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1. Problem formulation

Consider SISO system
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The goal : estimate h(k) from the observed system output y(k).



1. Problem formulation

s(k) H(2) X(K) FL y(K)

Assume FIR =
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2. Second Order Statistics

Substitue
y(k) = z(k) + v(k),

nto
co,(T) = E(y(k)y(k + 7)) autocorrelation function
for 7 = 0,41, 42, ...
if

e s(k) be stationary white noise with finite variance s 4
e v(k) be Gaussian noise s(n).
e s(k) and v(k) be statistically independent.

then

L
CQ,y(T) = 6278(7-) + CQ,U(T) = V2 Z hth—T + C2,U(T)
[=0

for 7 =0,+£1,+2,...



2. Second Order Statistics (Example: L=1)

Example:

y(k) = hos(k) + his(k — 1) + v(k),

1
Co.(T) = V2.5 Z hihitr + ca4(7), T=0,£1,+£2,...
1=0
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2. Second Order Statistics (Example: L=1)

Example:

y(k) = hos(k) + his(k — 1) + v(k),

1
Co.(T) = V2.5 Z hihitr + ca4(7), T=0,£1,+£2,...
1=0

() () | () |
e, (—2) 0 0 (\ 0 0 (\
coy(—1) 0 hg I ' 0 hy h

c24(0) | =725 | ho M ! | =rs | Mo !

ngy(D ! hl 0 (hl) " . ! ho 0 <h0) "
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2. Second Order Statistics (Example: L=1)

Example:

y(k) = hos(k) + his(k — 1) + v(k),

1
Co.(T) = V2.5 Z hihitr + ca4(7), T=0,£1,+£2,...
1=0

() [ \ (.\ () (:\

Cay(—2) 0 0 : 0 0

CQ’y(—l) 0 h() h : 0 hl h
c240) | =72 | ho M1 (ho) + 1| =7s | M (hl) +
ngy(D hl 0 ! : ho 0 0
Cay(2) 0 0 : 0 0

. i) \/ i) K/

We cannot distinguish h and by
h; hy

11



3. Higher Order Statistics.

Let y(k) be stationary zero-mean non Gaussian complex random process.
Define

Yr = yT(k) = y<k + 7_)

y* is conjugate to y

cly=FE (y)
c2y(T1) = E(yyr,),
3471, 72) = E(yynyr,),
Cay(T1, T2, 73) = B Yn YY) — B Y E(Yr,yn) — B Yr) E(YnYry) — E(Y Yr) E(Ynr,)-

T1,7T9,7T3 = O,:l:l,:l:Q,. .
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3. Higher Order Statistics

Substitute
y(k) = (k) + v(k),
(k) = (hx*s)(k):= ghls(k — 1)

nto

coy(11) = Eyyy,),
C3,y(71, Ty) = E(yyﬁyg),
C1y(T1, 72 T3) = E(Y Ynyn,Yry) — EWYr) E(Yr,Yry) — EW Y5 ) E(YnYry) — E(Y Yr) E(Ynys,).
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3. Higher Order Statistics

Substitute
y(k) = (k) + v(k),
(k) = (hx*s)(k):= ghls(k — 1)

nto

Cay(T1) = E(yys;,),

C3,y(71, Ty) = E(yyﬁyg),
C1y(T1, 72 T3) = E(Y Ynyn,Yry) — EWYr) E(Yr,Yry) — EW Y5 ) E(YnYry) — E(Y Yr) E(Ynys,).

&

Assumptions
e s(k) independent, identically distributed, non Gaussian, zero mean

e v(k) Gaussian, zero mean

e s(k) and v(k) are statistically independent.
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3. Higher Order Statistics

Bartlett-Brillinger(1955) & Rosenblatt(1967) formulae

L
Coy(T1)= V2,8 3 _ hihugr, L<n<L
=0

L _
Va5 > by hisry, —L < 7,79 <L, nonsymmetric input
C3,y(7_177_2) = 1=0

0, symmetric input

L
Cay(T15 T2y T3)= Yas E hihigr hismhiyrg, —L < 11,70, 73 < L
=0

15



4. Fourth Order Statistics (Example L=1)

1
C4,y(7-17 72, 7-3) = Vs § hlhl—i-Tlhl-l-Tth-l-T?,? T1, T2, 73 = 0, =1
1=0
27 conditions
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4. Fourth Order Statistics (Example L=1)

1
C4,y(7-17 T2, 7-3) = V4,s § hlhl+71hl+72hl+73a T, To, T3 = 0, =1
1=0
15 conditions

/

S
-1-1-1) | (-1,0-1) o
(0,1,0)
»9
(0-1-1) | (0,0-1) y
74
(1,0,0) (1,1,0)
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4. Fourth Order Statistics (Example L=1)

1
C4,y(7-17 72, 7-3) = Vs § hlhl—i-Tlhl-l-Tth-l-T?,? T1, T2, 73 = 0, =1
1=0
15 conditions

/

>
(-1,-1,-1) |(-1,0,-1) o
(0,1,0)
'»9
(0,-1,-1) (0,0,-1) y
v
(1,0,0) (1,1,0)

5 different conditions (complex case)
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4. Fourth Order Statistics (Example L=1)

1
C4,y(7-17 72, 7-3) = Vs § hlhl+T1hl+T2hl+T37 T1, T2, 73 = 0, =1
1=0
15 conditions

C1_1-1=0Co10="Co01=7Clo0 = Yashihohi
C-1,0-1 = C10,-1 = 74,sh(2)ﬁf
§C1 10=0Co-1-1=Co10=C110 =Yashohohih
C_100 = €0,0-1 = Co,—1,0 = C1,1,1 = 74,shoﬁih1
| C0.0.0 = 74,s(hgﬁg + h%i)
ho .
Vector ( h1> can be reconstructed up to scaling factor
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4. Fourth Order Statistics (General case)

L
C4,y(7-1> Ty, T3) = V4,5 § hihiyr higry gz, 11,72, 73 =10,%1, ...
=0
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4. Fourth Order Statistics (General case)

L
647?/(7-17 Ty, T3) = V4,5 § hihiyr higry gz, 11,72, 73 =10,%1, ...
=0

Number of different equations (complex-valued signals)

L 112 3 |4 |5
N |5]16]40|84|153
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4. Fourth Order Statistics (General case)

L
647?/(7-17 Ty, T3) = V4,5 § hihiyr higry gz, 11,72, 73 =10,%1, ...
=0

Number of different equations (complex-valued signals)

L 112 3 |4 |5
N |5]16]40|84|153

e Algebraic methods: use some of the equations

e Optimization methods: use all equations(solve in LS sence)

Cost function

L
flhosha, . shp) = > eay (71,70, 73) — Yas D ubuger higny i,y

—L<1,19,73<L =0

24
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Cost function (depends on nonnegative Ay, A3, \y)

2

L
f>‘27)‘3’)‘4(h) =A E : 027!/(7—1) — V2 § hth—Tl +
—L<n <L =0
L 2
A3 E C3,y(T1,Tz)—73,sE by iy
—L<1,79<L =0

2

L
C4>y<7-1’ 725 7-3) o /7475 E :hlhl#—ﬁ hl+Tth+7'3
[=0

a3

—L<7,179,73<L

e cost function proposed by Lii & Rosenblatt (1982)
e rcal-valued signals & A3 = 0 Tugnait (1987) (‘a brute-force technique’)
e complex-valued signals & A3 = 0 Tugnait (1995)

Number N of different ¢4, (7, 72, 73) for complex-valued signals

L 112 3 |4 |5
N 1511614084153

SNR is small = Ay :=0,
input signal has symmetric distribution = the term with Ag is absent.
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5. Recall: PARAFAC/CANDECOMP decomposition

Given T' = (tix)]-

PARAFAC/CANDECOMP decomposition of T is the decomposition

into a sum of R rank-one tensors:

/Cnl~ JCoR
i A.il':Y
Ly*"° | Uy ay| | by"**| by ad | bR | bg
Lygeee | T Ay AR
a1 ... Q1R bll blR Ci11 ... C1R
A= B=| : O =
Qn1 anR bnl bnR Cnl --- CpR

A, B, C are called loading factors.

Alternating Least Squares algorithm. (ALS)

26



6. PC decomposition of cumulant:
C.E.R. Fernandes, G.Favier, J.C.M.Mota (2008)

2

L
foorlh) = > eay(r1,72,73) = Yas > huhiin husryhisr,

—L<71,m79,73<L [=0

find P/C decomposition of

ﬁ d . . f .
nda mimimum o fo,o,l( ) g (2L 4+ 1) > (QL € 1) % (2L + 1) tensor 1" := (04,y(7-177_277_3))£[,
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6. PC decomposition of cumulant:
C.E.R. Fernandes, G.Favier, J.C.M.Mota (2008)

Find
/Cnl 7~ JCiR"
VA vinwg S
Ly**® | Uy ay| | bu***| by + + ay | bR | bg
Lagese | T Ay AR

A= B=H, C =H"diag(h*), where

[0 0 ... ho)
0 h() hLl
H=H®A) = | hy h ... hy
hi oy hy ... 0

\ b 0 ... 0 )

ALS

— is very slow (many cheap iterations) and does not exploit the symmetry : A = B, etc.

+ always converges monotonically

28



7. Single-Step Least Squares algorithm (SS-LS)

2

L
fo,o,l(h) — Z C4,y(7_17 T2, 73) — V4,5 Z Elhlwﬁwmhwm

—L<71,m79,73<L [=0

— ”7478(1—1 OHO® I—I*)lfk — VGC(CH])HZ.

Definition: Khatri-Rao product ®:

for A= (ay...a,)and B = (by...b,),
AGOB=(a1®by...a,by,).

IDEA of SS-LS :

e normalize h,y

e = | (31,5 (Bl {ia) © F{pia) © F{pia)"))* vee(Cpy) |

*

29



SS-LS - algorithm (Fernandes Carlos Estévao R., Favier Gérard, Mota Joao Cesar M)
1. build HO=D = H(1/h" " Vh—)
2. Compute G~ using
G- — g o gV @ gL+
3. Minimize the cost function
(0, W) = [lvec(Cpyj) — 72,,GU VR

so that

*

r —1a(r—1)7
h(") = M;G( b vec(Cm)

4. Tterate until |h") — hO=Y||/[hM]| < e

30



SS-LS - algorithm (Fernandes Carlos Estévao R., Favier Gérard, Mota Joao Cesar M)
1. build HO=D = H(1/h" " Vh—)
2. Compute G~ using
G- — g o gV @ gL+
3. Minimize the cost function
(0, W) = [lvec(Cpyj) — 72,,GU VR

so that

*

r —1a(r—1)7
h(") = M;G( b vec(Cm)

4. Tterate until |h") — hO=Y||/[hM]| < e

ALS

— is very slow (many cheap iterations) and does not exploit the symmetry : A = B, etc.

_|_
SS-LS

+ fast (if converges), exploits the symmetry,
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SS-LS - algorithm (Fernandes Carlos Estévao R., Favier Gérard, Mota Joao Cesar M)
1. build HOY = H(1/h""Vn-1)
2. Compute G~ using

G- — g o gV @ gL+

3. Minimize the cost function
(h* W) = |lvec(Cpy)) — 74 ,GU " Vh*|?

so that

*

r —1a(r—1)7
h(") = M;G( b vec(Cm)

4. Tterate until |h") — hO=Y||/[hM]| < e
ALS
— is very slow (many cheap iterations) and does not exploit the symmetry : A = B, etc.
+ but always converges monotonically
SS-LS
+ fast (if converges), exploits the symmetry,

— convergence is not guaranted

32



ALS and SS-LS fail for many data(Example)1/2

/

(-1,-1,-1)

(-1,0,-1)

(0,-1,-1)

(0,0,-1)

(0,1,0)

(1,0,0)

(1,1,0)

S
N§(

G

7
<

For any z,y € R define

C-1,-1,-1 = €0,1,0 = €0,0,1 = C1,0,0

C-1,-1,0

C-1,0,0

= C),—-1,-1 — Co,1.1 —

C-1,0-1 = C10,—1

= C0,0,-1 = C0,-1,0 =

C1,1,0 =

C1,1,1 =

€0,0,0 =

2T + Jy
10 — gy
—x — 13

33
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= %L,sh(%ﬁom
= 74,sh(2)ﬁi

= 74,shoﬁoh151
= 74,shoﬁih1

) )
= %m(hgho + hihy)



ALS and SS-LS fail for many data(Example)2/2

Let Vd.s = —4.

e ALS: the loading factors are ”symmetric” but have no Hankel structure

1 1
(0) — (1) —
e for h (O) : h (1)

SS-LS: h® — h®M — WO — K@)
Let x = —1 and y = —2.

1 " " 1 " "
0.98-\ 0.98} /J /‘/\/\//
© ©
> S l t
S 0.96} ! 3 o096} | J |
0 7]
Qo e L V
0.94} ] 0.94} J ' / /
0.92 - - 0.92 - -
0 20 40 60 0 20 40 60
number of iterations number of iterations
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Krasnoselskii procedure:
h® - h® 5 h® W@
h") «— Ah") + (1 — \)h
with some fixed A € [0, 1].

1 : : 1 -
l SS-LS (A=1)
j A=0.8

0.98 | /\A 0.98 o1
o] ' ‘ < A=0.5
3 0.96} H = 0.96 I

0.94} 1 0.94} 1

0.92 : ' 0.92 . .

0 20 40 60 0 20 40 60
number of iterations number of iterations
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8. New representation of the cost function

Recall
I 2
fo,o,l(h) — Z C4,y(7_17 T2, T3) — V4,5 Z Elhlwﬁwmhwm
—L<71,m79,73<L [=0
= |l.s(H(R) © H(h) © H(h)*)h* — vee(Cpy) [|*.
G(h)

Proposition 1

Let V71 be the shift matrix defined in by: V7.1 : e(Llel) — e<LL+1> — e — e(lLH) — 0;

Then

L
fh) =i, (HhH8 +2) [(h, Vf+1h>l4> = 294,vee(Cpy) " G(h)h” + [Jvec(Cpy )|,
k=1

36



9. Complex gradient of the cost function

Let f be a real-valued function that is analytic with respect to h and h*

of
oh**

We can define the complex gradient operator :

h is a critical point of £ iff 5= = 0.

37



9. Complex gradient of the cost function

Let f be a real-valued function that is analytic with respect to h and h*

We can define the complex gradient operator : aahf*.
h is a critical point of f ift % = 0.
Proposition 2
The complex gradient of
I 2
foorlh) = > eay(r1,7m2,73) = Yas > huhiir husryhisr,
—L<11,19,73<L [=0
= |[7a,s(H(h) © H(h) © H(h))h* — vee(Cp)||*.
G(h)
13 of
= 471, [G(h)?G(h)] h—dvs, [G(h)"vec(Cpy))] .

38



10. Comparison of the complex gradient with the part of SS-LS algorithm

Step 3. of SS-LS algorithm
Minimize the cost function

Y(h*, h<r_1)) = Hvec(Cm) — 74,SG(T_1>h*H2

so that
#

h") = (fy;;G(r_l) vee(Cpyp)™.

complex gradient

aalf* = 4. [G(h)"G(h)] Th— 4y, [G(h)"vec(Cyy)] "

39



11. Convergence of SS-LS algorithm

Proposition 3
Let SS-LS algorithm converge to h*™ := (hg°,...,h?°). Then hi® € R and

1. if h§® < 0 then h* is not a global minimum of f;

2. if hg® > 0 then h* is proportional to some local minimum of f.

40



12. Fixed point interpretation of SS-LS algorithm

Step 3) of SS-LS can be rewritten as
h) = o) := F(LCY/h{™Y), r=12 ...

where

Thus, the channel estimated by SS-LS algorithm is a fixed point of ®.

41



F(x)=x, x—fixed point
Picard iterations : h, F(h), F(F(h)),...

stable fixed point unstable fixed poi

Classical replacement

h") = dMh" V)  —Picard iterations

by

h") = ¢\ (h" ) = h" V1 =N+ oM"Y\ —Krasnoselskii iterations

does not work.

42



Algorithm SS-LS-K)

Choose h® X € [0, 1];

7« 0;
1. update r < r 4+ 1;

L h(—1) F(h(r—l))

— (1 — )\ A
T e TN Eme)

2. iterate until ||h") — U=V /||h" V|| < e.

43



13. Enhanced Plane Search Procedure (EPS) 1/4

min f(z)

zcCm
k) k+1)

g e e e

2 2

: ,...,z( ,z(

Enhanced Line Search (ELS):

Zir1 = (1 — Npy1)Zh + M1 Zi41,

where

Arr1 = argmin f((1 — Mey1)Zg + Ap1Za41).

AeR(resp. C)
Enhanced Plane Search (EPS):

Ziy1 = Mk1Zk T Apr1Zhs1,

where

(Mr+1, Aps1) = argmin  f(uzg + Azpy1).
wAER (resp. C)

in many cases(f.e. PC) cost of (1)~ cost of (2)
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13. Enhanced Plane Search Procedure (EPS) 2/4

Lemma
Let

f(z) = Ju(z,2) — b
b € C", zy,z9 € C" be given
u(z,z") . C" - C"
u(\z, \z*) = g(\, Mu(z, z")
Then the problems
Aipr = argmin f((1— ANz + Azo),

AeR(resp. C)
(ht1s A1) = argmin f(uzy + Azo)
p,AER (resp. C)

have approximately the same cost.

Rajih Myriam, Comon Pierre and Harshman Richard A.,Enhanced Line Search: A
Nowvel Method to Accelerate PARAFAC, SIAM J. Matrix Anal. Appl., 2008, v.30, N.3,
pp.1128-1147.

Nion Dimitri, De Lathauwer Lieven, An enhanced line search scheme for complex-
valued tensor decompositions. Application in DS-CDMA, Signal Processing, 2008, v.88,
N.3, pp. 749 - 755.
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13. Enhanced Plane Search Procedure (EPS) 3/4

min [[A(CoB)" —T|?
A B,CeCnxR

(AA, AB, AC) search direction

Let us set

Then

?%WA+AAAWC+AAQKMB+AM$F—TW,
S

min ||(zA + AAA) [(uC + AMAC) ® (uB + MAB)]" — T|%.

A AeC

Ve
7o ‘= | Vec
Ve

with g(\, A) := A3,

46



13. Enhanced Plane Search Procedure (EPS) 4/4

Suppose additionally that C = A

min [|A(A" @ B)" - T|?
A BeCnxR

(AA, AB) search direction

min [[(A + AAA) [(A +3AA") © (B + AMB)] - T2,
S

min [|(zA + AMAA) [(1AT + AMAAT) © (uB + AAB)]" — T|>

wAeC
Let us set
_ . VeC<A) *\ . H T
7 =17, = (Vec(B) , u(z,z") = Vec(A(A”" ©®B)"),
~ (Vec(AA) B
Zo = (Vec(AB)) , b :=Vec(T)
Then

with g(\, A) := A2\,
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Simulations

o[ =5

o h=...

e lenght of the input = 3000 (QPSK)
e SNR=0 dB

e ¢ = (.001.

We compare

*

SS-LS h™ «— F ( ) where F'(h) := [74_7; (G(h)HG(h>)_1 G (h)"vee(Cpy)| ;

O

PP TEIRY

SSLS I B [P0y

[l
GD-EPS-R h(") « Ah(=1 + X, A0
GD-EPS-C h(") « A\jh(=U + ), 80

A1 and Ay are real;

hh(rl

e p(— ), A1 and Ay are complex.
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cost function

0.98

0.96

0.94

0.92

0.9

0.88

0.86

0.84

SS-LS-K(A=0.5)
—<— GD-EPS(r)
—*— GD-EPS(c)

0 10 20 30 40 50

number of iterations

cost function

49

perfomance of SS-LS-K algorithm for different A
1.02

A=0.1
= = = )\=0.5
I | A=0.9
----- A=1
\ - —+— - value of f at the true channel
0.98 -
1 ,v‘“,’ S AN AN,
1 -
0.96 noo/ b
1 1
11
0.94 5 i R
1
1,
0.92F\- g
d
-\
o9f -* .
'__\
-\
-\
0.88 [+ ooiesgressreossrassonssontesnnsossrossiossonnson]
B |
\
0.86 A R
.\
DR
B
084 1 1 1 1
0 10 20 30 40 50

number of iterations



cost function

perfomance of SS-LS-K algorithm for different A
1.02

T T 105 T T T T
—6— SS-LS A=0.1
SS-LS-K(A=0.5) - = =)\=05 L
1t —<— GD-EPS(r) e Y 2A=0.9
—*—GD-EPS(c) || = | | = A=1
1} - — +— - value of f at the true channel |
0.98 1
1
1
0.96 1
i
0.95! .
c -1
0.94 S y !
(8] - I
s |
7 » !
0.92 3 A\ ,
0.9 \\ N T
z, N '
x
0.9 e Nt
R K
\ R4
0.88 i Voo -7 i
0.85 N T T
0.86
0.84 0.8 ‘ ‘ ‘ ‘
0 10 20 30 40 50 0 10 20 30 40 50
number of iterations number of iterations

20



s(n) = sign(sin n?) + jsign(cos n?),

h = (1,—0.25+1.25,0.5,1 + 0.337)
50 simulation of noise with SNR = 0,5,10.

NMSE(db)

n=1,...,2000

—6— S5-LS
GD-EPS-R
GD-EPS-C

—o— SS-LS—K,

—&— SS-LS-K,-EPS

SNR(dB)

51
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Conclusions

e We considered the problem of blind estimation of FIR channels. The channels pa-
rameters were estimated by nonlinear optimization of a quadratic cumulant matching
criterion involving only fourth order cumulants.

e We found a new representation of the cost function and explicit expression of complex
gradient.

e We explored convergence properties of SS-LS algorithm.

e We proposed 7 Krasnoselskii” version of SS-LS algorithm and compared it with SS-LS
and Gradien Descent algorithm improved by EPS with real and complex steps.
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Thank you for your attention.
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