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It’s the linear algebra, stupid!
(Carville/Clinton/De Moor)

• I was raised in the group of Bart with the mantra “It’s the linear algebra, 
stupid”

• Took this advice to heart, and applied it to the then (1999) new field of 
quantum entanglement / quantum information / quantum computation

• I was - among many many others - extremely fortunate to have an advisor 
like Bart who believed in me – and gave me complete freedom in exploring 
my own interests

• The passion, enthusiasm and interests of Bart are unsurpassed – he is the 
ultimate post-Renaissance-man and role model - and therefore he had to 
understand quantum physics, the most successful theory of all matter









Entanglement: what is it?

• Quantum states are described as vectors in a Hilbert space (superposition 
principle):

• Most relevant feature of Hilbert space for our purposes: the tensor product 
structure for many body systems

– Any state which does not factorize with respect to the preferred basis     
(                           ) is called entangled







• Workshop in Santa Fe, 2015

The workshop will focus on wildness in physics, math, and computer science. A 
classification problem is wild if it contains the problem of classifying the 
representations of any finite-dimensional algebra. In physics, the perhaps more 
interesting example of wildness is the classification of entangled states up to local 
unitaries or local operations with classical communication (as much as possible - a 
complete classification in general is incredibly unlikely). The geometry of the local 
unitary orbits are current frontier examples to try to understand in the Geometric 
Complexity Theory program towards P vs NP. In CS, this same problem is furthermore 
closely related to the complexity of Graph Isomorphism, which is neither known to be 
in P nor known to be NP-complete (a rare gem). These questions are also essentially 
the same as those arising at the intersection of representation theory and algebraic 
geometry that mathematicians have been interested in for decades.

Despite these connections, these three disciplines - physics, CS, and math - have 
largely been studying these problems from different angles and with different tools. 
The workshop will bring them together, with special attention paid to bridging the 
language barriers between these fields, in the hope that combining ideas and 
methods from different fields can lead to a better understanding in all of them.







My Trajectory

– Quantum Entanglement

– Quantum Many-Body Physics

– Quantum Computing

– Strongly Correlated Systems

• Key contribution: realization that entanglement gives a new perspective on fundamental 
problems plaguing traditional approaches to the quantum many-body problem, and at the 
same time provides a completely new language for tackling it 

– Vocabulary consists of entangled qubits, syntax of tensor networks

– Grand goal: reveal semantics of entanglement patterns

2004-2006 @ Caltech, Institute 
for Quantum Information 
with John Preskill

2002-2004 @ Max Planck 
Institute for Quantum Optics
with J. Ignacio Cirac

Since 2012 @ Univ. Ghent

2006-2019 @ Univ. Vienna
Professor for the theory of 
Quantum Optics and Quantum 
Information

1998-2002 @ Univ. Leuven
PhD  with B. De Moor: “A study of 
entanglement in quantum information”

Tensor Networks





The Quantum Many-Body Problem 

• Problem: describe a large collection of interacting quantum particles

– Is the central problem in quantum mechanics / physics since 1930’s

• Quantum chemistry, condensed matter, quantum field theory, … : the whole is more 
than the sum of its parts

– We know the (Schrödinger) equations, but cannot solve them: complexity increases 
exponentially in # particles

• This scaling is both a curse (physics) and a blessing (computing)

– Biggest breakthroughs in 20th century theoretical physics almost always consisted of the 
discovery of approximate methods for solving those equations

• Hartree-Fock, Monte Carlo, Feynman’s diagrammatic methods, Density Functional 
Theory, Renormalization Group, …

• All of those methods rely on the existence of a good fiducial noninteracting state, and 
those do not exist for e.g. the Hubbard model (high Tc superconductivity)

– Strongly correlated systems resist solutions using those traditional methods

=> New methods needed!



n

“Evidence for a gapped spin-liquid ground state 
in a kagome Heisenberg antiferromagnet”

M. Fu et al., Science 350, 355 (2015) 

“Quantum phases from competing short- and long-
range interactions in an optical lattice”

Landig et al, Nature 532, 476 (2016)

Quark-Gluon Plasma  (taken from Riken)
Ion trap quantum computer                      

(taken from Rainer Blatt) 



• Quantum physics of the 1920’s:

– Hilbert space is endowed with a tensor product structure

“The underlying physical laws necessary for the mathematical  
theory of a large part of physics and the whole of chemistry are 
thus completely known, and the difficulty is only that the exact 
application of these laws leads to equations much too 
complicated to be soluble. It therefore becomes desirable that 
approximate practical methods of applying quantum mechanics 
should be developed, which can lead to an explanation of the 
main features of complex atomic systems without too much 
computation.”  [Dirac ‘29]



Full Hilbert space

Manifold of States reachable 
in polynomial time with time 
dependent evolution with 2-
body Hamiltonians starting 
from fully polarized state

Ground and thermal states 
of local n-body quantum 
Hamiltonians 

0



Area Laws for the entanglement entropy

• Ground and Gibbs states of interacting quantum many body Hamiltonians with 
local interactions have very peculiar properties

– Area law for the entanglement entropy (ground states) or for mutual 
information (Gibbs states)

– “explains” why physics is possible at all

Ground states:

Gibbs states:

Holzhey, Larsen, Wilczek ‘94; …

Wolf, Hastings, Cirac, FV ‘08

Srednicki ’93; Hastings ’07; …



Quantum Physics in the 21st century

Entanglement



Entanglement in an antiferromagnet

• Heisenberg antiferromagnet (spin ½):

• What is the ground state?

– 2 spins: 

– 3 spins:

• Monogamy of entanglement:  impossibility of sharing a singlet with two 
spin ½’s.  Emerging phenomena arise because of this competition.

_



Tensor Calculus for Quantum Spin Chains

• Systematic way of creating states which have extremal local marginals but 
keep translational invariance: matrix product states (MPS)
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Tensors for Quantum Spin Chains

• Systematic way of creating states which have extremal local marginals but 
keep translational invariance: matrix product states (MPS)



Entanglement as building block of matter: 
Quantum Tensor Networks 



• tensor networks : crucial concepts

– Tensors model the entanglement structure: modelling correlations makes 
much more sense than modelling wavefunction directly

• Tensors dictate the entanglement patterns

– Tensor networks can be efficiently contracted due to holographic 
property: map quantum 3D -> 2D -> 1D -> 0D problems, and this can be 
done efficiently due to area laws

– States are defined in thermodynamic limit; finite size scaling is replaced by 
finite entanglement scaling

– Local tensor contains all global information about quantum many body     
state

• different phases of matter can be distinguished by symmetries of 
those local tensors, including topological phases

• Tensor networks provide a natural way of dealing with gauge theories: 
enforcing symmetries



Feynman’s dream

“Now, in field theory, what’s going on over here and what’s going on over there and all 
over space is more or less the same. Why do we have to keep track in our functional of 
all things going on over there while we are looking at the things that are going on over 
here? ….  It’s really quite insane actually: we are trying to find the energy by taking the 
expectation of an operator which is located here and we present ourselves with a 
functional which is dependent on everything all over the map. That’s something wrong. 
Maybe there is some way to surround the object, or the region where we want to 
calculate things, by a surface and describe what things are coming in across the surface. 
It tells us everything that’s going on outside. 
I’m talking about a new kind of idea but that’s the kind of stuff we shouldn’t talk about 
at a talk, that’s the kind of stuff you should actually do!”

“Difficulties in Applying the Variational Principle to Quantum Field 
Theories”, Wangerooge 1987, Proceedings, 
Variational calculations in quantum field theory



MPS: computational aspects

Scattering of magnons in spin 1 Heisenberg model
PRR 3, 013078 (2021) 

Interacting bosons with OBC:
cMPS and quantum Gross-Pitaevskii

PRL 128, 020501 (2022)

Finite Entanglement Scaling for critical Potts model 
PRL 123, 250604 (2019)

Time-Dependent Variational Principle for MPS
PRL 107, 70601 (2011)



Multiscale Entanglement Renormalization Ansatz (MERA), Tensor 
Renormalization Group (TRG), Tensor Network Renormalization (TNR)

Computing the renormalization group flow of two-
dimensional Φ4 theory with tensor networks

Delcamp, Tilloy PRR 2, 033278 (2020)

Tensor Network Renormalization
Evenbly, Vidal  PRL 115, 180405 (2015)

Renormalization group flows of Hamiltonians 
using tensor networks

PRL 118, 250602 (2017)

Critical coupling cst:



Projected Entangled Pair States (PEPS)

Spin Ice: residual entropy
PRE 98, 042145 (2018)

Dispersion relation for 2D Ising with transverse field 
PRB 99, 165121 (2019) 

Entanglement scaling for 2D Heisenberg model
arXiv:2102.03143

Physical realization of Shastry-Sutherland model
Mila et al., Nature 592, 370 (2021)



It’s all about symmetries

• Anderson ‘72: “physics is an applied form of group theory”

• Essential paradigm: detect the global features of a system through its 
entanglement degrees of freedom / local tensor network description

– The symmetries of the local tensor in the tensor network reveal the 
emerging properties of the system

– Even for the case of topological order: local order parameters arise in 
the form of different representations of groups / fusion algebras

• This has led to the program of classifying phases of matter

• QIT tools enable the correct definition of phases of 
matter: in terms of low-depth quantum circuits             
Bravyi, Hastings, FV PRL 97, 050401 (2006)



Tensor Networks: theoretical aspects

• MPS: fundamental theorem

• Classification of 1D SPT phases

Cirac, Perez-Garcia, Schuch, FV ‘16

= X X-1A B

Ug

= Vg V-1
g

Perez-Garcia, Wolf, Sanz, FV, Cirac ‘08
Pollmann, Turner, Berg, Oshikawa ’10; Chen, Gu, Wen ‘11; Schuch, Perez-Garcia, Cirac ’11



• PEPS: fundamental theorem

• Topological order: Levin-Wen string nets / Turaev-Viro state sums (TFT)

B
A

Bultinck, Marien, Sahinoglu, Williamson, Haegeman, FV ‘17 
Lootens, Fuchs, Haegeman, Schweigert, FV ’21



Modular Tensor 
Categories

Topological Field 
Theory

Conformal Field 
Theory

Quantum doubles 
& String nets

Critical & Anyonic
spin systems

Continuum
Lattice

3+0/2+1 D       2+0/1+1 D

Witten  …

Reshetikhin, Turaev, Viro Moore, Seiberg /
Fuchs, Runkel, Schweigert

Kitaev / Levin, Wen / …
Pasquier / Jimbo et al. /
Aasen, Fendley, Mong

Strange Correlators

Topological / Categorical symmetries: TFT & CFT



Dualities and MPO intertwiners: bimodule categories

=

Category-theoretic recipe for dualities in one-dimensional quantum lattice models
Lootens, Delcamp, Ortiz, FV arXiv:2112.09091



Application: Fibonacci Turaev-Viro error correcting code

Measuring anyon charges

Schotte, Zhu, Burgelman, FV PRX 12, 021012 (2022)
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“the unreasonable effectiveness of tensor networks in physics”

Real-Space Renormalization Group 

Tensor Networks

Symmetries and dualities

Quantum Field Theory
Statistical Mechanics

- High-Energy Physics
- Condensed Matter 

- Cold Atoms

Linear Algebra


