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Abstract — We prove that all codewords of weight
greater than 2™ — 2™ "1 in the binary Reed-Muller
code of order r are non-minimal.

I. INTRODUCTION

Let C be a g-ary code of length n and let us denote by
[n] :== {1,2,...,n} the set of code coordinates. A support
of a vector c is defined as supp(c) = {i € [n] : ¢; # 0}. If
supp(c’) C supp(c) (respectively, C), we also write ¢’ < ¢
(respectively, <).

Definition 1 Let C be a g—ary linear code. A nonzero code-
word ¢ € C is called minimal if its support does not contain
the support of any other nonzero codeword as true subset. The
support of a minimal codeword is called minimal with respect
to C'.

By M(C) is denoted the set of minimal vectors of given
code C. The following basic property of M(C) is proven in

(1):

Lemma 2 (Ashikhmin, Barg) If ¢ is minimal codeword in
a linear [n,k,d] code C, then wt(c) <n —k+ 1.

Let RM (r,m) be the binary Reed-Muller code of order r.
with the parameters [n = 2", k=3"_ ("(,d=2"""].

For the boolean function f let us denote 7 (f) = {Z|f(z) =
1}, i.e. 7(f) is the set of arguments for which the value of f
is 1.

Lemma 3 Let fi, fo be mon-constant boolean functions.
Then T(f1+ f2) CT(fifa+1) and T(f1+1) C T(frf2+1).

In our investigations we use the following theorem by
Kasami and Tokura [2].

Theorem 4 (Kasami, Tokura) Let f(zi,...,zm) be a
Boolean function of degree at most r, where r > 2, such that
|T(f)| < 2™ "1, Then f can be transformed by an invertible
affine transformation into either

@) f = 1. 2r2(Tr—12r + Trp1Trg2 + - -
+  Trou—3Triou—2), 2<2u<m-—r+2
(ZZ) f = 331...;rr_u(mr_w_l...xr+xr+1...mr+u),

3<pu<sr, pu<m-—r.
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II. SOME CONNECTIONS BETWEEN NON-MINIMALITY OF
THE CODEWORDS AND THEIR WEIGHTS

In this section we estimate the weights of minimal code-

words in RM (r,m), when r > ||, using Lemma 2. Before

formulating the first theorem we need to remind the definition

of the entropy function Hz(x) = —zlog, z— (1—x) log,(1—x),

where 0 < z < 1 and H2(0) = H2(1) =0 .

Theorem 5 Let RM(r,m) be binary Reed-Muller code with
length n, dimension k and r > | 3|, then:
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a) any codeword of weight greater then is non-minimal.

b) for all sufficiently large m, any codeword of weight greater

than 2’”H2<m_wlt_r) + 1 is non-minimal.

Now we will give another more general property of the
non-minimal codewords, namely that all codewords of weight
greater than 2™ — 2™~ "' are non-minimal in RM (r,m). In
fact, for m < 2r + 1 it is weaker than Theorem 5, but it gives
better results than Lemma 2, when m is sufficiently large with
respect to 7.

Proposition 6 Let RM (r,m) be the binary Reed-Muller code
of order r > 3. Then any codeword c of weight

wt(c) > 2™ —2m (1)
is mon-minimal.

This proposition can be considered as a generalization for
any r > 1 of the corresponding Ashikhimin and Barg’s result
[1] for RM(2,m).

It remains an open problem to find the greatest integer U =
U (r,m) such that there exist minimal codewords of weight U
in RM (r,m).

Finally, based on the results of [3] we improve the bound
(1) for RM(3,m).

Proposition 7 Any codeword of weight either 2™ — 2™ 72 or
2™ — 2m=2 _ 9m=6 s non-minimal in the binary RM(3,m)

code.
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