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Solving polynomial equations
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Solving polynomial equations
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Solving polynomial equations
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Solving polynomial equations

a+b-r+c-t =

l

a+b-x+c-y=90
(x,y) = (£,t") for some t € C

a+bx+cy=0

Toric Varieties

toric curve
Yy = {x7—y5 =0}
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John B. Little

Henry K. Schenck

Different geometry for
each sparsity pattern




Solving polynomial equations

0 = ag+aht, + atit + aztity \J
| .j <




Solving polynomial equations

O — ClO a1t1t2 + a2t12t2 + Cl3l‘1t22

O — bo T bltltz + bztlztz + b3t1t%

(5]

0 = ay+ax+a,y+ axz
0 bo + blx + be + b3Z

(x,,2) = (t;t,, tit, t;15) for some (t;,1,)

x’—yz=0



Number of solutions

O — ClO a1t1t2 + a2t12t2 + Cl3l‘1t22

O — bo T bltltz + bztlztz + b3t1t%




Number of solutions
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Y, = {(titr, 21, 1,12) : (8, 1,) € (C*)?}

Theorem (Kushnirenko): deg(Y,) = vol(A)

number of complex solutions is
bounded by the volume




Number of solutions

1
N
S

2 2

- bytity + botit, + byt 13 ¢

=b0-

“Newton polytope”

Y, = {(titr, 21, 1,12) : (8, 1,) € (C*)?}

Theorem (Kushnirenko): deg(Y,) = vol(A)

number of complex solutions is
bounded by the volume
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Monomial sparsity in algorithms

0 = ay+ ajtit, + atit, + astits
0 = by + bityt, + bttty + batits
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Monomial sparsity in algorithms

0 = ay+ ajtit, + atit, + astits

0 = by + bityt, + bttty + batits
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Monomial sparsity in algorithms

0 = ay+ ajtit, + atit, + astits

0 = by + bityt, + bttty + batits
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Monomial sparsity in algorithms

0 = ay+ ajtit, + atit, + astits

0 = by + bityt, + bttty + batits
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Chebyshev polynomials

T (x) = cos(n - arccos(x)), xe& [—1,1]

To(z) =1

T\ (z) =x

Ty(z) = 22* — 1

T3 (z) = 42> — 3z

Ty(z) = 8z* — 8z* + 1

Ts(z) = 162° — 202> + 5z
(z) =




Chebyshev plane curves

a+b-r+c-t' =0

l

a+b-x+c-y=90
(x,y) = (£°,t") for some t € C

/

05"
/ 0.5

Y

toric curve

x'=y°=0

7




Chebyshev plane curves

a+b-rP+c-t' =0 a+b-T5(t)+C°T7(t)=0
a+b-x+c-y=90 a+b-x+c-y=0
(x,y) — (1‘5,1‘7) for some t € C (x,y) = (Ts(l‘), T7(t)) for some r € C
.
r4ns
toric curve
x'=y°=0

7



Chebyshev plane curves

a+b-2+c-t' =0 a+b-Tst) +c-T,(1) =0
a+b-x+c-y=90 a+b-x+c-y=0
(x,y) = (#°,t") for some t € C (x,y) = (T5(1), T5(¥)) for some t € C

Y

0,

a+bx+cy=0

-1.0 -0.5 1.0

toric curve
X —y5=0 Chebyshev
, curve
10} fx,y)=0




Chebyshev plane curves

T (cos(f)) = cos(n - 0) J T,()-T, () - ar = 0, T
-1

V1-12



Chebyshev plane curves

T (cos(f)) = cos(n - 0) J T, - -T,() - dr = 0,7
1

V1-12

T(t)=1, T, =t T, =2t-T(t)=T, 1)

I(T,(0) = T,(1,®) = T,,(0,  21,OT() = T,,,,(1) + T},,_, ()



Chebyshev plane curves

T (cos(f)) = cos(n - 0) J T, - -T,() - dr = 0,7
1

V1-12

T(t)=1, T, =t T, =2t-T(t)=T, 1)

I(T,(0) = T,(1,®) = T,,(0,  21,OT() = T,,,,(1) + T},,_, ()

Cn = (T, T,0) : t€C} CcC



Chebyshev plane curves

1
Tn(COS(Q)) — COS(I/l ) 9) J Tm (t) ) Tn (t) ) & = 5mnﬂ
-1

V1-12

T =1, T =t  T,,0 =2-T@-T, ()
r(1,@) = 1,(L0) = 1,,0), 21,010 = T,.,0) +1,_,()
Cn = (T, T,0) : t€C} CcC

Theorem. ©,, C {(x.y) € C*: T,(x)—T,(y) =0}
if gcd(m,n) =1 then T,(x) —T,(y) is irreducible

Freudenburg-Freudenburg, Curves defined by Chebyshev polynomials (2009) 8



Chebyshev plane curves

Theorem. The Chebyshev curves
Cgm,m+1 N Rz
are hyperbolic with respect to 0.

a-T,(0)+b-T,, (t)=0

has only real roots.

a-T,0)+b-T5() =0

changes sign between any two roots of 75(7)

= 4 real roots

M = 5real roots



Chebyshev plane curves

Theorem. The Chebyshev curves

Cgm,m+1 N Rz

are hyperbolic with respect to 0.

a-T,(0)+b-T,, (t)=0

has only real roots.

for all m, n, all singularities are nodes, and they can be listed [Freudenburg x 2]

a-T,0)+b-T5() =0

Proof:
changes sign between any two roots of 75(7)

= 4 real roots

= Sreal roots




Chebyshev plane curves

Theorem. The Chebyshev curves

Cgm,m+1 N RZ

are hyperbolic with respect to 0.

a-T,(0)+b-T,, (t)=0

has only real roots.

for all m, n, all singularities are nodes, and they can be listed [Freudenburg x 2]

a-T,0)+b-T5() =0

Proof:
changes sign between any two roots of 75(7)

= 4 real roots

= Sreal roots

Theorem. Let 0 < m < n. A polynomial of the form
f=aTl (t) + pT,(t) has at least m real roots.

9



Chebyshev space curves

Theorem If m, n, p are pairwise coprime, then ¢ — (T, (1), T,(?), Tp(l‘))
parametrizes a smooth curve €, ,
AP(x,y,2) s.t. P(T,(0), T,(1), T,(t)) =t and

P

Cunp={6,3,00€C’ : x=T, (P)=y—T,(P)=z—T,P) =0}

10



Chebyshev space curves

Theorem If m, n, p are pairwise coprime, then ¢ — (T, (1), T,(?), Tp(l‘))
parametrizes a smooth curve €, ,
AP(x,y,2) s.t. P(T,(0), T,(1), T,(t)) =t and

P

Cunp={6,3,00€C’ : x=T, (P)=y—T,(P)=z—T,P) =0}

(m,n,p) = (2,3,7)

P(x,y,z) = 2T4(0)T(2) — T5(y)
=— 16y’ + 16x*z 4+ 20y> — 16x%z — 5y + 2z

P(Ty(1), T:(t), T;(t)) =t

10



Chebyshev space curves

Theorem If m, n, p are pairwise coprime, then ¢ — (7,,(2), T,(?), T,(?))
parametrizes a smooth curve €, ,

AP(x,y,2) s.t. P(T,(0), T,(1), T,(t)) =t and
Cunp={6,3,00€C’ : x=T, (P)=y—T,(P)=z—T,P) =0}

P

(m,n,p) = (2,3,7)

P(x,y,z) = 2T4(0)T(2) — T5(y)
=— 16y’ + 16x*z 4+ 20y> — 16x%z — 5y + 2z

P(Ty(1), T:(t), T;(t)) =t

Different choices give the same ideal:

P(x,y,z) = 2T,5(x)T5(z) — Ts3(»)
= — 4294967296y + 2147483648x%77 + ... — 33y

10



Chebyshev space curves
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Chebyshev space curves

Theorem. Let 0 < m < n. A polynomial of the form
f=aT, (t) + pT (1) has at least m real roots.

Q: What is the minimal/expected number of real roots of v, T5(t) + v,T5(¢) + v3T4(1)?

5 - (2048viv3 + 2304vivs + 2764805 + 25000v5v3 + 281250 vavs + 378460v vyus — 26112v50v8vs
—276481}2’03 — 48125008903 — 57978200 vsv3 + 3930304v2vsv2 + 119808viv3 + 1531250003
+23852220v v3vs — 1930208002 vgvs + 14801920503 — 29985060v vevs + 34354880v3v5v3
—1229312v5v5 + 12850152’01'03 77561904v3v3v3 + 1229312v5v5 + 1145565120090
+22588608u5vS — 5835390402 v] — 22588608v3vs — 527067520905 + 52706752v3) = 0.

U3

12
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Chebyshev surfaces

Surfaces in three-space: (1 1 2>
213

S T

(t1t22 41, t12t23) (T1(t)T5(t) , T\(t)T (%), T5(t)T5(5,) )  (cos(t + 21,), cos(t; + 1), cos(2t; + 31,) )

13



Chebyshev surfaces

Surfaces in three-space: (1 1 2)
213

T

(t1t22 4, t12t23) (T\@DT5(,) , T1(t)T(5,) , TH(2))T5(2,) ) (cos(t; + 2t,), cos(t; + 1,), cos(2t; + 31,))

13



Chebyshev surfaces

Surfaces in three-space: (1 1 2)
213

T

(t1t22 4, t12t23) (T\@DT5(,) , T1(t)T(5,) , TH(2))T5(2,) ) (cos(t; + 2t,), cos(t; + 1,), cos(2t; + 31,))

xy—2z=0

—6x*y 4+ x37 — x%y (—48y4 + 22y% — 3)
—xy? (ZOy2 — 3) z+y3 (—16y4 + 8y? 4+ 27% — 1) =0

detj|x 1 z|=0

13



Tensor product basis

(ay; ap - ag,)

a a eee a
A= (@ a = a)=|72 "2 | e nmxn
\aml App amn)
9aj,®(tl, cees tm) —_ Talj(tl) y Tazj(tz) © e Tam](tm)

Tig =T agDrnTaed): 1ECT CC



Tensor product basis

(ay; ap - ag,)

a a eee a
A= (@ a = a)=|72 "2 | e nmxn
\aml App amn)
9aj,®(tl, cees tm) —_ Talj(tl) y Tazj(tz) © e Tam](tm)

Tig =T agDrnTaed): 1ECT CC



Tensor product basis

(ay, ap - ay,)
a a ) a
P L I P
\aml Ay amn)
gaj,®(t1, cens tm) —_ Talj(tl) y Tazj(tz) © e Tam](tm)

Tig =T agDrnTaed): 1ECT CC

1

2 1 g) > (N(DTL©G), Ti(T (), Ty (t)T5(5))

Example. <

—6x*y + x°z7 — x?%y (—48y4 +22y? — 3)
—xy? (20y* = 3) z+y° (- 16y* + 8y* + 2z = 1) = 0

14



Tensor product basis

(ay; app

dyy dpp -
A=(@ a - a)=] . :

\dm1 Gm2 "

Clln\

dry,

amn}

gaj,@)(t) — Talj(t]) ’ Tazj(IZ) Tt Tamj(tm)

ﬁ(t) — Clo -+ Cilgal,®(t) + - 4+ Cm“ofan,®(t) — O, l= 1,...,m

15



Tensor product basis

(ay ap - ay,)
dpyy dppy === dyy o _

A=@ a ~ ay=|7" "2 7 T wa®) = Ty () T, (1) - - T, (4,)
\aml Ayp amn}

ﬁ(t) — Clo + Cilgal,®(t) + .- + Cm“ofan,®(t) —_ O, | = 1,...,m

To state a degree bound, we define two polytopes: A

B; = {—qay,a,} X --- X{—a,;a,;} C Z"

Py = Conv(By,...,B,)

Pc = Conv(Newt(J , o) U ... UNewt(T, &) UO0) (1 1 2) { . /




Tensor product basis

(ay ap - ay,)
dpyy dppy === dyy o _

A=@ a  ay=|2" "2 5 T wa®) = Ty () T, (1) - - T, (4,)
\aml () amn}

ﬁ(t) — Clo + Cilgal,®(t) + .- + Cm“ofan,®(t) —_ O, | = 1,...,m

To state a degree bound, we define two polytopes: ¢ -0
B; = {—qay,a,} X --- X{—a,;a,;} C Z"
Py = Conv(By,...,B,) | Pc
Pc = Conv(Newt(J, @) U ... UNewt(T, &)U 0) (1 1 2) b /
2 13 r ° e

Theorem. deg X', o < m!vol(Pr) < m!-27" . vol(Pp)



Tensor product basis

Pc —6x%y + 377 — x%y (—48y* + 222 — 3)
-/ —xy? (20y2—3)z+y3 (—16y4+8y2+2z2— 1) =0

deg Xy o < m!vol(Pp) < m!-27" - vol(Pp)

7T<11 <12

16



Tensor product basis

—6x*y + x37 — x%y (—48y4 +22y? — 3)
—xy? (20)/2 — 3) 7+ (—16y4 + 8y? 4+ 27% — 1) =0

deg Xy o < m!vol(Pp) < m!-27" - vol(Pp)

7T<11 <12

Theorem. Both bounds are equalities if A is sufficiently dense

o0 0 0 &

e o o e ‘ ® © 0 o ‘ e o o
® ++ o o ® 6 6 o o ® 6 6 - -
® &6 - - ® 6 6 o ¢ ® 6 6 o -
® 6 o - ® 6 6 o ¢ ® 6 6 o -
*—0 0 o o0 0 0 o o0 0 0 o

L. N. Trefethen. Cubature, approximation, and isotropy in the hypercube. SIAM Review,
59(3):469-491, 2017.
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Tensor product basis

Example 6.4. Let A be the matrix of all tuples a; of Euclidean degree k¥ = 30 (see Remark
4.1). Using the Julia package Oscar. j1 [21], we compute that § = 2!-vol(P4) = 1396. We set
up the system (21) with real coefficients c; ;, ¢; o drawn from a standard normal distribution,
and use the outlined eigenvalue algorithm to solve it. The matrix M has size 1560 x 2953.
[ts (numerical) rank is 1557. Among the 1396 complex (approximate) solutions, 382 are
(approximately) real, and 338 are contained in the square [—1,1]%, see Figure 10. o

C10+ Cllga1,®(t) + *e + Clngan,®(t) —_ C20+ CZIga1,®(t) + *ee + Canan,®(t) — O

Figure 10: The curves from Example 6.4 in [—1, 1]%.
17



Cosines of linear spaces

(ay; ap - ag,)
A=(a a -~ a) = dyy dpp = dyy N
\aml dyp amn)

v aj,cos(ul’ coos Uy) = coS(a; - u) = cos(aguy + -+ + ayit,)

L icos = 1T g coss s T g cos@) : U ECT] C C”
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Cosines of linear spaces

(ay; ap - ag,)
A=(a a -~ a) = dyy dpp Uy NG
\aml am2 amn)

v aj,cos(ul’ coos Uy) = coS(a; - u) = cos(aguy + -+ + ayit,)

L icos = 1T g coss s T g cos@) : U ECT] C C”

Example. <é i 2> ——  (cos(uy + 2u,), cos(u; + u,), cosQu; + 3u,) )
(1 X )
det|lx 1 z|=1-x>—y>"—2>4+2xyz =0
SRR

18



Cosines of linear spaces

Theorem. The Chebyshev variety 2, . is irreducible of dimension rank(A).
It is obtained as the closure of the projection to C” of

Y = {(xu) € C"X(C\{0))" : u € Yy, u? = 2x;+ 1 = 0)
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Cosines of linear spaces

Theorem. The Chebyshev variety 2, . is irreducible of dimension rank(A).
It is obtained as the closure of the projection to C” of

Y = {(cu) €C"X(C\{0})" : u € Yy, uf = 2xu;+ 1 = 0)

1 1 2

Example: —
P A 2 1 3

f = ulu2 -u3;

fooo (F/. {ul>x + Sqrt[x”*"2-1], u2->y+ Sqrt[y*2-1], u3 »z + Sqrt[z*2-1]});
fool = (f/. {ul>x + Sqrt[x*2-1], u2->y+ Sqrt[yr2-1],u3 »z - Sqrt[z”r2-1]1});
fe1o = (f/. {ul>x + Sqrt[x*"2-1], u2-»>y- Sqrt[y*2-1],u3 >z + Sqrt[z”~2-1]1});
foll = (f/. {ul->x + Sqrt[x*2-1], u2-»>y- Sqrt[y*2-1],u3 »z - Sqrt[z”r2-1]1});
f100 = (f/. {ul>x - Sqrt[x*2-1], u2->y+ Sqrt[y”*2-1],u3 »z + Sqrt[z”r2-1]1});
f101 = (f/. {ul>x - Sqrt[x*"2-1], u2->y+ Sqrt[yr2-1],u3 »z - Sqrt[z”r2-1]1});
f110 = (f/. {ul>x - Sqrt[x*"2-1], u2-»>y- Sqrt[y*2-1],u3 >z + Sqrt[z”r2-1]1});
f11l1 = (f/. {ul>x - Sqrt[x*2-1], u2 >y - Sqrt[y”*2-1],u3 »z - Sqrt[z”r2-1]1});
Simplify[fO00 » TOO1l » TO10 % TO11l » 100 » T101 » f110 » f111]

outat1= 16 (-1 +x? +y? -2xyz+2z%)?

19



Cosines of linear spaces

Let Py .os = Conv(A U —A)

Theorem. Under mild assumptions on A, we have 2deg X' .., = m!vol P,
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Cosines of linear spaces

Let Py .os = Conv(A U —A)

Theorem. Under mild assumptions on A, we have 2deg X' .., = m!vol P,

fi{(w) = ¢;o+c;cos(ay - u) + -+ + ¢;,cos(a,-u)=0, i=1,...,m
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Cosines of linear spaces

Let Py .os = Conv(A U —A)

Theorem. Under mild assumptions on A, we have 2deg X' .., = m!vol P,

fi{(w) = ¢;o+c;cos(ay - u) + -+ + ¢;,cos(a,-u)=0, i=1,...,m

_ A/-1u
v=e
va 4+ pT4a v 4y
fi(v) = ¢p+¢; > + -+ ¢y, 5 =0

20



Cosines of linear spaces

Let Py .os = Conv(A U —A)

Theorem. Under mild assumptions on A, we have 2deg X' .., = m!vol P,

fi{(w) = ¢;o+c;cos(ay - u) + -+ + ¢;,cos(a,-u)=0, i=1,...,m

64 pairs of real solutions

20



Cosines of linear spaces
(1) o

N

h

dz] — 16237513 4+ 12030075 — 427 + 1625 — 2475 + 8T5x3 + 975 — 62925 + 25 = 0

(1,1,1), (=1,-1,-1), (1,-1,1), (=1,1,-1),
{z1 =0, 425 — 3z = —23}, {225 = —1, 229 — 1 =23}, {22, =1, 227 — 1 = —23}

21
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