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Solving polynomial systems

2

—=& Exact solution (Symbolic)

1 4x4—8x3—2x2—l—8x—1=07
y:2x3—2x2—3x—|—2

Approximate solution (Numeric)

{(1 575665992, 0.1314407890),
(0.1314407890, 1.575665992),
(

(-

1.254847886, —0.9619546675),
0.9619546675, 1.254847886)}
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Solving polynomial systems
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—=& Exact solution (Symbolic)

1 4x4—8x3—2x2—l—8x—1=07
y:2x3—2x2—3x—|—2

Approximate solution (Numeric)

{(1 575665992, 0.1314407890),
(0.1314407890, 1.575665992),
(

(-

1.254847886, —0.9619546675),
0.9619546675, 1.254847886)}

Symbolic-numeric method

@ Use symbolic formulation to linearize problem.

@ Solve using numerical linear algebra.
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Solving polynomial systems

2

—=& Exact solution (Symbolic)

1 4x4—8x3—2x2—l—8x—1=07
y:2x3—2x2—3x—|—2

Approximate solution (Numeric)

{(1 575665992, 0.1314407890),
(0.1314407890, 1.575665992),
(

(-

1.254847886, —0.9619546675),
0.9619546675, 1.254847886)}

Symbolic-numeric method

© Use symbolic formulation to linearize problem. < Today

@ Solve using numerical linear algebra.
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@ Joint work with Jean-Charles Faugere, Angelos Mantzaflaris, and
Elias Tsigaridas.

o "Koszul-type determinantal formulas for families of mixed multilinear
systems” [arXiv:2105.13188]

o “Bilinear systems with two supports: Koszul resultant matrices,
eigenvalues, and eigenvectors” [arXiv:1805.05060]

@ New symbolic-numeric algorithm to solve mixed multilinear systems.

e For example, the Multiparameter Eigenvalue Problem (MEP)

@ We introduce new Macaulay and Koszul-type matrices.
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The resultant

Projective resultant

Necessary and sufficient condition for a homogeneous system in
(fo,...,f) € C[xo, ..., %)™ to have solutions in P".
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The resultant

Projective resultant

Necessary and sufficient condition for a homogeneous system in
(fo,...,f) € C[xo, ..., %)™ to have solutions in P".

Example : Resultant of linear forms = Determinant

aix+ay+azz=0
The system ¢ by x+ by + b3z=0 has a solution over P2
ax+ecy+cz=0

)

a a a3
det | b1 by b3 =0.
i €& C3
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The resultant

Projective resultant

Necessary and sufficient condition for a homogeneous system in
(fo,...,f) € C[xo, ..., %)™ to have solutions in P".

Example : Resultant of linear forms = Determinant

Example : Resultant of binary forms = Det of Sylvester matrix

2 2 _
{ Zi );3 j; 7722 );gly—i_—i—aiJ:x y2?k bay? = 0 has a solution over P!
ay da asj 0 0
0 & a a3 O
det 0 0 a a a3 =0.
bi b b3 by O
0 by by by by
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Sylvester-type formulas

Classical way of computing resultant — Sylvester-type formula
n
(g07 e 7gn) = Zgl fl
i=0

Macaulay resultant matrix [Macaulay, 1916]

x> xy xz y?> yz Z2°

fl day a2 as a, as ae

o 2
fi = a1x2—i—a2xy+a3x22+ xf | by by b
ay +asyz+aez
yh by by bs
f2:: b1X+b2y+b3Z £ bz bz
3= aax+oy+cz o 1
yf a o G
zf3 c1 C2 c3

Determinant = Resultant - | ExtraFactor
| ——

Minor of the matrix
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Sylvester-type formulas

Classical way of computing resultant — Sylvester-type formula
n
(g07 e 7gn) = Zgl fl
i=0

Macaulay resultant matrix [Macaulay, 1916]

x> xy xz y?> yz Z2°

fl day a2 as a, as ae

o 2
fi = a1x2—i—a2xy+a3x22+ xf | by by b
ay +asyz+aez
yh by by bs
f2:: b1X+b2y+b3Z £ bz bz
3= aax+oy+cz o 1
yf a o G
zf3 c1 C2 c3

Determinant = Resultant - | ExtraFactor
| ——

Minor of the matrix

Determinantal formula — ExtraFactor is a constant.
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Solving via Sylvester-type formulas

@ We want to compute the two solutions «, 3 € P? of

fi = 1x2~&——1xy—|—4xz—i——2y2—l——5yz—|—3z2
hi= 1Ix+—-1y+—-1z
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Solving via Sylvester-type formulas

@ We want to compute the two solutions «, 3 € P? of
{ fir= 1x>+ —1xy+4xz+—-2y>+-5yz+32°
hi= 1Ix+—-1y+—-1z
@ Introduce fy:=—1x+4+2y+1z and consider a Sylvester-type formula.
x> xy xz y*|lyz Z2°

11 -1 4 —2[-5 3
11 —1 -1
( Mii | Mio ) _ X1

f; 1 -1 -1
Mo | M2 ié 1 -1 -1

yh -1 2 1

21, 1 2 1
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Solving via Sylvester-type formulas

@ We want to compute the two solutions «, 3 € P? of
{ fir= 1x>+ —1xy+4xz+—-2y>+-5yz+32°
hi= 1Ix+—-1y+—-1z
@ Introduce fy:=—1x+4+2y+1z and consider a Sylvester-type formula.
x> xy xz y*|lyz Z2°

11 -1 4 —2[-5 3
11 —1 -1
( Mii | Mio ) _ X1

f; 1 -1 -1
Mo | M2 ié 1 -1 -1

yh -1 2 1

21, 1 2 1

@ Schur complement of M, <> Multiplication map of% in Clx, y, z]/{fi, &2)

~ _ 0 4
Moo= Mo — M Ml,ll M, = ( 10 >
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Solving via Sylvester-type formulas

@ We want to compute the two solutions «, 3 € P? of

fii= 1>+ —1xy+4xz+—2y>+ —5yz+32
hi= 1Ix+—-1y+ -1z

@ Introduce fy:=—1x+2y+1z and consider a Sylvester-type formula.

fi 1 -1 4 -2
xfy 1 -1 -1
(M11 Mlz), y 1 -1
My1 | Mz zf 1
v =1 2 1
zfy —1 ‘

—5 3

@ Schur complement of M, > <+ Multiplication map of% in Clx, y, z]/{(fi, 2)

~ _ 0 4
Moo =Moo — M, M1711 My, = ( 10 >
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Solving via Sylvester-type formulas

@ We want to compute the two solutions «, 3 € P? of

fi = 1x2~&——lxy—|—4xz—i——2y2—l——5yz—|—3z2
hi= 1Ix+—-1y+—-1z

@ Introduce fy:=—1x+4+2y+1z and consider a Sylvester-type formula.

f 1 -1 4 -2
xfy 1 -1 -1
(Mll Mlz), yh 1 -1
Mya | My )~ 265 1
vh =1 2 1
zfy —1 ‘

@ Schur complement of M, <+ Multiplication map of % in C[x,y, z]/{f, f)

—5 3

0 4
N 10

@ Eigenvalues of M, [Lazard, 1981]
—(a)=2 and @(ﬂ) = —2.

V4 z

/\772,2 =My — Mo, Ml_ll M, = (
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Solving via Sylvester-type formulas

@ We want to compute the two solutions «, 3 € P? of

fi = 1x2~&——lxy—|—4xz—i——2y2—l——5yz—|—3z2
hi= 1Ix+—-1y+—-1z

@ Introduce fy:=—1x+4+2y+1z and consider a Sylvester-type formula.
f 1 -1 4 —2| -5 3
xb 1 -1 -1
M 1 M o _ yh 1 —1 —1
Vo1 | Moo ) = 2 1 -1 -1

YV -1 2 1
zfy —1

@ Schur complement of M, <+ Multiplication map of % in C[x,y, z]/{f, f)

=~ _ 0 4
Moo =M p — My Ml,ll M, = ( 10
@ Eigenvalues of /\772,2 [Lazard, 1981]
fo fo
2@ and D)
@ Eigenvectors of Ms o [Auzinger & Stetter, 1988]

(v)=(1) = (3)-(7)
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We want to compute the two solutions a similar system

= 1x*+ —1xy+4xz+—-2y>+-5yz+32°
f2:: @X+—1y+_12

We introduce fy := —1x+ 2y + 1z and consider a Sylvester-type formula.
x> xy xz y?|lyz Z?
f 1 -1 4 -2|-5 3
xfh | 0 -1 -1
M| Mo\ : 11l —
Vi i = yh 0 1 1
2,1 2,2 26 @ 1 -1
yfo -1 2 1
zf -1 2 1

The submatrix My 1 not invertible = we cannot compute Schur complement.

Why? Because the ExtraFactor vanishes.
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Solving polynomial systems using the resultant

a € P" solution
of the system

(..., 1)

Homogeneous square
system (f1,...,f,)

Y
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a € P" solution
of the system

(..., 1)

Homogeneous square
system (f1,...,f,)
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Add fy

Y
Resultant of
(ﬂ)aﬁn"')fn)




Solving polynomial systems using the resultant

a € P" solution
of the system

(..., 1)

Homogeneous square
system (f1,...,f,)

Y

Add fy

Y
Resultant of
(ﬂ)aﬁn"')fn)

!

Sylvester-type

formula




Solving polynomial systems using the resultant

a € P" solution
of the system
(..., 1)

Homogeneous square
system (f1,...,f,)

Y

Add fy

Y
Resultant of
(fo, f1,. .., fa)

!

Sylvester-type

| fo(a) eigenvalue
Schur of Mp»
complement

My My M1 Mo
Mz1 Mz o 0 M,

formula




Solving polynomial systems using the resultant

« € P" solution

Homogeneous square
& e say of the system

system (fi,..., 1)

Y

(f,..., 1)
Add fy
Y
Resultant of
(fo, fi,-.. )
Sylvester-type _| fo(a) eigenvalue | | Coordinates of « from
Schur of My ~ 7| eigenvector of M2
formula ’ ;

complement

My My M1 Mo
Ma1 Mo 0 M,




Solving polynomial systems using the resultant

« € P" solution

Homogeneous square
& us squ of the system

system (f1,...,f,)

Y

(f,..., 1)
Add fy
Y
Resultant of
(fo, fi,-.. )
Sylvester-type _| fo(a) eigenvalue | | Coordinates of « from
Schur of My ~ 7| eigenvector of M2
formula ’ ;

complement

|:M1,1 M1,2:| [Mm "jm} Problems
Moy Mz, 0 M2] | Numeric: My (almost) singular
Symbolic: My ; too big




Solving polynomial systems using the resultant

« € P" solution

Homogeneous square
& us squ of the system

system (f1,...,f,)

Y

(fi,...,f)
Add fy
Y
Resultant of
(fo, fay-- -y 1n)
Sylvestt'ar—type | fo() eigenvalue | | Coordinates of « from
determinantal Schar of My, ~ | eigenvector of M,
formula

complement

My My M1 Mo
Mz1 Mz o 0 M,
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The Koszul complex

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, Z]

fi:=1x>+ —1xy+4xz+—2y>’+ —5yz+32>
h=0x+—-1y+ -1z
for=—1x+2y+1-z

-h f 0 fi
—fo 0 £ f
[ —f fi] 0 —f 6 f
Ke:0— R(—4) -2 R(=32@&R(-2) % R(-2)&R(-12 %R -0

v
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The Koszul complex

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, Z]

fi:=1x>+ —1xy+4xz+—2y>’+ —5yz+32>
h=0x+—-1y+ -1z
for=—1x+2y+1z

-h f 0 fi
—fo 0 £ f
[ —f fi] 0 —f 6 f
Ke:0— R(—4) -2 R(=32@&R(-2) % R(-2)&R(-12 %R -0

v

Resultant does not vanish if and only if ...

@ Koszul complex exact, that is, (Vi) Im(d;11) = Ker(d;).
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The Koszul complex

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, Z]

fi:=1x>+ —1xy+4xz+—2y>’+ —5yz+32>
h=0x+—-1y+ -1z
for=—1x+2y+1z

-h f 0 fi
—fo 0 £ f
[ —f fi] 0 —f 6 f
Ke:0— R(—4) -2 R(=32@&R(-2) % R(-2)&R(-12 %R -0

v

Resultant does not vanish if and only if ...
@ Koszul complex exact, that is, (Vi) Im(di+1) = Ker(d;).

@ For any d > Z(degree(f;) — 1)+ 1, complex at degree d, (K,)q, is exact.
Linearization!

Macaulay bound
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The Koszul complex

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := C[x, y, z]

fi=1x>4+ —-1xy+4xz+—-2y>+-5yz+32°
fh=0x+—-1y+ -1z

for=—1x+2y+1z 3 4 1 _5-1-2
-10 —1
—-10 —1
—-10 -1
1 -1 2
1 -1 2
(K)o : 0 Ry (012271071 o e L N S

Macaulay Matrix

Resultant does not vanish if and only if ...

| A\

@ For any d > > (degree(f;) — 1) + 1, complex at degree d, (K. )q, is exact.

v
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The Koszul complex

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Clx, y, Z]
fi=1x>4+ —1xy+4xz+—-2y>+ —5yz+32>
L =0x+—-1y+ -1z .
for=—1x4+2y+1z

1 -01 3 41-5-1-2
-1 1 -2 3

4 1-5-—-1-2

-1 1 —2 -10 -1
—11 —2 —10 —1
. > 11 —2 —10 —1 2
(Ke)s: 0o Ry & Ry R @& R;
r3 4 1 —5—1 —2 b
3 4 1 —5 -1 —2
3 4 1 —5-1-2
-1 0 -1
—1 —1
-1 0 —1
-1 0 —1
—10 —1
-1 0 —1
1 -1 2
1 -1 2
1 -1 2
1 -1
1 -1 2
1 -1 2|
Rz — 0

Macaulay Matrix
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fi= 1x°+—1xy+4xz+—-2y?>+ —5yz+322
h:= 0x+—-1y+ -1z .
for= —1Ix+2y+1z 34 1 _5-1-2
—10 —1
—-10 —1
~10 1
1-1 2
1 -1 2
(K.)2:0—>Ro[0 11-2-10 —1] Ro & R2 L2 o
Macaulay Matrix
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322
hi= Ox+—-1y+—1z

for= —1x+2y+1z 34 1 _5-1-2
40 -1
-10 -1
-104
1-1 2
1 -1 2
(K.)2:0—>Ro[0 11-2-10 1]ROEBR12 1 -12

Macaulay Matrix

R>

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322
hi= Ox+—-1y+—1z

for= —1x+2y+1z 34 1 _5-1-2
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R>

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322

h:= 0x+—-1y+ -1z

e A A 34 1-5-1-2
10 -1
~10 41
1-1 2
1 -1 2
o[Zi]1 —2—10 -1 1 -12
(K.)Q:oﬁRo[ ] Ry @ R?

Macaulay Matrix

R>

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322

h:= 0x+—-1y+ -1z

e A A 34 1-5-1-2
10 -1
~10 1
1-1 2
1 -1 2
0 —1j1}]-2—-10 -1 1 -12
(K.)220—>R0[ . ] RoEBRlz R2

Macaulay Matrix

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322

h:= 0x+—-1y+ -1z

for= —1x4+2y+1z 34 1 —5-1-2
—10 -1
—-10 -1
+—0—1-
1-1 2
1 -1 2
0 -1 1]-2F10 -1 1 —-12
(K.)Q:oﬁRo[ ] Ry @ R?

Macaulay Matrix

R>

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322

h:= 0x+—-1y+ -1z

e A A 34 1-5-1-2
10 -1
10 -1
~10 41
1 -1 2
0 —11 —f=1]o -1 1 -12
(K.)Q:oﬁRo[ ]R()@Rlz

Macaulay Matrix

R>

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322
hi= Ox+—-1y+—1z

e A A 34 1-5-1-2
10 -1
10 -1
104
1-1 2

1 -12
Macaulay Matrix

0 -11-2-1)0|-1
(K.)Q:oﬁRo[ [ ]ROEBRlz

R>

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fi= 1x°+—1xy+4xz+—-2y?>+ —5yz+322
h:= 0x+—-1y+ -1z
for= —1Ix+2y+1z 34 1 _5-1-2
—10 —1
—-10 —1
~10 1
1-1 2
1 -1 2
(K.)220—>R0[0 Ll 2 lom RoEBRlz i 1_6 R2
Macaulay Matrix

Cayley method: Compute resultant as determinant of chain complex.
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The Cayley method

Vanishing of the resultant equivalent to exact chain complex.

Koszul complex in R := Cl[x, y, 2]

fir= 1xX®°+—-1xy+4xz+—-2y>+—-5yz+322
hi= Ox+—-1y+—1z

for= —1x+2y+1z 34 1 _5-1-2
40 -1
-10 -1
-104
1-1 2
1 -1 2
(K.)2:0—>Ro[0 11-2-10 —1] Ry & R? 1 -12 Ry

Macaulay Matrix

Cayley method: Compute resultant as determinant of chain complex.

Nice intro: “Resultant as Determinant of Koszul Complex”
by Anokhina, Morozov and Shakirov  [arXiv 0812.5013]
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Determinantal formulas

Cayley method: Compute resultant as determinant of chain complex.
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Determinantal formulas

Cayley method: Compute resultant as determinant of chain complex.
If complex has only two non-zero terms, that is

K.ZO—>K16—1>K0—>O

Then, determinantal formula — Determinant of K, = Determinant of 4;.
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Determinantal formulas

Cayley method: Compute resultant as determinant of chain complex.
If complex has only two non-zero terms, that is

K.ZO—>K16—1>K0—>O

Then, determinantal formula — Determinant of K, = Determinant of §;.

fir=a1 x> +ayxy+ a3 y?
fri=by1 x>+ byx?y 4+ b3 xy?+ by y?

f
Ko :0 — R(—5) =], R(~3) ® R(~2) M R—0

V.
Matias BENDER Determinantal formulas for MEP March 21, 2024 10 / 25



Determinantal formulas

Cayley method: Compute resultant as determinant of chain complex.

If complex has only two non-zero terms, that is

K.ZO—>K16—1>K0—>O

Then, determinantal formula — Determinant of K, = Determinant of §;

fir=a1 x> +ayxy+ a3 y?
fri=by1 x>+ byx?y 4+ b3 xy?+ by y?

f
5-4] g
Ke:0— R(—5) —— = R(-3)® R(-2) —— R—0
ay az a3z
ay a2 a3
a a2 a3
d] a2 a3
by by bs bs
b1 by b3 by
[b1 by b3 by —a1 —ap —as3 | by by bs bs
(K.)5:0—)R0 R ® Rs Rs — 0
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Determinantal formulas

Cayley method: Compute resultant as determinant of chain complex.

If complex has only two non-zero terms, that is

K.ZO—>K16—1>K0—>O

Then, determinantal formula — Determinant of K, = Determinant of §;.

fir=a1 x> +ayxy+ a3 y?
fri=by1 x>+ byx?y 4+ b3 xy?+ by y?

Ke : 0 — R(—5)
ai az
ai
b1 b
by

(K)a: 0505 R &R,

=

as
ar
ai
bs
b

as
ar
by
bs

R(—3)® R(~2) —2+ R -0

4

as

Sylvester matrix

Ry — 0

Matias BENDER Determinantal formulas for MEP
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Recap

@ Resultant: Necessary and sufficient condition for (fo, ..., f,;) to have
solutions on P".
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@ Resultant: Necessary and sufficient condition for (fy, ..., f,) to have
solutions on P".

@ Sylvester-type formula: square Macaulay matrix st

Determinant = Resultant :- ExtraFactor
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@ Resultant: Necessary and sufficient condition for (fy, ..., f,) to have
solutions on P".
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@ Resultant: Necessary and sufficient condition for (fy, ..., f,) to have
solutions on P".

@ Sylvester-type formula: square Macaulay matrix st

Determinant = Resultant - ExtraFactor

@ We can use Sylvester-type formulas to solve (fi,. .., f,) (linearization)

@ Problems with ExtraFactor
o If almost vanishes, numerical problems

e If it is too big, high complexity
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@ Resultant: Necessary and sufficient condition for (fy, ..., f,) to have
solutions on P".

@ Sylvester-type formula: square Macaulay matrix st
Determinant = Resultant - ExtraFactor

@ We can use Sylvester-type formulas to solve (fi,. .., f,) (linearization)

@ Problems with ExtraFactor
o If almost vanishes, numerical problems

e If it is too big, high complexity

e Cayley method: resultant as the determ. of complex (e.g., Koszul)
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@ Resultant: Necessary and sufficient condition for (fy, ..., f,) to have
solutions on P".

@ Sylvester-type formula: square Macaulay matrix st
Determinant = Resultant - ExtraFactor
@ We can use Sylvester-type formulas to solve (fi,. .., f,) (linearization)

@ Problems with ExtraFactor
o If almost vanishes, numerical problems

e If it is too big, high complexity

Cayley method: resultant as the determ. of complex (e.g., Koszul)

Determinantal formula: ExtraFactor = non-zero constant.

Matias BENDER Determinantal formulas for MEP March 21, 2024 11 / 25



Multihomogeneous systems

(Affine) Generalized Eigenvalue Problem

(2 a]0[7 Do
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Multihomogeneous systems

(Affine) Generalized Eigenvalue Problem

(2 a]0[7 Do

24+ 6w—-2X+4Aw=0
—1+20w+0X+20Aw =0
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Multihomogeneous systems

(Affine) Generalized Eigenvalue Problem

(2 a]0[7 Do

24+ 6w—-2X+4Aw=0
—1+20w+0X+20Aw =0

4

Two solutions
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Multihomogeneous systems

(Affine) Generalized Eigenvalue Problem

(2 a]0[7 Do

24+ 6w—-2X+4Aw=0
—1+20w+0X+20Aw =0

4

Two solutions

Matias BENDER

{

Determinantal formulas for MEP

Generic polyns of degree 2 in C[\, w]

N—w? 4 Aw—2\+6w+2=0
N 42w + 2w +2w—A+w—20=0

Four solutions

March 21, 2024 12 / 25



Multihomogeneous systems

Generalized Eigenvalue Problem
2 6 -2 4 1
([l o al)[a]-

{ 2 + 6 w—=2X +4X\w=0

1 420 w+0XA +20Aw=0 ©
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Multihomogeneous systems

Generalized Eigenvalue Problem
2 6 -2 4 %
(Lo ][5 a]) [0 ]

2pv+ buw =2 Av+4Aw=0
{—1yv+20,uw+0/\v+20/\W:O € Clu, Al © Clv, wh
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Multihomogeneous systems

Generalized Eigenvalue Problem
2 6 -2 4 v
(Lo ][5 a]) [0 ]

{ 2uv+ buw—-2Av+4 w=0

—1pv+20uw+0Av+20Aw=0 € Clu, A\l @ Clv, wh

| We look for solutions in P! x P! |
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Multihomogeneous systems

Generalized Eigenvalue Problem
2 6 -2 4 v
(Lo ][5 a]) [0 ]

{ 2uv+ buw—-2Av+4 w=0

—1pv+20uw+0Av+20Aw=0 € Clu, A\l @ Clv, wh

| We look for solutions in P! x P! |
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Multiprojective resultant

Multiprojective space P™ X - .- x P™ ¢ Multihomogeneous polynomials.

Multiprojective resultant

Necessary and sufficient cond. for a multihomogeneous sys. (fo, ..., foj+...4n,) €
(Clx10-+ - X1m] ® - @C[Xr0- - Xr.0,])™T T+ to have sols. in P™ x -+ x P,
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Multiprojective resultant

Multiprojective space P™ x --- x P™ <+ Multihomogeneous polynomials.

Multiprojective resultant

Necessary and sufficient cond. for a multihomogeneous sys. (fo, ..., foj+...4n,) €
(Clx10-+ - X1m] ® - @C[Xr0- - Xr.0,])™T T+ to have sols. in P™ x -+ x P,

v

Weyman complex [Weyman, 1994]

@ Complex parameterized by vector m. Its determinant is the resultant.

@ Strategy — Find m st Weyman complex gives determinantal formula.
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Multiprojective resultant

Multiprojective space P™ x --- x P™ <+ Multihomogeneous polynomials.

Multiprojective resultant

Necessary and sufficient cond. for a multihomogeneous sys. (fo, ..., foj+...4n,) €
(Clx10-+ - X1m] ® - @C[Xr0- - Xr.0,])™T T+ to have sols. in P™ x -+ x P,

Weyman complex [Weyman, 1994]

@ Complex parameterized by vector m. Its determinant is the resultant.

@ Strategy — Find m st Weyman complex gives determinantal formula.

Sylvester-type determinantal formulas

@ Unmixed case (same multidegree)
[Sturmfels, Zelevinsky, 1994], [Weyman, Zelevinsky, 1994], [Dickenstein, Emiris,
2003], [Emiris, Mantzaflaris, 2012], [Emiris, Mantzaflaris, Tsigaridas, 2021]

@ Mixed case (different multidegree)
[Busé Mantzaflaris Tsigaridas, 2017], [B. Faugére Mantzaflaris Tsigaridas, 2021]
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Applications : Multiparameter Eigenvalue Problem

Generalized Eigenvalue Problem

(122 0] ) 2]
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem

7 -3 12 2 7 -1 Yo
Ao + M + X2 =0
8 -2 13 1 7 -1 "
7 -1
+ A1
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)

7 -3 12 2 7 -1 Yo
Ao + M + X2 =0
8 -2 13 1 7 -1 "
7 -1
+ A1
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Clvo, 1
(C[on >‘1’ )‘2]1 O
2 €quations O (C[Wm W1]1

(e 2] D )
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Clvo, 1

(C[on >‘1’ )‘2]1 O
2 €quations O (C[Wm W1]1

(—8)\0+13)\1—7)\2) (—2)\0+>\1—)\2)

Vi

[(—7A0+12A1—7A2) (—3A0+2A1—A2)1 [VO]—O

(—11)\04-7)\1—4)\2) (—3)\0—)\1) wo 0
(4200 + A1 — A2) (Mo 421 — o) B
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Clvo, 1

(C[on >‘1’ )‘2]1 O
2 €quations O (C[Wm W1]1

(=7 + 1220 = 7)) o+ (—=3X0+2M —X)wvu =0
(=820 + 131 — 7Aa) 1o + (=220 + A1 — Aa) v = 0
(1120 + 7 A1 — 4A0) wo + (—3X0 — A1) wi = 0
(Axo+ M=) wo+(No+2X1— ) wy =0
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Applications : Multiparameter Eigenvalue Problem

@ Generalization of the Generalized Eigenvalue Problem
@ Applications in physics (Sturm-Liouville theory)
@ It is a square star multilinear system

2 equations O Clvo, 1

(C[on >‘1’ )‘2]1 O
2 €quations O (C[Wm W1]1

A=(=TX+12XM —7TX) o+ (-3 +2X1—X)w
foi= (=8 X0 + 1301 — TAa) vo + (=2 X0 + A1 — \o) v
i=(=11X+7M —4X) wo+ (-3 — M) wm
o=@ o+ M=) wo+Mo+2M — ) wm
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Applications : Multiparameter Eigenvalue Problem

)\2) V1
/\2) %1

fii= (=T +12X —7X2) vo+ (=3 X0 +2N\; —
fri=(—8Xo+13A1 — 7 X2) vo+ (—2 X0+ A1 —
fi=(=11 X0 +7A —4X) wo+ (=3 X — A1) w1
o= (420 + A — X2) wo+ (Ao +2A1 — X)) wy

1[B., Faugére, Mantzaflaris, & Tsigaridas, 2021]
Matias BENDER Determinantal formulas for MEP
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Applications : Multiparameter Eigenvalue Problem

fii=(=TA+12X =7 X)) vo+ (=3X0+2A1 — X)) v
fri=(—8Xo4+13A1 —7X2) vo+ (—2Xo 4+ A1 — A2) v
fi=(=11 X0 +7A —4X) wo+ (=3 X — A1) w1
o= (420 + A — X2) wo+ (Ao +2A1 — X)) wy

To solve, we add linear f := —Xo +5A1 — 3 2 € C[A]1.

Weyman complex! — Sylvester-type formula

0+ (Clvl @ C[whi) x(C[w]1)? x(C[v]1)* — (C[A1 @ C[v]: ® C[w]1)

( 80, 81,82 g3, 8 ) Z?:o gifi

1[B., Faugére, Mantzaflaris, & Tsigaridas, 2021]
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Applications : Multiparameter Eigenvalue Problem

fii=(=TA+12X =7 X)) vo+ (=3X0+2A1 — X)) v
fri=(—8Xo4+13A1 —7X2) vo+ (—2Xo 4+ A1 — A2) v
fi=(=11 X0 +7A —4X) wo+ (=3 X — A1) w1
o= (420 + A — X2) wo+ (Ao +2A1 — X)) wy

To solve, we add linear fy := —X\g + 51 — 3 A2 € C[A]1.

Weyman complex! — Sylvester-type formula

0+ (Clvly @ Clw]1) x(C[wh1)? x(C[v]1)* — (C[A1 @ C[v]: ® C[w]1)

( 80, 81,82 g3, 8 ) Z?:o gifi

1[B., Faugére, Mantzaflaris, & Tsigaridas, 2021]
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Applications : Multiparameter Eigenvalue Problem

fii=(=TAo+12M =7 X)) vo+ (=3X+2A1 — X)) v
hi=(—8X+13A —7TX) vo+ (-2 X+ A1 — ) v
fi=(=11 X0 +7A —4X) wo+ (=3 X — A1) w1
o= (420 + A — X2) wo+ (Ao +2A1 — X)) wy

To solve, we add linear f := —Xo +5A1 — 3 2 € C[A]1.

Weyman complex! — Sylvester-type formula

0+ (Clvl @ C[w]1) x(C[w]1)? x(C[v]1)* — (C[Al1 @ C[v]: ® C[w]1)

( 80, 81,8 g3, 8 ) Z?:o gifi

1[B., Faugére, Mantzaflaris, & Tsigaridas, 2021]
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Applications : Multiparameter Eigenvalue Problem

fiim (=7 Ao+ 12 A1 — 7X) vo + (=3 Mo+ 20 — X)) v
foi= (=8 Mo+ 1371 — TX2) ¥ + (=220 + A1 — M) me
fri= (=11 X0 +7A —4X) wo+ (=3 X — A1) mg
far=@ o+ M=) wo+(Mo+2A — X)) wmg

To solve, we add linear f := —Xo +5A1 — 3 2 € C[A]1.

Weyman complex! — Sylvester-type formula

0+ (Clvl @ C[w]1) x(C[w]1)? x(C[v]1)* — (C[Al1 @ C[v]s ® C[w],)

( 80, 81,82 83,8 ) Z?:o gifi

1[B., Faugére, Mantzaflaris, & Tsigaridas, 2021]
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Applications : Multiparameter Eigenvalue Problem

0+ (C[vly ® Clwly) x(C[w]1)? x(C[v]1)* — (C[Als ® C[v]y @ Clw])

( 80, g1, 82 83,81 )+ Siosif
[ wofi |—T7 —1 12 2 —7 -3 ]
wi fi —7 -1 12 2 —7 -3
wofy |—7 -1 13 1 —8 -2
w1 b —7 -1 13 1 —8 —2
wh |—4 7 —1 —11 -3
Ml,l Ml,z o V1f§ —4 7 -1 —11 —3
|:M2’1 M2’2:| - Voﬁl -1 -1 1 2 4 1
vify -1 -1 1 2 4 1
VoWofE) —3 5 -1
vows fo -3 5 —1
V1Wof0 *3 5 *1
_V1W1fE) —3 5 —1_
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Applications : Multiparameter Eigenvalue Problem

T woh |—7 -1 12 2 7 3 1
wifi —7 -1 12 2 —7 -3
wof, |—7 -1 13 1 —8 -2
wi —7 -1 13 1 —8 -2
wh |—4 7 -1 —11 -3

M1 M| | wfs —4 7 -1 —11 -3

Moi Map| | wfs |[—1 —1 1 2 4 1
vify -1 -1 1 2 4 1

vowofy| O 1 0

vowi fy 0 1 0

viw fy 0 1 0

Lviwify 0 1 0

We consider fy = A1 and compute “multiplication map” wrt fy
(Schur complement of Ma )

4 3 1 3

~ -6 —2 o -1
My = 3 32 ) 12
5 0%

6 -5 0 3
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Applications : Multiparameter Eigenvalue Problem

T woh |—7 -1 12 2 7 3 1
wifi —7 -1 12 2 —7 -3
wof, |—7 -1 13 1 —8 -2
wi —7 -1 13 1 —8 -2
wh |—4 7 -1 —11 -3

M1 M| | wfs —4 7 -1 —11 -3

Moi Map| | wfs |[—1 —1 1 2 4 1
vify -1 -1 1 2 4 1

vowofy| O 1 0

vowi fy 0 1 0

viw fy 0 1 0

Lviwify 0 1 0

We consider fy = A1 and compute “multiplication map” wrt fy
(Schur complement of Ma )

4 3 1 3

~ -6 —2 o -1
My = 3 32 ) 12
5 0%

6 -5 0 3

and solve the system...
Matias BENDER Determinantal formulas for MEP March 21, 2024 15 / 25



Atkinson's Delta method [Atkinson, 1965]

Al B G
-7 -3 12 2 -7 -1 Vo
Ao +A1 +X =0
-8 -2 13 1 -7 -1 Vi
—-11 -3 7 -1 -4 0 wo
Ao +A\1 +Ao =
4 1 1 2 — -1 wiy

Az By G

DN=B12C—-CG®B
AM=CGRA-ARG

The eigenvalues of pencil (Ag, A1) are the A\j-coordinates of solutions.
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Atkinson's Delta method [Atkinson, 1965]

Al B G

-7 -3
(/\0 [ ] +A1 =0
-8 -2
( [ -11 -3
Ao
4 1
Az By G
DN=B12C—-CG®B
AM=GRA-AIRG

The eigenvalues of pencil (Ag, A1) are the A\j-coordinates of solutions.
Are they multiplication maps?

12 2 -7 -1 Vo
+X

13 1 -7 -1 Vi
7 -1 —4 0 wo

+A1 +A2
1 2

3 1
46 §5 g.) §1
6 3o i
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Atkinson's Delta method [Atkinson, 1965]

Al B G

-7 -3
(/\0 [ ] +A1 =0
-8 -2
( [ -11 -3
Ao
4 1
Az By G
DN=B12C—-CG®B
AM=GRA-AIRG

The eigenvalues of pencil (Ag, A1) are the A\j-coordinates of solutions.
Are they multiplication maps? YES!

12 2 -7 -1 Vo
+X

13 1 -7 -1 Vi
7 -1 —4 0 wo

+A1 +A2
1 2

3 1
46 §5 g.) §1

AEI N = 3 %2 5 l2 — M272
6 3o i
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Atkinson's Delta method [Atkinson, 1965]

-7 -3 12 2 -7 -1 %)
Ao +A1 =0
-8 =2 13 1 -7 -1 %1
—-11 -3 7 -1
Ao
4 1

Az By G
Do=B1G—-G®B
A=CGRA-ARG

The eigenvalues of pencil (Ag, A1) are the A\j-coordinates of solutions.
Are they multiplication maps? YES!

+A1 +A2

4 31 1
4 -6 -2 o -1 .
2 1
6 -5 0 3
Atkinson's Delta method is a sort of Cramer rule for MEP. J
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Atkinson's Delta method [Atkinson, 1965]

The eigenvalues of pencil (Ag, A1) are the Aj-coordinates of solutions.
Are they multiplication maps? YES!

3 1
4 5 1 5
1 -6 -2 o -1 .
% 1
-6 -3 0 3
Atkinson's Delta method is a sort of Cramer rule for MEP. )
146 8 THE SINGULARITY OF SQUARE ARRAYS
Notes for Chapter 8

The result of Section 8.5 was given in Atkinson (1965). It was then
obtained by a different method, which involved the determinant, in the
ordinary sense, of A as a polynomial in the entries of the A4,,, and compared
it with the resultant of the polynomials (8.2.2).

Atkinson, F.V. (1972) Multiparameter eigenvalue problems (Vol. 1) NY Academic Press
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Solving polynomial systems using the resultant

— « solution of
Square multilinear | the system
system (fi,...,f,) ] (i g )
N
Add fy
Y
Resultant of
(fo, fiy -y fn)
Weyman
! complex
3y|vest§r-type| - fo(a) eig~envalue | Coordinates of o from
SIRTMITE Sy of My “ 7| eigenvector of My
formula

complement

My 1 My M1 M2
Mz M 2 0 M,




Solving polynomial systems using the resultant

— « solution of
Square multilinear - the system
system (f1,...,f,) (f £)
9oyl
Add fy
Y
Resultant of
(fo, fay- -5 1n)
Weyman
4 complex
3y|vest§r-type| | fo(a) eigenvalue | | Coordinates of o from
eterminanta Schur of Ma, ~ 7| eigenvector of Ms
formula
complement o ________________ ,
! Great, but... '
Ml,l MLQ N Ml,l Ai’l,Z :S | d ‘F :
M1 Mo 0 Mo |1 vester-type determ. ormu-!
'las does not exist in general. !
' Can we generalize the scheme ? i
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve bilinear system (fi, ..., f,):

° fl?' ) f;’ € C[X]l ®(C[Y]17 ° f;’+1a ) fn € (C[X]l ® (C[Z]l
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve bilinear system (fi, ..., f,):

° fl?' ) f;’ € C[X]l ®(C[Y]17 ° f;’+1a ) fn € (C[X]l ® (C[Z]l

e We introduce a trilinear polynomial fy € C[X]; ® C[Y]1 ® C[Z];.
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve bilinear system (fi, ..., f,):

° fl? SRR) f;’ € C[X]l ®(C[Y]17 ° f;’+17 ) fn € (C[X]l ® (C[Z]l

e We introduce a trilinear polynomial fy € C[X]; ® C[Y]1 ® C[Z];.

@ Weyman complex — Koszul-type formula for the resultant.
e The elements in the matrix are + the coefficients of the polynomials.
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Example : Solving bilinear system with two supports

@ Over P™ x P x P"-, we want to solve bilinear system (fi, ..., f,):

° flw"vf;’ec[x]l@(c[y]l, ° f;’+17"'7fn€(c[x]l®(c[z]1

e We introduce a trilinear polynomial fy € C[X]; ® C[Y]1 ® C[Z];.

@ Weyman complex — Koszul-type formula for the resultant.
e The elements in the matrix are + the coefficients of the polynomials.

Number of solutions Size of the Koszul-type matrix
of (f,..., 1)
r n—r r\ (n—r\ r-(n—r)—ny-n,+n+1
(ny) ( ny ) (nX + 1)(ny)( n, )(r—ny+1)(ny—r—nz+1)

Matias BENDER Determinantal formulas for MEP March 21, 2024 18 / 25



Example : Koszul-type formula

fi = Txoyo + —8xoy1 + —1xiyo + 2x1y1 }

eC[X,Y
f, .= —5xoy0+ Txoy1 + —1xiy0 + —1xiyi [ ]
f3:= —6x20+9%2z1 + —1xiz0+ —2x21 € Clx, Z]

Matias BENDER Determinantal formulas for MEP March 21, 2024 19 / 25



Example : Koszul-type formula

fo := 3 xoy020 + —Ixoy0z1 + —4 x0y120 + 2 Xoy121 X, Y, Z]
+1X1y020 +2 X1Y0Z1 + 2 X1y12p + -2 X1Y121

fi == Txoyo + —8xoy1 + —1x1y0 + 2x101 }

eC[X,Y
f .= =5 xoy0 + 7T xoy1 + —1x1y0 + —1xiy1 [ ]
f3:= —6xp20 + Ox0z1 + —1x120 + —2x121 € C[X, Z]
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Example : Koszul-type formula

fo == 3x0y020 + —1xoy0z1 + —4 X0y120 + 2 X0¥121 eC[X,Y,2Z]
+1x1y0z0 + 2 x1y021 + 2 x1¥120 + —2 x1)121
fi .= Txoyo + —8x0y1 + —1x1y0 + 2 X101
eC[X,Y
f .= =5 xoy0 + 7T xoy1 + —1x1y0 + —1xiy1 | !
f:= —bx0z0 + Ix0z1 + —1x120 + —2x121 e C[X, Z]
r 5 -7 1 1 1
7 -8 -1 2
-1 -1 -5 7
7 -1 -1 —5
1 -2 -7 8
2 9 2 -2 -1 2
2 -2 9 -2 2 -1
1 —6 -1 2 3 -4
| —4 2 —6 -1 1 3 ]
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Square mixed

« solution of

bilinear system
(fi,.o s o)

Add fy

Y

Resultant of
(fo, f1y- .., fa)

Weyman
J complex

Koszul-type

the system
(f,..., 1)

\

Determinantal

formula Schur

complement

Ma1 Mp o

fo(«) eigenvalue
of M272

|:M1,1 M1’2:| |:M1,1 Ml,2j|

0 Mo

Matias BENDER Determinantal formulas for MEP

March 21, 2024
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Example : Generalized Eigenvalue Criterion

fo .=
fi =
f =
=
M1 | Mio
M21 M22

Matias BENDER

XoYozo + —1Ixgyoz1 + —4 xoy120 + 2 Xgy121
+1x1y020 + 2 x1y021 + 2 x1y120 + —2x1y121
Txoy0 + —8xoy1 + —1x1y0 +2x1)1

—5x0y0 + Txoy1 + —1xiyo + —1x1)1
—bx0z0 + Ix0z1 + —1x920 + —2x121

o 0 0 5 -7 1 1 0] 0 o0
o 0o o 7 -8 -1 2 0| 0 0
o -1 0 0 0 0 0 —-1|-5 7
7 0 -1 0 0 0 0 —1| 0 -5
o 1 0 0 0 0 0 —2|-7 8
= 8 0 -2 0 0 0 0 1| 0 -7
o 2 0 9 0 -2 0 —2|-1 2
2 0 -2 0 9 0 -2 2| 0 -1
o 1 0 -6 0 -1 0 2[[3] —4
|4 o 2 0o -6 o0 —1 1| o [3]]
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Example : Generalized Eigenvalue Criterion

fo = Xoyozo + —1xoy0z1 + —4 X0y120 + 2 X0y121
+1x1y020 + 2x1¥021 + 2Xx1y120 + —2X1y121

f: 7xoy0 + —8x0y1 + —1x1y0 + 2 x1y1

= —5xy +7xy1 +—1xiyo + —1xiy1

f:= —bx0z0+9x0z1 +—1x120+ —2x121

roo 0 0 5 —7 1 1 0 0 0 7

0 0 0 7 -8 -1 2 0 0 0

0 -1 0 0 0 0 0 —1| —5 7

M M 7 0o -1 0 0 0 0 —1 0 -5

1,1 1,2 0 1 0 0 0 0 0o —2| —7 8

- 8 0 —2 0 0 0 0 1 0o -7

0 2 0 9 0 -2 0 —2| —1 2

M 2 0 —2 0 9 0 -2 2 0 —1

2,1 M, > o 1 o0 -6 0 -1 0 2 —a
-4 o 2 0o -6 0o -1 1| o ]

/\772,2 = (Mz,z — My - fil . Ml,2) = [2 :ﬂ
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Example : eralized Eigenvalue Criterion

fo = Xoono + —1lxoyoz1 + —4 x0y120 + 2 Xoy121
+1x1y020 + 2x1y021 + 2x1y120 + —2 x1y121

h = Txoyo+ —8xoy1 + —1x1y0+ 2xiy1
h:= —5xy +7xy1+—1xiy0+—1xiy1
f:= —bxpz0+9x0z1+ —1x120 + —2x121
o o o0 5 -7 1 1 0] 0 07
o o o 7 -8 -1 2 0| 0 o0
o -1 0o o0 0 0 o0 —1|-5 7
M M 7 o -1 0 0o 0 0 —-1| 0o =5
1,1 1,2 0 1 0 0 0 0 0 -2 | =7 8
- 8 0 -2 0o 0 ©0 o0 1] 0o -7
o 2 0 9 0 -2 0 —2|-1 2
M 2 0o -2 0o 9 o —2 2| 0o -1
2,1 M, > o 1 0o -6 0 —1 o0 2 —a
—4 0o 2 0o -6 0 -1 _1| o ]

Ms —(/V’zz—/\/’zl M£11~M12): {i:f]

Eigenvalues of M,

(1:1;1:1;1:1))=3
((1:3; 1:2; 1:3)) =1

XO.VOZO

1
(13, 2

XO}’OZO
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Square mixed

bilinear system
(..., 1)

Add fy

Y

Resultant of
(fo, fry- .. fa)

Weyman
J complex

Koszul-type

\

« solution of
the system

(..., 1)

Determinantal
formula

Mi,1 My
Ma1 Mp o

fo(ar) eigenvalue |

of M2,2

Coordinates of a from
eigenvector of M »

complement

My Mi
0 Mz)z

Matias BENDER
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Example : Generalization of the eigenvector criterion

b ((1:3; 1:2; 1:3)) =1 =

X0Y020

We can not recover (1:3; 1:2; 1:3) from {%}
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Example : Generalization of the eigenvector criterion

b ((1:3; 1:2; 1:3)) =1 =

X0Y020

We can not recover (1:3; 1:2; 1:3) from {%}

We extend v — v s.t.

My > . f . 0 [%} .

NROOWNRSWA

(1~8x0+3-6x1)®(1~1~8y02+1~2-8y03}/1+2-2~8y12
(1:0x0+3-9x)®(1- 9y +2-0y1)®1

~—

®1

Matias BENDER Determinantal formulas for MEP March 21, 2024 23 / 25




Solving Mixed Square Multilinear Systems

Let (f1,...,f) € (C[X1]® - @ C[Xa] @ C[Y1] ® - - - @ C[YB])".
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Solving Mixed Square Multilinear Systems

Let (f,...,f) € (C[X1]® - @ C[Xa] @ C[Y1] ® --- ® C[Y5B])".
@ Star multilinear system: For every f;, there is ji such that

f € (C[Xl]l R... C[XA]l X C[ij]l

*O Cl[Y1lh
ClXi)1 ® - @ C[Xal1 O 2

\O (C[Y2]1

O ClYal,
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Solving Mixed Square Multilinear Systems

Let (f,...,f) € (C[X1]® - @ C[Xa] @ C[Y1] ® --- ® C[Y5B])".
@ Star multilinear system: For every f;, there is ji such that

f € C[Xl]l R... C[XA]l X C[ij]l

*O Cl[Y1lh
ClXi)1 ® - @ C[Xal1 O 2

\O (C[Y2]1

O C[ ¥zl
@ Bipartite bilinear system: For every fy, there are iy and jx such that
fi € C[X; ]1 ® C[Y,]1

X 0%
CX:1 O x O el
(C[XA]: O 2 O C[Ys]
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Weyman complex — Determinantal formula

Sylvester- and Koszul-type formulas

Eigenvalues/Eigenvectors
(Evaluation of the solutions/coordinates of the solutions)

Sylvester- and Koszul-type determinantal formula for the resultant

Extension of the Eigenvalue and Eigenvector criteria

Applications to the Multiparameter Eigenvalue Problem

Can we exploit structure of Koszul-type formulas?

@ What can we say numerically?
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@ Weyman complex — Determinantal formula

@ Sylvester- and Koszul-type formulas

e Eigenvalues/Eigenvectors
(Evaluation of the solutions/coordinates of the solutions)

@ Sylvester- and Koszul-type determinantal formula for the resultant
@ Extension of the Eigenvalue and Eigenvector criteria

@ Applications to the Multiparameter Eigenvalue Problem

Thank you!

[arXiv:1805.05060]
e What can we say numerically? [arXiv:2105.13188]
4

@ Can we exploit structure of Koszul-type formulas?
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R

The Koszul complex associated to ¢ is not exact,

0— R(=3,-3) = R(—=2,-2)* = R(-1,-1)* S R = 0
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R

The Koszul complex associated to ¢ is not exact,

0— R(=3,-3) = R(—=2,-2)* = R(-1,-1)* S R = 0

But locally, at each point of X, it is because no common solutions.
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R

The Koszul complex associated to ¢ is not exact,
0— R(=3,-3) = R(—=2,-2)* = R(-1,-1)* S R = 0

But locally, at each point of X, it is because no common solutions.

We get exact complex of sheaves K,

05 0x( —3, —-3)—=0x( -2, —-2°2=0x( -1, —1)P°—=0x —0.
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R

The Koszul complex associated to ¢ is not exact,
0— R(=3,-3) = R(—=2,-2)* = R(-1,-1)* S R = 0

But locally, at each point of X, it is because no common solutions.

We get exact twisted complex of sheaves Ko ® Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.
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Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R

The Koszul complex associated to ¢ is not exact,
0— R(=3,-3) = R(—=2,-2)* = R(-1,-1)* S R = 0

But locally, at each point of X, it is because no common solutions.

We get exact twisted complex of sheaves Ko @ Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.

Via sheaf cohomology, transform this complex into exact complex of vect. spaces.
v

Matias BENDER Determinantal formulas for MEP March 21, 2024 26 / 25



Sylvester—type formulas via Weyman complex (1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-
Fix fo, fi, f» € Ry 1 of bidegree (1,1) with no common zeros in X.

We want (n, m) € N? such that the map J, at that degree, is surjective:

5:(g0,81,8) € R(-1,-1)* = ) figi e R

The Koszul complex associated to ¢ is not exact,
0— R(=3,-3) = R(—=2,-2)* = R(-1,-1)* S R = 0

But locally, at each point of X, it is because no common solutions.

We get exact twisted complex of sheaves Ko @ Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.

Via sheaf cohomology, transform this complex into exact complex of vect. spaces.
v
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

We get exact twisted complex of sheaves ICq ® Ox(n, m), J

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

We get exact twisted complex of sheaves ICq ® Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.

Fix r € N st, for all t # r and i, H'(X, K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H'(X,0x(n—2,m—2))> =
H' (X, 0x(n—1,m—1))* = H'(X, Ox(n, m)) — 0.

v
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

We get exact twisted complex of sheaves ICq ® Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.

Fix r € N st, for all t # r and i, H'(X, K; ® Ox(n, m)) = 0. We get exact complex,
0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))> -

H' (X, 0x(n—1,m—1))* = H'(X, Ox(n, m)) — 0.

We can compute easily the cohomologies of the sheaves Ox(a, b),
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

We get exact twisted complex of sheaves ICq ® Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.

Fix r € N st, for all t # r and i, H'(X, K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))> -

H' (X, 0x(n—1,m—1))* = H'(X, Ox(n, m)) — 0.

We can compute easily the cohomologies of the sheaves Ox(a, b),

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P!, Opi(a)) ® HX (P!, Opi(b)).

Jt+k=i
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

We get exact twisted complex of sheaves ICq ® Ox(n, m),

0— Ox(n—3,m—3) = Ox(n—2,m—2)> = Ox(n—1,m—1)* = Ox(n,m) — 0.

Fix r € N st, for all t # r and i, H'(X, K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))> -

H (X,0x(n—1,m —1))* = H (X, Ox(n, m)) — 0.

We can compute easily the cohomologies of the sheaves Ox(a, b),

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P!, Opi(a)) ® HX (P!, Opi(b)).

ki
Clxo, x1]a if j=0
@ Serre duality: Hi(PY, Op1(a)) ~ ¢ ClOx0,0x1] 2—a ifj=1
0 Otherwise
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))* -
H(X,0x(n—1,m —1))* = H (X, Ox(n, m)) — 0.

v

We can compute easily the cohomologies of the sheaves Ox(a, b),

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P', Opi(a)) ® HX(P!, Op1(b)).

jrk=i

_ Clxo, x1]a ifj=0

@ Serre duality: HI(PY, Opi(a)) = ¢ C[Ox0,0x1]—2—5 ifj=1
0 Otherwise

For n =3, m = 3, we can consider r = 0 and obtain exact complex

0 — H(X,0(0,0)) — H(X,0(1,1))° = H(X,0(2,2))> & H(X,0(3,3)) — 0
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))* -
H(X,0x(n—1,m —1))* = H (X, Ox(n, m)) — 0.

v

We can compute easily the cohomologies of the sheaves Ox(a, b),

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P', Opi(a)) ® HX(P!, Op1(b)).

jrk=i

_ Clxo, x1]a ifj=0

@ Serre duality: HI(PY, Opi(a)) = ¢ C[Ox0,0x1]—2—5 ifj=1
0 Otherwise

For n =3, m = 3, we can consider r = 0 and obtain exact complex

5
0 — Roo) — R(3171) — R(3272) % Raz) — 0
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))* -
H(X,0x(n—1,m —1))* = H (X, Ox(n, m)) — 0.

v

We can compute easily the cohomologies of the sheaves Ox(a, b),

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P', Opi(a)) ® HX(P!, Op1(b)).

jrk=i

_ Clxo, x1]a ifj=0

@ Serre duality: HI(PY, Opi(a)) = ¢ C[Ox0,0x1]—2—5 ifj=1
0 Otherwise

For n =2, m = 2, we can consider r = 0 and obtain exact complex

0—-0— R(30’0) — R(31,1) LN R — 0
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Sylvester—type formulas via Weyman complex (I1)

Consider X = P! x P! and R = @, p)cz2 Clxo, x1]a @ Clyo, yalp-

Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))* -
H(X,0x(n—1,m —1))* = H (X, Ox(n, m)) — 0.

v

We can compute easily the cohomologies of the sheaves Ox(a, b),

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P', Opi(a)) ® HX(P!, Op1(b)).

jrk=i

_ Clxo, x1]a ifj=0

@ Serre duality: HI(PY, Opi(a)) = ¢ C[Ox0,0x1]—2—5 ifj=1
0 Otherwise

For n=2,m =1, we can consider r = 0 and obtain exact complex

0—20—0- Ry % Rpyy = 0
Determinantal formula!!)
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Koszul-type formulas via Weyman complex

Consider X = P! x P!, R = C[X], fo, i, f» € R1,1 with no common zeros.
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Koszul-type formulas via Weyman complex

Consider X = P* x P!, R = C[X], fy, i,/ € Ry1.1 with no common zeros.
Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,

0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))> -
H' (X, 0x(n—1,m —1))* = H' (X, Ox(n, m)) — 0.
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Koszul-type formulas via Weyman complex

Consider X = P* x P!, R = C[X], fy, i,/ € Ry1.1 with no common zeros.
Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,
0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))> -

H' (X, 0x(n—1,m —1))* = H' (X, Ox(n, m)) — 0.

v

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H/(P', Op(a)) @ H (P, Op(b)).

Jtk=i

. Clxo, x1]a if j=0

@ Serre duality: H/ (P, Opi(a)) ~ { Cloxo,0x1]—2—s ifj=1
0 Otherwise
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Koszul-type formulas via Weyman complex

Consider X = P! x P!, R = C[X], fo, 1, /» € R1,1 with no common zeros.
Fix r € N st, for all t # r and i, H'(X,K; ® Ox(n, m)) = 0. We get exact complex,
0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))* -

H(X,0x(n—1,m —1))* = H (X, Ox(n, m)) — 0.

i

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H/(P', Op(a)) @ H* (P, Op(b)).

k=i
) (C[X(),Xl]a ifj =0
@ Serre duality: H/(PY, Opi(a)) ~ { Cloxo,0x1]2—s ifj=1
0 Otherwise
For n = —1, m = 2, we consider r = 1 and obtain exact complex

0 — HY(X,Ox(—4,-1)) — H*(X,0x(-3,0))® — HY(X,0x(-2,1))
— HY(X,0x(~1,2)) = 0

i
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Koszul-type formulas via Weyman complex

Consider X = P* x P!, R = C[X], fy, i,/ € Ry1.1 with no common zeros.
Fix r € N st, for all t # r and i, H'(X, K; ® Ox(n, m)) = 0. We get exact complex,
0 — H'(X,0x(n—3,m—3)) = H(X,0x(n—2,m—2))> -

H' (X, 0x(n—1,m —1))* = H' (X, Ox(n, m)) — 0.

v

@ Kiinneth formula: H'(X,0x(a, b)) ~ @ H/(P', Op(a)) @ H (P, Op(b)).

k=i
) (C[X(),Xl]a ifj = 0
@ Serre duality: H/ (P, Opi(a)) ~ { Cloxo,0x1]—2—s ifj=1
0 Otherwise
For n = —1,m = 2, we consider r = 1 and obtain exact complex

0 — 0 — (C[0x0, Ix1]1 ® Clyo, y1]0)* & (C[dx0,x1]o ® Clyo, y1]1)?
—+0—0
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Koszul-type formulas via Weyman complex

Consider X = P! x P!, R = C[X], fo, 1, /» € R1,1 with no common zeros.

o Kiinneth formula: H'(X,0x(a, b)) ~ @ H(P',0z(a)) @ H*(P!, Opi (b)).

Jtk=i
Clxo, x1]a if j=0
@ Serre duality: HI(PY, Op1(a)) ~ ¢ ClOx0,0x1] 22 ifj=1
0 Otherwise
For n = —1,m = 2, we consider r = 1 and obtain exact complex

0 — 0 — (C[0x0, Ox1]1 ® Clyo, y1]0)* £ (C[x0, Ix1]o @ Clyo, y1]1)°
—+0—0
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Koszul-type formulas via Weyman complex

Consider X = P! x P!, R = C[X], fo, 1, /» € R1,1 with no common zeros.

o Kiinneth formula: H'(X,0x(a,b)) ~ @ H/(P',0p(a)) @ H (P!, Opi (b)).

Jtk=i
) (C[XO;Xl]a ifj = 0
@ Serre duality: HI(PY, Opi(a)) = { C[dx0,0x1]—2—5 ifj=1
0 Otherwise
For n = —1,m = 2, we consider r = 1 and obtain exact complex

0 — 0 — (C[0x0, Ox1]1 ® Clyo, y1]0)* £ (C[x0, Ix1]o @ Clyo, y1]1)°
—+0—0

Let E be a 3-dimensional vector space with basis e, €1, & and identify
(C[0x0, x1]1 ® Clyo, y1o)® ~ C[0x0, dx1]1 ® Clyo, y1lo ® A® E and
((C[axo, 8X1]0 ® C[yo,y1]1)3 ) C[@xo, 8X1]0 ® (C[yo7 y1]1 X /\1 E.
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Koszul-type formulas via Weyman complex

Consider X = P! x P!, R = C[X], fo, 1, /» € R1,1 with no common zeros.

o Kiinneth formula: H/(X,0x(a,b)) ~ @ H (P, 04 (a)) ® H*(P*, Opi(b)).

Jtk=i
) (C[XO;Xl]a ifj = 0
@ Serre duality: HI(PY, Opi(a)) = { C[dx0,0x1]—2—5 ifj=1
0 Otherwise
For n = —1,m = 2, we consider r = 1 and obtain exact complex

0 — 0 — (C[0x0, 0]z ® Clyo, y10)* = (C[0x0, Ix1lo ® Clyo, y1l1)*
—-0—-0
Let E be a 3-dimensional vector space with basis e, €1, & and identify
(C[dx0, dx1]1 ® Clyo, y1]0)® =~ C[dx0, dx1]1 @ Clyo, y1]o ® A* E and
(C[0x0, 0x1]0o ® C[}’Od’lll)3 ~ C[0x0, Ox1]o ® Clyo, 1]1 ® /\1 E.
For f; = Z(j,k)e{o,l}2 C}fz Xj Yk, we have that
ool Nea)=1 (Céog Yo+ Co In)®e —1@ (Célg Yo+ C((),ll) y1) ® eo
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This is the end,
beautiful friend
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