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Abstract

We compute the number of non-minimal codewords of weight 2dmin in the binary
Reed-Muller code.
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1 Introduction

Let RM(r, m) be the binary Reed-Muller code of order r with the parameters

[n = 2m, k =
∑r

i=0

(
m
i

)
, d = 2m−r]. Reed-Muller codes can be defined very

simply in terms of Boolean functions. But many properties are best stated in
the language of finite geometries. This gives us another way of thinking about
the codewords of RM(r, m). It is well known that the codewords of RM(r, m)
of minimal weight (dmin = 2m−r) correspond to (m − r)-dimensional affine
subspaces of the affine geometry AG(m, 2) [5].
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We will use the notation [n] := {1, 2, . . . , n} for the set of code coordinates. A
support of a vector c is defined as supp(c) = {i ∈ [n] : ci 6= 0}. If supp(c′) ⊂
supp(c) (respectively, ⊆), we also write c′ ≺ c (respectively, �).

Definition 1 Let C be a linear code over GF (q). A nonzero codeword c ∈ C is
called minimal if its support does not contain the support of any other nonzero
codeword as true subset. The support of a minimal codeword is called minimal
with respect to C.

The sets of minimal codewords of linear codes were considered in connec-
tion with constructing a decoding algorithm (Tai-Yang Hwang [4]). For the
Euclidean space, this connection was addressed also in [1]. Later the sets of
minimal codewords of linear codes were used in a series of papers sparked
by [6] to describe minimal access structure in linear secret-sharing schemes
Ashikhmin and Barg [2] have determined the set of minimal codewords (also
called projecting set) for the q−ary Hamming code and for the second order
Reed-Muller code RM(2, m).

Lemma 2 [2] Let C be a binary linear code.
1)Every support of size ≤ 2dmin − 1 is minimal.
2)If c is a non-minimal codeword in C there is a pair of nonzero code vectors
c1 ≺ c and c2 ≺ c with disjoint supports, such that c = c1 + c2.

As follows from Lemma 2 every codeword in a binary linear code of weight
dmin up to 2dmin − 1 is minimal. The question that arises is: Whether there
exist minimal (non-minimal) codewords of weight 2dmin and if there exist how
many they are?

In this paper we will find the number of the non-minimal codewords of weight
2dmin = 2m−r+1 in an arbitrary code RM(r, m).

Definition 3 [3] The quantity known as q-ary gaussian coefficient is de-
fined by:

m

i

 =
i−1∏
j=0

qm − qj

qi − qj
,

m

0

 = 1,

for i = 1, 2, . . . ,m.
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2 The number of the non-minimal codewords of weight 2dmin.

By Lemma 2 the non-minimal codewords of weight 2dmin in a binary lin-
ear code are the sum of two codewords of minimal weight and having non-
intersecting supports. We should take into account that some of them could
have more than one representation as sum of two codewords of minimal weight.
In the following Theorem we will exploit the geometric approach of Juriaan
Simonis, which is used in the proof of Theorem 2.9 in [2].

Theorem 4 The number of non-minimal codewords in RM(r, m) of weight
2d, which have more than one representation as sum of two codewords of weight
d is

Ar,m + Br,m = 2r−1

 m

m− r + 1

+
2r+1 − 4

4

 m

m− r − 1

(2r+1

3

)

PROOF. We will consider codewords of weight 2d, which have more than
one representation as sum of two codewords of weight d. That means that
there exist two pairs of (m− r)-dimensional affine subspaces π1, π2 and τ1, τ2,
such that π1 ∪ π2 ≡ τ1 ∪ τ2 as sets of points. Let us denote this set with M .
Because the intersection of two affine subspaces is again an affine subspace any
of the intersections πi ∩ τj, i = 1, 2, j = 1, 2 is an affine subspace of dimension
m − r − 1. In other words the set M is an union of four translations of the
(m− r − 1)-dimensional vector subspace ξ (see Figure 1).
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Fig. 1. The vector space ξ and its four translations in some fixed order, which
constitute the set M

The vectors ā, b̄, c̄ and d̄ are determined within the space ξ. There are two
possible cases:
a) If c̄ can be chosen equal to ā, then M is an affine subspace of dimension
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m− r + 1. ( M has dimension (m− r− 1 + 2), since the vectors ā, b̄, c̄ and d̄
can be chosen from a 2-dimensional subspace having trivial intersection with
ξ, and ξ itself has dimension (m− r − 1).)

b) Otherwise (i.e. if the vectors ā, b̄ and c̄ are linearly independent) M can be
represented as union of two (m− r)-dimensional affine subspaces in exactly 3
ways. Namely, any of this subspaces is obtained as an union of a pair of the
subspaces ξi, i = 1, . . . , 4. If we suppose that there are more than 3 repre-
sentations, i.e. if we presume that there is one more pair of affine subspaces,
which constitutes M , then it is easy to see that any of the two subspaces in
the new pair intersects all the 4 subspaces from the Fig.1 in a subspace of
dimension less by one. This means that any of the new two subspaces is an
union of 4 translations of the (m − r − 2)-dimensional vector subspace and
the translation vectors are the same. But now for these new subspaces we will
have the same situation like in case a) which contradicts the assumptions of
case b).
In the case a) the non-minimal codewords of weight 2d are the affine subspaces
in AG(m, 2) of dimension m− r + 1. By [3] their number is

Ar,m = 2r−1

 m

m− r + 1

 (1)

and each codeword is represented as sum of two codewords of minimal weight
in as many ways as the number of the affine (m − r)-dimensional subspaces
that it contains, divided by 2, i.em− r + 1

m− r

 = 2m−r+1 − 1.

In the case b) the non-minimal codewords of weight 2d, which have exactly 3
representations as sum of two codewords of minimal weight, can be calculated
as follows. The four subspaces of dimension m− r− 1 in this case are transla-
tions of a (m− r − 1)-dimensional vector space. The number of the different
translations of a fixed vector space of dimension m− r− 1 is 2r+1. From those
four spaces we have to exclude the spaces that are already considered in the
case a). Therefore their number is :(

2r+1

4

)
− 1

4

(
2r+1

3

)
=

(
2r+1

3

)
2r+1 − 4

4
.

Finally, we have to multiply it by the number of the (m− r − 1)-dimensional
vector spaces in order to obtain the number of the non-minimal codewords
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considered in the case b). Namely,

Br,m =
2r+1 − 4

4

 m

m− r − 1

(2r+1

3

)
.

�

Theorem 5 The number of non-minimal codewords in RM(r, m) of weight
2d, which have only one representation as sum of two codewords of weight d is
Cr,m = Pr,m − Sr,m, where Pr,m is the number of the pairs of non-intersecting
(m− r)-dimensional affine subspaces and Sr,m is the number of the represen-
tations of the codewords from cases a) and b) of Theorem 4 as sum of two
codewords of weight d.

PROOF. We consider the codewords of weight 2d, which have only one rep-
resentation as sum of two codewords of minimal weight d.
Using Theorem 4 we recall that the number of non-minimal codewords in
RM(r, m) of weight 2d, which have more than one representation as sum of
two codewords of weight d is calculated as the sum of two possible cases a)
and b). In case a) this number is Ar,m and the possible representations of
each codeword are 2m−r+1 − 1. In case b) this number is Br,m and there are
only 3 possible representations. So the number of the representations of the
codewords, which have more than one representation as sum of two codewords
of weight d is Sr,m = (2m−r+1 − 1)Ar,m + 3Br,m.
It can also be written as follows:

Sr,m = 2r−1(2m−r+1 − 1)

 m

m− r + 1



+
2r+1(2r+1 − 1)(2r+1 − 2)(2r+1 − 4)

8

 m

m− r − 1


In order to find the number Pr,m let us fix an (m − r)-dimensional affine
subspace π in AG(m, 2) and let τ be a k-dimensional subspace of π, where
0 ≤ k < m − r. Taking into account that the intersection of affine subspaces
is again an affine subspace, the number of (m − r)-dimensional subspaces of
AG(m, 2), which intersect π exactly in τ is the following:

(2m − 2m−r)(2m − 2m−r+1) . . . (2m − 2(m−r)+(m−r−1)−k)

(2m−r − 2k)(2m−r − 2k+1) . . . (2m−r − 2m−r−1)
(2)

=
2m−r

2k

(2r − 1)

(2m−r−k − 1)
· · · · · 2m−r

2k

(2r − 2m−r−k−1)

(2m−r−k − 2m−r−k−1)
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= 2(m−r−k)2

 r

m− r − k



Obviously if m ≤ 2m−2r−k−1, i.e., if k < m−2r, the expression (2) becomes
0. Therefore the number of (m− r)-dimensional affine subspaces, which have
non-empty intersection with a fixed (m− r)-dimensional affine subspace π is
as follows (let a = max{0, m− 2r}):

m−r∑
k=a

2m−r−k

m− r

k

 2(m−r−k)2

 r

m− r − k

 (3)

=
m−r∑
k=a

2(m−r−k)(m−r−k+1)

m− r

k


 r

m− r − k

 .

The number of those (m− r)-dimensional affine subspaces, which do not have
common point with π we can find it from the number of all affine subspaces of
this dimension in AG(m, 2), we deduce the number (3) of (m−r)-dimensional
affine subspaces, which have non-empty intersection with π, i.e.,

Er,m = 2r

 m

m− r

− m−r∑
k=a

2(m−r−k)(m−r−k+1)

m− r

k


 r

m− r − k

 .

Therefore for Pr,m we have

Pr,m =

2r

 m

m− r

Er,m

2
= 2r−1

 m

m− r


2r

 m

m− r



−
m−r∑
k=a

2(m−r−k)(m−r−k+1)

m− r

k


 r

m− r − k




�

Corollary 6 The number of the non-minimal codewords of weight 2d = 2m−r+1

in RM(r, m) is N2d
r,m = Ar,m + Br,m + Cr,m.

Example 7 Let us consider the Reed-Muller code RM(3, 5). For this param-
eters we have A3,5 = 620, B3,5 = 52080, C3,5 = 277760, therefore N8

3,5 =
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330460, i.e. the number of non-minimal codewords in RM(3, 5) (which is in
fact the extended binary Hamming code) of weight 8 is 330460.

In [2] Ashikhmin and Barg prove that the number of the non-minimal code-
words in the second order Reed-Muller code is

2m+1 − 2 + (4/3)(2m − 1)(2m−1 − 1)(2m−1 − 2).

Corollary 6 generalize this result for any r.

Proposition 8 Let RM(r, m) be the binary Reed-Muller code of order r > 1.
If c is non-minimal codeword of weight 2d then c+1 is non-minimal codeword
as well.
PROOF. By Lemma 2 the codeword c can be represented as the sum of
two codewords c1 and c2 each of them of minimal weight d. According to
[5], c1 and c2 are the incidence vectors of two (m − r)-dimensional affine
subspaces of AG(m, 2). For each of these subspaces let us take the hyperplane
((m− 1)-dimensional affine subspace) which contains it. Denote by ρ1 and ρ2

the complements of the above mentioned hyperplanes to AG(m, 2).
There are 3 possibilities:
1. The intersection of ρ1 and ρ2 to be (m− 2)-dimensional affine subspace.
2. ρ1 to be identical with ρ2.
3. ρ1 and ρ2 to be complements of each other to AG(m, 2).
In the first two cases the statement is obvious. In the third case to conclude
the proof we note that each of ρ1 and ρ2 contains points only from one of
supp(c1) or supp(c2).

�

Note that if wt(c) = 2d then wt(c + 1) = 2m − 2(m−r+1). So, for the second
order Reed-Muller code for any minimal word c of weight 2d, c + 1 is also
minimal. But for RM(r, m), r > 2, when there exist minimal codewords of
weight 2d, this is an open problem.
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