deep Learning Neural Network

@ Input Layer (OHidden Layer @ output Layer
Activation Functions
Sigmoid ) Leaky ReLU
o(2) = i max(0.1z, z)
tanh Maxout
tanh(z) = » max(w{ z + by, wd T + by)
ReLU ) ELU
max (0, T) {I 220
; ; aer=1) <0 - »

Tackled by nonlinear optimization
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Models and data
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U «—— availabledata — vy Misfit-Latency
LTI Models

: u misfit - Y

A N

u Yy

H

2 =12 =112 12
latency o” = al|gllz + Bllzlz + ~/lélz,

Errors using inadequate data are much less
than those using no data at all.
Charles Babbage.
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Models and data
000000

How nonlinear is least squares linear system identification 7

Nonlinearity ‘Heuristic’ remedy
State space | k41 = Axy + Bug | Subspace:

Unknown A X xj Oblique projection and SVD
PEM Unknown parameters | Nonlinear optimization

X latency input e
EIV Unknown parameters | Instrumental Variables

x misfits 4,y

But:

All ‘nonlinearities’ are sums of products of unkowns.

Hence multivariate polynomial !

m 14/ 44



s Models and data nomials Multivariate Optimization Misfi

[e]e]e]e]e] ]

@ All ‘nonlinearities’ are multivariate polynomial and occur in the
model and data equations

@ The objective function (sum-of-squares) is polynomial

@ Hence, the problem is a multivariate polynomial optimization
problem: multivariate polynomial objective function and constraints

@ Taking derivatives of multivariate polynomials (first order
optimality) results in a set of multivariate polynomials equal to zero

@ The common roots of this set are local and global minima and
maxima, and saddle points

@ We only need the root(s) that correspond to the global minimum of
the objective function.

@ Evaluate a multivariate polynomial (the objective function - the
critical polynomial) over the roots

How to find the roots of a set of multivariate polynomials ?
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Rooting multivariate polynomials
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© Rooting multivariate polynomials
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Rooting multivariate polynomials
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Rooting a set of multivariate polynomials is an eigenvalue problem !

@ Algebra (fundamental theorem)

@ Numerical linear algebra (power method and
derivates, multiparameter eig. problem (MEVP),
SVD)

@ (Commutative) Algebraic geometry (ideals and
varieties)

@ Optimization theory (Lagrangean)
@ System theory (state space, realization theory)

@ nD system theory (nD realization)

James Joseph Sylvester @ Operator theory (shift-invariant spaces)

@ Interpolation theory (moment problems)
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Rooting multivariate polynomials
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0
p(A) = det(A — A\I) =0 o
‘},
\ /
0015 \\//
s 2 2
min xX
22 +32-15 = 0 oy Ty
y—323-222+13z -2 = 0 s. t. y—al+2c-1=0
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Rooting multivariate polynomials
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Univariate polynomial of degree 3:
3 2 _
z° + a12” 4+ asxr +az =0,

having three distinct roots x1, x2 and x3

@ Banded Toeplitz;
linear homogeneous

1 1 1 equations
X1 i) xrs3

x1 as az a1 1 0 0 22 22 22 @ Null space:
1 2 3

X 0 a3 a2 a 1 0 P B B Z@Confluent)

xz? 0 0 a3 a2 a1 1 b 2 3 Vandermonde
9351) xg xg structure

@ Corank (nullity) =
number of solutions

| KU LEUVEN | 10/



Rooting multivariate polynomials
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Two univariate polynomials: common roots ?

flx) = 2® 622+ 11z —6=(z—1)(z—2)(z —3)
glx) = —2®+52—-6=—(v—2)(z—3)
1 r 2?2 23 a2t
f(z) =0 6 11 -6 1 0 11
x-f(x)=0 -6 11 -6 1 1 T
g(z) =0 -6 5 -1 22 22| =0
:c g(x) 0 -6 5 -1 3 3
g(x) =0 -6 5 -1 i}

where 1 = 2 and x5 = 3 are the common roots of f and g
@ Sylvester matrix = double banded Toeplitz
@ Null space = (confluent) Vandermonde structure

@ Null space = intersection of null spaces of two banded Toeplitz
matrices

@ Nullity = number of common zeros
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Rooting multivariate polynomials
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The vectors in the Vandermonde kernel K obey a ‘shift structure’:

—_
—_
8

1 X2
r1 o x1 0 N :c? xé
$§ x§ 0 X2 xz :r%
T x5 7 T
or
K.D=K

The Vandermonde structure K is not available directly, instead we compute Z, for
which ZV = K. We now have

=
!
| =

ZV.D = ZV

@ Generalized EVP with eigenvalues in D and eigenvectors the columns of V.
@ Null space R(K) = R(Z) is shift-invariant.

m 21/44



Rooting multivariate polynomials
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Two polynomials in two variables

@ Consider
20 |
p(r,y) = 22+3y2—-15=0 . /
q(z,y) = y—323—-2224+13x—-2=0 /N !
// v \10 !
I \ I
\ I
@ Fix a monomial order, e.g., 1 <2 <y < z? < xy < / \ /
y2<ad <y <., S N R
\47#70%\,1_7;;,/4/
N
@ Construct quasi-Toeplitz Macaulay matrix M: /

1
1 T Y 22 zy ¢ 2d 2%y xy? P z
)
p(z,y) —-15 1 3 2
q(z,y) -2 13 1 -2 -3 —
z-p(x,y) —15 1 3 YT
y - p(z,y) —15 1 3 :
zy?
y3
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Rooting multivariate polynomials
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p(z,y) = 22+4+3y2-15=0
q(z,y) = y—323—-2224+13x—-2=0

Continue to enlarge M (‘'quasi-Toeplitzification'):

it % |for1)“ | a d 2 zy 3yl o 2ty oy’ ) 2t eturiy? e’y o pturtyietyioytyl %
Pl

d =73 TP
yp|

@ # rows grows faster than # cols = overdetermined system

@ If solution exists: rank deficient by construction!

| kueuve | /84



Rooting multivariate polynomials
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Vandermonde null space K

@ Macaulay matrix M: . .
y built from s solutions (z;,y;):

x KPR 0 0 0
v - | L 1
00 0 x X % @ @5 | e | @
@ Solutions generate vectors in kernel of M: Y1 Y2 Ys
MK =0 T1y1 | 2y2 | ... | TsYs
2 2 2
@ Number of solutions s follows from rank yé yg yg
decisions 3261 9262 28
J:ly1 $2y2 -Tsys
z1y? | z2y3 zsy?
vi | 3 ys
T T5 x4
z3y1 | zhy2 | ... | @3ys
22y? | x3y2 | ... | 22y2
x1y:f Z‘zyg’ 500 xsyg
yi | vy || va
Francis Sowerby Macaulay L . . Do

m 24 /44



Rooting multivariate polynomials
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Setting up an eigenvalue problem in x

@ Choose s linear independent rows in K

S1K 1 1 !
@ This corresponds to finding linear “ 2 A
dependent columns in M y; yz y;
Il 2172 IES

T1Y1 T2Y2 soo0 TsYs
y? y2 | .| 92
af | a3 a}

x%yl $§y2 soo :tgys

Ty} | w203 | ... | syl
v} vi | ] gl
x5 w5 | aoa || @

iy | @3y2 | ... | 23ys

aty? | 23y3 | ... | 23u3

mly:{‘ xgyg’ e | @syd
vi | vs || vs
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Rooting multivariate polynomials
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Shifting the selected rows gives (shown for 3 columns)

1 1 1 7

1 2 z3

Y1 Y2 Y3

o7 | @3 | a3
T1Y1 12?2:’2 (13333

Y1 Ys Y3

1 gg Z3

2
T1yl | w2z | w33 —> “shift with =" —>

v} v 3
fEl ‘7“121 1‘4
z%i’/l zgyg zg'HS
1y wzyg 3y
z121 z24?!2 z323
Yi Yo Y3
so that:
1 1 1
1 T2 T3
Y1 Y2 Y3
T1Y1 T2Y2 T3Y3
o3 @3 3

2 2 2
T1Y1 T3Y2 *3Y3

| KU LEUVEN | 26/ 44



Rooting multivariate polynomials
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Finding the z-roots

Let D, = diag(z1,z2,...,zs), then

s xo. - [l

where S selects linear independent rows of K and Sy the ones ‘hit’ by the shift x.

Generalized Vandermonde K is not known as such, instead a null space basis Z is
calculated, which is a linear transformation of K:

zZV =K

which leads to the generalized eigenvalue problem

(81 2vp. = ([lov

Here, V is the matrix with eigenvectors, D, contains the roots x as eigenvalues.

| KU LEUVEN | 27 /48



Rooting multivariate polynomials
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Setting up an eigenvalue problem in y

It is possible to shift with y as well. ..

We find
S1KDy = SyK

with D, diagonal matrix of y-components of roots, leading to
(SyZ)V = (S1Z)V D,y
Some interesting observations:
— same eigenvectors V!

- (S22)71(S12) and (SyZ)~'(S1Z) commute
—> ‘commutative algebra’

| KU LEUVEN | 2644



Rooting multivariate polynomials
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Single shift invariance Multi-shift invariance (n = 2)
C
CA;
CAy
c CA?
CA CALA2
cA? CA3
T = —TA=T _ rA, =51
: n r : = LAy =580
CAP—2 cAP T
cApP—1 CAP=2 4,
cAp~!
. @ Null space of Macaulay
Null space of Toeplitz or Sylvester .
i i @ n shifts A1, As: A1As = AsAq
Single shift (only one A) .
) @ nD Cayley-Hamilton (new)
Cayley-Hamilton T . .
@ Multi-shift invariant R(T") fixed by

Shift-invariant R(T") fixed by A(A) A(A1) and A(As)
1D observability

1D realization theory

nD observability

nD realization theory

1D Beurling-Lax nD Beurling-Lax

‘Block” when €' = matrix ‘Block’ when C' = matrix

| KU LEUVEN | 20/ 44



Rooting multivariate polynomials
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Not treated here:

@ Deflate roots at infinity

@ Algorithms: kernel-driven versus data-driven (QR), SVD for
rank decisions, ....
Cayley-Hamilton (in 1D and nD)

1D and nD system theoretic interpretations of the null space
(1D and nD observability matrices) based on 1D/nD state
space models (possibly singular (roots at infinity))
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Multivariate Optimization
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@ Multivariate Optimization
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Multivariate Optimization
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Finding the minimum of univariate polynomial

p(x) = apr™ + agz™ !

+ ...t oy
min o = p(z) subject to p'(z) =0
g

Construct Sylvester matrix M with o = p(x) and p'(z) = 0:

My My, v\ _p
M21—0'I M22 v

(M21 — M22M1_21M11)u = uo

| KU LEUVEN | 32/



Multivariate Optimization
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Generalizes to multivariate polynomial optimization problems:

min o = po(x) subject to p;(z) =0,i=1,...,q.
z€eR™

Lagrangean:
q
L(x,1) =po(z) + > _ X pil)
i=1

Taking derivatives:

. o | ~~, Opi
t — i =0
n equations py + g . )

i=1

¢ equations pi(x) =0.

Hence g + n multivariate polynomial equations in ¢ + n unknowns
= Eigenvalue problem !
Remark: only need roots that globally minimize !
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Misfit realization
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© Misfit realization
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Misfit realization
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Misfit case: Least squares realization (nq)

U «—— availabledata — vy Misfit-Latency
LTI Models

. u misfit - y

A N

u Yy

H

2 =12 =112 12
latency o” = algllz + Bllzlz + /€3,
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Misfit realization
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Misfit case: Least squares realization (nq)

availabledata —— vy Misfit:
LS realization
misfit —— ¥y

T\
A
y

(8]

-

o” = |l7ll2

o
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Misfit realization
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Corresponding difference equation for 'exact’ data g with a; € R:

Uktne + 0 Tktng—1+ .-+ n, 0, =0, k>0

Equivalently
T,y=0
or
Ony  Onpg-1 e o1 1 0 0 ... 0 Yo
0 Qn, Qpg—1 .. Q2 aq 1 0 0 ?{1
Y2 -0
U3
Qn, Ong—1 1

| KU LEUVEN | 37/08



Misfit realization
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Misfit case: Least squares realization

Y
1oy

I <=

min ||§]|3 subject to —By’

Obviously
Toy = Tay-

Minimum norm solution using pseudo-inverse and Ty, full row rank:
§=TiTyy =T T, T Ty = uy.

II, = orthogonal projector onto row space of T,. Define
D, =T, TT and f = D 'T,y:

y=9+i=9+10 f=9Ly=T,f.
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Misfit realization
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§=T, f
The least squares residual g
is generated by filtering

signal f through FIR filter
determined by a

= Finite dimensional form of
Beurling/Lax/Halmos theorem

Thales theorem
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Misfit realization
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Let
o = gl5 =y T (TT] ) Tay.

With f = DT,y
D, Tuy I\ _
(o ) ()0 2

First order optimality conditions and chain rule V «;:

D& T3y / + D,  Tay fU9N L 0
yI(Te)T 0 -1 17 o )\ 1) T
(2)
This is an MEVP !

- Define 2T = (=1 fT (fo)T ... (foma)T).
- Quasi-Toeplitz-ify egs. (1) - (2) in block Macaulay

with blocks in 1,1, ..., ap,, 03, ajas, .. ..
- Null space will be multi-shift invariant ('generalized’
Vandermonde)
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Misfit realization
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| = STLS Hankel cost function
TLS/SVD soln
2 O STSL/RISVD/invit steps

= 1 gg STLS/RISVDIinvit soln
u(v)

Q SVD sotion - STLS/RISVD/EIG global mir|
---Y... RiSVD-Init steps <

5 . STLS/RISVD/EIG extrema
X RiSVD-Init soution| \ |

{ ) underling soluton
X RiSVD-EIG solutior
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yolynomials  Multivariate Optimization Misfit lization Conclusions
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Conclusions

Least squares identification of LTI models with 'latency’ (e.g.
Box-Jenkins, ARMAX, ...) or 'misfit' (e.g. errors-in-variables,
dynamic total least squares,...), or 'both’, requires multivariate
polynomial optimization.

Multivariate polynomial optimization is a(n) (multiparameter)
eigenvalue problem

Many results and connections not tackled in this presentation
(numerical, conceptual, links with algebraic geometry and operator
theory, etc.)

Reference (among others, Festschrift Kailath 85): De Moor B., “Least
squares optimal realisation of autonomous LTI systems is an eigenvalue problem”,
Communications in Information and systems, vol. 20, no. 2, 2020, pp. 163-207.
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Conclusions
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Back to the roots !

“At the end of the day,
the only thing we really understand,
is linear algebra.”
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