APPENDIX TO
“SCROLLAR INVARIANTS, SYZYGIES AND REPRESENTATIONS OF THE SYMMETRIC GROUP”

WOUTER CASTRYCK, FLORIS VERMEULEN, AND YONGQIANG ZHAO

Example usage: for a simply branched degree 5 cover ¢ : C' — P! by a curve of genus g with scrollar invariants e;, ey, €3, e, and
first splitting type {b1, b, b3, by, b5}, we find that the 23 scrollar invariants of resc, ¢ are given by the multi-set

{eit+ej hcicica U {eitejhicicjea U{g+4} U {bh<ics U {g+4— b hi<ics.
DEGREE 3

List of candidate scrollar invariants:

partition ‘ scrollar invariants ‘ sum ‘ notation

Bj €1, €2 g+2 €;

ﬁ €1+ es g+2 g+2

Scrollar invariants of the resolvents of a simply branched degree 3 cover ¢ : C' — P!

GAP index | structure | generators remark index [S5 : H] | genus of | scrollar invariants
of subgroup H = degresy p | resy C of resy ¢
0 trivial - Galois closure 6 39 +1 e; (2x), g+ 2
1 Cy (12) given cover 3 g e

2 Cs (123) discriminant cover 2 g+1 g+2



List of candidate scrollar invariants:

DEGREE 4

partition scrollar invariants sum | notation
B:D €1, €2, €3 g+3 €
@:‘ €1+ eg,e1+e3,69+e3|2g9+6 €ij

E e1 -+ ey + e3 g+3 g+3
1] bV, by g+3 | b

Scrollar invariants of the resolvents of a simply branched degree 4 cover ¢ : C — P!

GAP index structure generators remark index [Sy : H] | genus of scrollar invariants
of subgroup H = degresy ¢ | resyC of resy

0 trivial - Galois closure 24 129+ 13 | e; (3%), €ij (3%), g+ 3,
1 Cg (1 2)(34) 12 6g+7 €i, €ij, g+3,

2 02 (]. 2) see Cor. 42 12 5g +4 €; (2)(), €ij, bZ

3 Cs (123) see Cor. 32 8 49 + 5 €i, €ij, g+ 3

(normal) (13)(24) b; (2x)
5 Cy x Cy (12), (34) see Thm. 4 6 20+1 ei, b;
(non-normal)




S3
D,

Ay

(12),(123) given cover

(12), (1324) Lagrange’s
cubic resolvent

(123), (234) | discriminant cover

g+1

g+2



List of candidate scrollar invariants:

DEGREE 5

partition scrollar invariants sum notation
Bjj:l €1,€2,€3,€4 g+4 €;

[]
|| €1+ eg,e1 +€3,€1 + €4, + €3, + €4, €3 + €4 39—1—12 €ij
[ 1]
— e1+ey+eg,e1+ e+ 64,61+ €3+ €eq,60+e3+eq | 3g+ 12 €ijk
N er1t+ex+eztey g+4 g+4
ma= B, 50,40, 40, 60 28| b
ﬁﬂ ARSI SN 3g+12 | g+4—b;

Scrollar invariants of the resolvents of a simply branched degree 5 cover ¢ : C — P!

GAP index | structure | generators remark index [S5 : H] | genus of scrollar invariants
of subgp H = degresy p | resyC of resy ¢
0 trivial - Galois 120 60g + 121 | e; (4%), €;; (6%), e (4%), g+4
closure b; (5x), g+4—b; (5x)
1 Cg (1 2) 60 27g+49 €; (SX), €ij (?)X), €ijk,
b; (3x), g+4—1b; (2x)
2 Cy (12)(34) 60 309 + 61 |e; (2%), €5 (2%), ek (2%), g+ 4,
b; (3x), g+4—1b; (3x)




O

11

12

13
14

15

16

17

Cs
Cg X 02
Cy

Cg X CQ

02 X Sg
AGL,(F5)
Si

As

(12345),
(34)(25)
(123), (234)
(12), (123),
(45)
(2354),
(12345)
(12),
(1234)
(123),
(12345)

see Cor. 42

see Cor. 42
see Cor. 42

see Cor. 32
see Thm. 4

Cayley’s
sextic res.
given cover

discriminant
cover

40
30
30
30
24
20
20
20
15

12

10
10

20g + 41
159 + 31
159 + 31
129 + 19
129 + 25
Tg+9
9g + 17
10g + 21
6g + 10

6g + 13

5g + 11
39+ 3

3g+7

g+3

e; (2x), €;j (2x), €ijk (2x), g +4,

€, €ijk, § + 4,
€i, €ij, Cijk,
€; (2)(), €ij,

€ij (QX), g+4,

€; (2X), €ij) bz

€iy €ijy €Cijk, b;

€is €ijk, 9 + 4,
bi, g+4—b;

€is
g+4,

€is Cijk, g +4

€, bz

€;

g+4



1. DEGREE 6

List of candidate scrollar invariants (aq, as, as, a4, as are the exotic invariants discussed in Section 7):

partition scrollar invariants sum notation

B:D:D €1,€9,€3,€4, €5 g+5 €;

[T 61—|—62,61+63,61+64,€1+65,62+€3,
€9 + €4,€2 + €5,€3 + €4,€3 + €5,€4 + €5

49 + 20 €ij

61—|—€2+€3,€1+€2+€4,61+€2+€5,€1+€3+€4,€1+€3+€5, 6 —|—3O o
€1+ estes,extesteqeatestes ertestes,estestes |0 ik
61+€2—|—€3+€4,€1+€2+€3+€5,61+62+€4+65,

4g + 20
e1+esteytes, et esteq+es g+ Cijkt

61+€2+63+64+65 g+5 g+5
H+ it b7 b b5 g o b b 3g+15| by
1 b?,bf,b?lﬁ SNISNISNIS S .
1] b2 1@ ) 2 ) ) () ) 9+ i
—! 9 »Y10» Y11 » Y12 » Y13 » Y14 » Y15 » V16
H o b5 b5 b7, b5 6 0 b by 69 +30 | g+5—b
HH g+5—a1,g+5—as,g+5—as,g+5—asg+5—as 29410 | g+5— a;
% ay, a2,0a3,0a4, ds 39 + 15 a;




Scrollar invariants of the resolvents of a simply branched degree 6 cover ¢ : C' — P!

GAP ind.
subgp H

structure

generators

remark

index [Sg : H]
= degresy

genus of
resy C

scrollar invariants
of resy ¢

0

trivial

Cy

Cy

Cs

Cs

CQ X CQ

(12)

(12)(34)(56)

(12)(34)

(123)

(123)(456)

Galois
closure

Gassmann
equiv. to 7

720

360

360

360

240

240

180

3609 + 1081

168¢ + 481

180g + 541

180¢g + 541

1209 + 361

120g + 361

90g + 271

€; (5X), €ij (10)(), €ijk (10)(),
€ijke (5)(), g+5,
b; (9%), b? (16x), g+ 5 —b; (9%),
g+5—az (5X)7 a; (5><)
€; (4><), €ij (6><),
€ijk (4><), €ijke,
b; (6)(), b? (SX), g+5—bz (3)(),
g+5—a; (3x), a; (2x)
€ (2x), e (4%),
€ijk (GX), €ijke (3)(),
be (6%), B2 (8%), g +5 — by (3),
g—|—5—ai, a; (4)()
€; (3X), €ij (4X), €ijk +4 (4><),
eijke (3%), g+ 5,
b; (5><), bZZ (8><), g—|—5—bz (5)(),
g+5—al (3)(), a; (3X)
€ (3%), eij (4%), €y (4x),
€ijke (3)(), g+5,
bi (3x), b2 (4x), g+5—b; (3x),
g+5—ai, a;
€y €45 (4><), €ijk (4><),
€ijke, 9+ 9,
bi (3><), bZZ (4><), g+5—bl (3X),
g+5—az (3)(), a; (3><)
ei (2x), eij, €ijr,
eijkg (2)(), g+5,



b (3%), B2 (4x), g +5— bi (3%).
g+5—a; (2x), a; (2x)

Cy x Cy (12)(34), Gassmann 180 90g + 271 e (2X), €ij, €ijks

(13)(24) equiv. to 6 €ijke (2x), g +5,

b; (3)(), b? (4)(), g—|—5—bz (3)(),
g+5—a; (2x), a; (2X)

C4 (1234)(5 6) 180 909 + 271 €y €ij (ZX), €ijk (2)(),
€ijkes § T 9,
b (3%), B2 (1), g+ 5 — by (3x),
g+5—aaq
CQ X CQ (1 2), 180 84g+ 241 €; (2><), €ij (2X),
(34)(5 6) €ijk (2><), €ijke,

bi (4x), 0? (4x), g+ 5 — by,
g+5—a; a; (2X)
eijr (2X), €ijke,
bi (2x), b? (4x), g+5—b; (3x),
g+5 — Q;, Q; (2)()
V, (1 2), (34) 180 78g+211 €; (3><), €ij (3><), €ijks
bi (4x), B (4%), g+5 by
g+5 — (QX), a;
(34)(56), 180 90g + 271 e, €,
(1 3)(24)(56) €ijk (?)X), €ijke (2)(),
bi (4><)7 b12 <4X)7 g+ 5— bia
a; (3)()
05 (12345) 144 729+217 €, €ij (2X), €ijk (2)(),
€ijkes 9+ 9,
bia bZZ (4X)a g+5 - bi»
g+5—a; a
Sg (1 2), (123) 120 48g+ 121 €; (3><), €ij (3><), €ijks




15

16

17

18

19

20

21

22

23

S3

S3

Cs

OQXCQXOQ

CQXCQXCQ

Dy

CQXC4

(123)(456),
(16)(25)(34)

(123456)

(123),
(23)(45)

(123)(456),
(12)(45)

(12), (345)

(12), (34),
(56)

(12)(34),
(13)(24), (56)

(12)(3456),
(46)
(1234),
(56)

120

120

120

120

120

90

90

90

90

60g + 181

60g + 181

60g + 181

60g + 181

26g + 161

369 + 91

429 4+ 121

39¢ + 106

42g 4121

bi <3X)7 bz2 (QX),
g + 5 — a;
€ij, €ijk (3X), €ijre,
bi (3X)7 bz2 (2X)7
a; (3)()
€ij (2x), €ijk (2x), €ijke;
bi (2><)7 b12 <2X)7 g+ 5— bia
g+5 — Q;, Q4 (2)()
e; (2X), e, €ijr,
eijke (2%), g +5,
b (2x), b (2x), g +5 — b; (2x),
g+5—a; a
€iy €ij, €ijk,
€ijkes 9 + O,
bi (2x), b2 (2x), g+ 5 —b; (2x),
g+5 — Q; (2)(), a; (2X)
€; (QX), €ij (QX),
eijk (2X), €ijre,
b (2%), B2 (2x), g +5 — b,
g+1l—ua
€i (2X)a Cij>
bi <3X)7 bz2 (QX),
g +5— Ay Ay
€5 Cijks Cijke,
bi (3%), b7 (2x),
a; (2)()
€i, €ij, Cijk,
b; (3x), b7 (2x), a;
€, Cij, Cijks Di (2X),
b? (2X)7 g+5—10b, a



24

25

26

27

28

29

30

31

32

33

Dy

CgXCg

CQXS:J,

CQXS3

CQXD4

(12)(34),
(3645)

(123),(456)

(12)(34),
(153)(264)

(12), (123),
(45)

see Cor. 42

see Cor. 43

90

90

90

80

72

60

60

60

60

45

39¢ + 106

459 + 136

45¢ + 136

40g + 121

36g + 109

30g + 91

30g + 91

229 + 51

30g + 91

189 + 46

€; (QX), €ij,
bi (QX), bz2 (2X), g+5 — bz‘,
g+5_a’i7 a;
€i, eijpe +6, g+ 5,

bi (2x), b2 (2x), g+ 5 —b; (2x),

g+ o — a;, a;
€5 Cijk, Cijke,
bz‘ (2X)7 bzz <2X)7 g+ 5 — biu
a; (2)()
€y €45 (2><), €ijk (2><),
€ijke, 9+ 5,
bi7 g+5_b27
g+5—a; a
€is €ijkey 9+ 5,
bi, bg (2)(), g+5 - bi,
g+ 5— a;, a;
€; (2)(), €ij, €ijk,
eijre (2X), g +5,
bi, g+5—b
€ijy €ijk, § + 9,
bi7 g+5_b27
g+5—a; (2x), a; (2x)
€; (2)(), €ij,
b (2x), b? +4,
g+5—a1
€ijk, €ijke,
bi (QX), bg,
a; (2X)
€,

Y 7



34

35

36

37

38

39

40

41

42

43

44

45

46

47

Dlh(Cg X Cg)

C5 x S;
C3 x S
AGL,(F5)
Cy x Ay
Cy x Ay
Sa

Sa

S
Sy
S3 X Ss3
S3 X Ss3
(C3 x C3) x Cy

= GAP ID [36,9]
CQ X 84

(123)(456),
(12)(45),
(12)(56)
(123456),
(153)(462)
(123),
(45), (456)
(12345),
(1243)
(123456),
(14)
(12), (345),

(123)(456),
(1643)
(12)
(1234)
(12), (123),
(45), (456)
(123456),
(24)(35)
(12)(34),
(1364)(25)
(123456),
(15)(24)(36)

see Cor. 42

see Cor. 42

40

40

40

36

30

30

30

30

30

30

20

20

20

15

20g + 61

209 + 61
16g + 41
189 + 55
12g + 31
149 + 41
159 + 46

159 + 46

159 + 46
9g + 16
6g + 11
10g + 31
10g + 31

6g + 16

€is Cijkty 9+ 3
bi, g+ 5 — by,
a;, g + 5 — a;
€ij, €ijky Cijke,
b, a;
€, €ij,y Eijk,
bi, g +5— a;
€, b,LQ,
g+5— b, a;
€ijs bi,
ai, g+95—aq
€iy Cijky Cijkes
bi
€iy Cijke, § + 5,
g+9,
bi, g + 5 — b,’,
g +5— a;, a;
Cijks
bi7 a; (2X)
€; (QX), €ij,
bi
€, bia
g +5— a;
€ijke,
b, a;
g+5,
bi, g+5—0b
b, a;



48

49

20

51

52

93

o4

02><S4

As

S5 0.9

Ss

Ss

(12), (34)
(3456)
(123),
(12345)

(123)(456),
(12)(34)

(12), (123),

(45), (456),

(14)(25)(36)

(12),

(12345)
(1234),
(1562)
(123),
(23456)

see Thm. 4

see Cor. 32

given cover

exotic
resolvent
discriminant
cover

15

12

12

10

4g +6
6g + 19
6g + 19

39+ 6

39+ 10

g+4

ei, b
€i, 6ijkéa
g+3

g+5,
g+5_a’i7 a;

€;
a;

g+95
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