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Abstract. We find conditions that guarantee that a decomposition of a generic third-order
tensor in a minimal number of rank-1 tensors (canonical polyadic decomposition (CPD)) is unique
up to a permutation of rank-1 tensors. Then we consider the case when the tensor and all its rank-1
terms have symmetric frontal slices (INDSCAL). Our results complement the existing bounds for
generic uniqueness of the CPD and relax the existing bounds for INDSCAL. The derivation makes use
of algebraic geometry. We stress the power of the underlying concepts for proving generic properties
in mathematical engineering.
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1. Introduction.

1.1. Basic definitions. Throughout the paper F denotes the field of real or
complex numbers. A tensor T = (t;) € FI*/*K is rank-1 if there exist three
nonzero vectors a € F/, b € F/, and ¢ € FX such that 7 = ao b oc, in which
“o” denotes the outer product. That is, t;jr = a;bjcy, for all values of the indices. A
polyadic decomposition (PD) of a third-order tensor T expresses 7 as a sum of rank-1
terms,

R
(1.1) T:Zarobrocr,

r=1

where a, € F/, b, € F/, ¢, € FX are nonzero vectors. We will write (1.1) as
T = [A,B,C]R, where A = [a1 aR] EFIXR, B = [bl bR] EF‘]XR, C=
[c1 ... cg] € FEXE,

If the number R in (1.1) is minimal, then it is called the rank of T and is denoted
by r7. In this case we say that (1.1) is a canonical polyadic decomposition (CPD) of
T. The CPD was introduced by Hitchcock in [16]. It is also referred to as rank de-
composition, canonical decomposition (Candecomp) [2], and the parallel factor model
(Parafac) [14, 15].
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It is clear that in (1.1) the rank-1 terms can be arbitrarily permuted and that
vectors within the same rank-1 term can be arbitrarily scaled provided the overall
rank-1 term remains the same. The CPD of a tensor is unique when it is only subject
to these trivial indeterminacies.

We call tensors whose frontal slices are symmetric matrices (implying I = J) SFS-
tensors, where the abbreviation “SFS” stands for “symmetric frontal slices.” It is clear
that if an SFS tensor 7 is rank-1, then 7 = aoao ¢ for some nonzero vectors a € F!
and ¢ € FX. Similarly to the unstructured case above, one can easily define the SFS-
rank, the SFS-CPD, and the uniqueness of the SFS-CPD of an SFS-tensor T (see [12,
section 4] for the exact definitions). Note that the SFS-CPD corresponds to the
individual differences in multidimensional scaling (INDSCAL) model, as introduced
by Carroll and Chang [2]. To the authors’ knowledge, it is still an open question as
to whether there exist SFS-tensors with unique SFS-CPD but nonunique CPD.

Blind signal separation (BSS) consists of the splitting of signals into meaningful,
interpretable components. The CPD has become a standard tool for BSS: the known
mixture of signals corresponds to a given tensor 7 and the unknown interpretable
components correspond to the rank-1 terms in its CPD. For the interpretation of the
components one should be able to assess whether the CPD is unique. The SFS-CPD is
a constrained version of the CPD. In the original formulation of the INDSCAL model
(or SFS-CPD) the frontal slices of 7 were distance matrices. Nowadays, SFS-CPD
is widely used in independent component analysis (ICA) where the frontal slices of
T are spatial covariance matrices. The SFS-CPD interpretation of ICA allows one
to handle the underdetermined case (more sources than sensors). The (SFS-)CPD
based approach has found many applications in signal processing [6, 7], data analysis
[19], chemometrics [22], psychometrics [2], etc. We refer the readers to the overview
papers [5, 8, 10, 18, 23] and the references therein for background, applications, and
algorithms.

The most famous result on uniqueness is due to Kruskal [20]. The k-rank of a
matrix A is defined as the largest integer ka such that any ka columns of A are
linearly independent. Kruskal’s theorem states that if 7 = [A, B, C]y and

ka + kB +kc —2

1.2 <
(12) R< e,

then 77 = R and the CPD of T is unique.

Condition (1.2) is an example of a deterministic condition for uniqueness in the
sense that the uniqueness of the CPD can be guaranteed for a particular choice of the
matrices A, B, and C. Checking deterministic conditions can be cumbersome. For
instance, in (1.2) the computation of the k-ranks has combinatorial complexity. If the
entries of matrices A, B, and C are drawn from continuous distributions then one can
consider uniqueness with probability one or generic uniqueness. Generic conditions
are often easy to check; they usually just take the form of a bound on the rank as a
function of the tensor dimensions. In this paper we derive new, relaxed conditions for
the generic uniqueness of CPD and SFS-CPD. We resort to the following definitions.

DEFINITION 1.1. Let ug be the Lebesgue measure on FIXF x FIXR o FEXE - The
CPD of an I x J x K tensor of rank R is generically unique if

ur{(A,B,C) : the CPD of the tensor [A,B,C]g is not unique } = 0.

DEFINITION 1.2. Let up be the Lebesque measure on FI*1 x FEXE  The SEFS-
CPD of an I x I x K tensor of SES-rank R is generically unique if

ur{(A,C) : the SFS-CPD of the tensor [A,A,C]g is not unique } = 0.
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1.2. Previous results on generic uniqueness of the CPD. Since the k-rank
of a generic matrix coincides with its minimal dimension, the Kruskal theorem implies
the following result: if

min(/, R) + min(J, R) + min(K, R) — 2

1. <
(13) R < : ,

then the CPD of an I x J x K tensor of rank R is generically unique. Without loss
of generality we may assume that 2 < I < J < K. Then (1.3) guarantees generic
uniqueness for R < min(/+J—-2,K) and K < R < (I+J+K)/2. Kruskal’s condition
is not necessary in general. It was shown in [3, Proposition 5.2] that if 3 < T < J and
F = C, then generic uniqueness holds if

(1.4) R<(I-1)(J-1) and (I-1)(J-1)<K.

A similar result (involving a different condition in the second part of (1.4)) had
been obtained before in [25, Theorem 2.7]. In the following proposition we collect
theoretically proven bounds on R that guarantee generic uniqueness of the CPD for
the complimentary case where K < R.

ProposiTION 1.3. Let 2 < I < J < K < R. Then each of the following
conditions implies that the CPD of an I x J x K tensor of rank R is generically
unique:

(i) RIJK/(I+J+K-2)—K,3<1I,F=C ]Il Corollary 6.2], [25, Corollary

3.7, K is odd];
(ii)) R < 2‘“'8’2, where a and B are maximal integers such that 2¢ < I and
28 < J [3, Theorem 1.1];

(il) R < IEEE=2 (follows from Kruskal’s bound (1.3)).

The theoretical bounds in Proposition 1.3 can be further relaxed. According to
the recent paper [4] the CPD is generically unique (with a few known exceptions) if

IJK
. < | | — <
(1.5) RL+J+K—2-‘ 1, IJK < 15000,

where [z] denotes the smallest integer not less than 2. The proof of (1.5) involves the
computation of the kernel of a certain I.JK x R(I+J+K) matrix for a random example
with the given dimensions and number of rank-1 terms. Similarly, Proposition 1.4
below guarantees generic uniqueness of the CPD if at least one of some specially
constructed matrices has full column rank. The conditions in Proposition 1.4 are
formulated in terms of the Khatri-Rao product of mth compound matrices of A and
B. Recall that the mth compound matriz of an I x R matrix A (denoted by C,,(A)) is
defined for o < min(Z, R) and is the ( 7{1 )% ( :;) matrix containing the determinants of
all m x m submatrices of A, arranged with the submatrix index sets in lexicographic
order. We refer the reader to [11] for more details on compound matrices. The
Khatri-Rao product of the matrices A and B is defined by

AOB=Ja; ... ag]®[b; ... bg]:=[a;®b; ... ar @ bg],

where “®” denotes the Kronecker product.

PROPOSITION 1.4 (see [12, Proposition 1.31]). The CPD of an I x J x K tensor
of rank R is generically unique if there exist matrices Ag € FI*E, By € F/*E and
Co € FEXE sych that at least one of the following conditions holds:
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(i) Cine(Ag) © Cne (Bo) has full column rank, where mc = R — min(K, R) + 2;
(ii) Cima(Bo) © Cima (Co) has full column rank, where ma = R — min(I, R) + 2;
(iii) Cimg(Co) © Crg(Ag) has full column rank, where mg = R —min(J, R) + 2.
It was shown in [11, 12] that if (1.3) holds, then (i)—(iii) in Proposition 1.4 hold,
i.e., Proposition 1.4 is more relaxed than (1.3). To see if (i)—(iii) hold for given
dimensions and rank, it suffices to check a random example (more specifically, in
which the entries of Ag, By, Cy are drawn from continuous probability densities).

1.3. Previous results on generic uniqueness of the SFS-CPD. The generic
uniqueness of the SFS-CPD has been less studied. From Kruskal’s condition (1.2) it
follows that if

min(K, R)
2

then the SFS-CPD of an I x I x K SFS-tensor of SFS-rank R is generically unique.
To the authors’ knowledge the following counterpart of Proposition 1.4 is the only
known result on the generic uniqueness of the SFS-CPD.

PROPOSITION 1.5 (see [12, Proposition 6.8], [24, K = R]). The SFS-CPD of
an I x I x K SFS-tensor of SES-rank R is generically unique if there exist matrices
Ay € FI*E gnd Cy € FEXE such that Crng (Ag) ® Crng (Ag) 01 Cra (Ag) © Cina (Co)
has full column rank, where mc = R —min(K, R)+2 and ma = R —min(/, R) 4 2.

(1.6) R <min(l,R) + -1,

1.4. Contributions of the paper. In this paper we present new generic unique-
ness results for the CPD and SFS-CPD. Based on deterministic conditions from
[11, 12] (namely, Propositions 3.2, 4.2, and 6.1 further on) we obtain theoretically
proven bounds on R.

1.4.1. Results on generic uniqueness of the CPD. The following result
complements the conditions for CPD in Proposition 1.3.
PRrROPOSITION 1.6. Let

(1.7) 2<I<J<KC<R,
<I+J+2K—2— (I—-J)?+4K

(1.8) R 5

or, equivalently,

(1.9) m—-1<I<J<KZ<R,
(1.10) R<(I+1-m)(J+1—m)+m—2,

where m = R— K +2. Then the CPD of an I x J x K tensor of rank R is generically
UNLQUE.

Since it is often the case in applications that the largest dimension of a tensor
exceeds its rank, we explicitly formulate the following special case of Proposition 1.6.

COROLLARY 1.7. Let 3<I < J< R< K and R< (I —1)(J—1). Then the
CPD of an I x J x K tensor of rank R is generically unique.

Corollary 1.7 improves the results of [3, Propositions 5.2] and [25, Theorem 2.7]
mentioned above (see (1.4)). Namely, the assumption (I —1)(J —1) < K in (1.4) is
relaxed as R < K and the statement on generic uniqueness holds both for = C and
F = R. It is also interesting to note that for F = C the decomposition is generically not
unique if R > (I—1)(J—1) [3, Proposition 2.2]. In the case where F = C, Corollary 1.7
can also be obtained by combining [3, Propositions 5.2] and [4, Theorem 4.1].
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Let us compare bound (1.8) with Kruskal’s bound (1.3), bound (1.4), and bounds

from Propositions 1.3-1.4. For I > 3, bound (1.8) improves (1.3) by EoyU PR W.
For R = K, (1.8) coincides with (1.4). Using results of [11, 12] one can show that
condition (1.8) is more relaxed than Proposition 1.4. In the following examples we
present some cases where (1.8) is more relaxed than any bound from Propositions 1.3—
1.4 and compare bound (1.8) with the bound in Proposition 1.3(i).

Ezample 1.8. By Proposition 1.3(iii) or Proposition 1.4, the CPD of a generic
4 x 5 x 6 tensor is unique for R < 6 and by Proposition 1.6 and (1.5), generic unique-
ness is guaranteed for R <7 and R < 9, respectively.

Ezample 1.9. One can easily check that if K = (I —2)(J—2), then the right-hand
side of (1.8) is equal to R = (I — 2)(J — 2) + 1. Thus, by Proposition 1.6, the CPD
of an I x J x (I —2)(J — 2) tensor of rank (I —2)(J — 2) + 1 is generically unique.
In particular, the CPD of an 7 x 8 x 30 tensor of rank 31 is generically unique. It
can be shown that this result does not follow from Proposition 1.3. By (1.5), generic
uniqueness holds for R < 39. On the other hand, for increasing I and J, bound (1.5)
becomes harder and harder to verify. For instance, to guarantee that the CPD of an
IxJx(I—2)(J—2) tensor of rank (I —2)(J—2)+1 is generically unique one should
compute the kernel of an I.J(I —2)(J —2)x (I+J+ (I —2)(J=2))((I-2)(J—2)+1)
matrix, which quickly becomes infeasible [4].

Ezample 1.10. We compare the bound in Proposition 1.3(i) with bound (1.8) for
I x I x K tensors. By formula manipulation it can easily be shown that if I = J and
min(9, I) < K, then the bound in Proposition 1.3(i) is more relaxed than bound (1.8)

if at least 5 + /2K — VK + 2L < T and that the bound (1.8) is more relaxed than

the bound in Proposition 1.3(i) if at least I < 2+ /2K — VK + 3.

1.4.2. Results on generic uniqueness of the SFS-CPD. If either R < I or
I <R <min(K,2I —2) or max(I,K) < R < (2 + K — 2)/2, then generic uniqueness
of the SFS-CPD follows from (1.6). Other theoretical bounds on R for the cases
2<I<R<K,2<I<K<R,and 2 < K <1T < R are stated in Propositions 1.11,
1.12; and 1.13, respectively.

PROPOSITION 1.11. Let 4 < I < R< K and R < LzL. Then the SFS-CPD of
an I x I x K SFS-tensor of SFS-rank R is generically unique.

ProrosITION 1.12. Let

2<I<K<R,

2I +2K +1—- 8K +8I+1

. <
(1.11) R< 5

or, equivalently,

m—1<1<K<R,
P+@B-2m)I (m—1)(m-—2)

+ )
2 2

where m = R — K + 2. Then the SF'S-CPD of an I x I x K tensor of rank R is
generically unique.

ProrosiTION 1.13. Let
(1.13) 2< K <I<R,
- K+3-1—/(K-I1?2?+2K +6I—3
- 2

(1.12) R<

(1.14) R
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or, equivalently,

m—-1<K<I<R,
(1.15) R<(I+1-m)(K+1—m),

where m = R — I + 2. Then the SFS-CPD of an I x I x K tensor of rank R is
generically unique.

Using results of [11, 12] one can show that for min(I, K) > 3, bound (1.14) is
more relaxed than the bound in Proposition 1.5, which is known [11, 12] to be more
relaxed than Kruskal’s condition (1.6). It can also be shown that for 2 < T < K < R,
bound (1.11) is more relaxed than the bound in Proposition 1.5 (and hence (1.6)) in
all cases except (I, K) € {(2,2),(3,4), (4,4), (5,6),(6,6),(8,8)}.

Ezample 1.14. Kruskal’s condition (1.6) and Proposition 1.5 guarantee that the
SES-CPD of an 8 x 8 x 20 tensor of rank R is generically unique for R < 14 and
R < 20, respectively [12, Example 6.14]. By Proposition 1.12, uniqueness holds also
for R = 21. More generally, if I > 5, then by Proposition 1.12, the SFS-CPD of an
I x1Ix % tensor of rank Iz_T?’I + 1 is generically unique.

1.5. Organization of the paper. A number of deterministic conditions for
uniqueness of the CPD and SFS-CPD have been obtained in [12]. The main part of the
theory in [12] was built around conditions that were denoted as (Km), (Cm), (Um), and
(Wm) (each succeeding condition is more relaxed than the preceding one, but harder
to use). It was shown that condition (1.3) and the conditions in Propositions 1.4, 1.5
are generic versions of the (Km) and (Cm) based deterministic conditions, respectively.
In this paper we obtain generic versions of the (Um) and (Wm) based deterministic
conditions from [12]. We proceed as follows. In the first part of section 3 we recall the
(Wm) based deterministic condition for uniqueness of the CPD (Proposition 3.2) and
in the first parts of sections 4 and 6 we derive two (Um) based conditions for uniqueness
of the SFS-CPD (Propositions 4.2 and 6.1, respectively). Then in the second part
of sections 3, 4, 6 we interpret the conditions in Propositions 1.6, 1.12, and 1.13
as generic versions of the deterministic Propositions 3.2, 4.2, and 6.1, respectively.
Proposition 1.11 is derived from Proposition 1.12 in section 5. Our derivations make
use of algebraic geometry. Section 2 contains relevant basic definitions and results.
In subsection 2.2.3 we summarize these results in a procedure that may be used in
different applications to study generic conditions. Although algebraic geometry based
approaches have appeared in, e.g., [1, 3, 4, 25|, the power of the algebraic geometry
framework is not yet fully acknowledged in mathematical engineering. We hope that
our paper has some tutorial value in this respect.

2. Auxiliary results from algebraic geometry. This section is provided to
make the paper accessible to readers not familiar with algebraic geometry. We present
a well-known algebraic geometry based method to prove that a set W C F' has
measure zero, pur(W) = 0. For F = C we introduce the notion of dimension of W,
dim W, and explain how to compute it. We show that if dim W < [, then uc(W) = 0.
The method is summarized and illustrated in subsections 2.3 and 2.4, respectively. In
subsection 2.3 we also explain that the case F = R can be reduced to the case F = C.
In this paper, to prove Proposition 1.6 and Propositions 1.12-1.13, we will use the
method for

W ={(A,B,C): the CPD of [A,B,C]g is not unique} C F/*H x F/*8 y plx~
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(W can be considered as a subset of F! with [ = (I + J + K)R) and
W = {(A,C) : the SFS-CPD of [A, A, C]g is not unique} C F/*# x FE*~
(W can be considered as a subset of F! with [ = (I + K)R), respectively.

2.1. Zariski topology. A subset X C C" is Zariski closed if there is a set of
polynomials p1(z1,...,2n), .-, Pk(21, ..., 2,) such that

(2.1) X ={(z1,--,2n): p1(21,---,2n) =0,...,0k(21,...,2,) =0}

A subset Y C C" is Zariski open if its complement in C" is Zariski closed. A subset
Z C C™ is Zariski locally closed if it equals the intersection of an open and a closed
subset. The Zariski closure W of W C C" is the smallest closed set such that W C W.
For instance, the set

Y={(z1,...,2n): q1(21,-.,20) #0,...,q(21,...,2,) # 0}
is Zariski open and the set
Z=YNX=A{(z1,...,2n) : p1(21,..,20) =0,...,pr(z1,...,2n) =0,
@1(z1,-y20) 0, q(z1, ..., 20) # 0}

is Zariski locally closed. If W = (0,1) C C!, then the closure of W in the classical
Euclidean topology is [0, 1] and the closure in the Zariski topology is the entire C!.
Indeed, if W = {z: pi(z) =+ =pi(z) =0} D (0,1), then p; = 0. Hence, W = C!.

In the sequel we will consider closed and open subsets only in Zariski topology
and, for brevity, we drop the term “Zariski.” The following lemma follows easily from
the above definitions.

LeEmMA 2.1.

(i) The empty set and the whole space C™ are the only subsets of C" that are

both open and closed.
(i) Let Y be an open subset of C". ThenY = C™.

2.2. Dimension of a subset. With an arbitrary subset W C C" one can asso-
ciate a number, called the dimension of W, dim W € {0,1,...,n}, such that W C C"
if and only if dim W < n. In this subsection we give a definition and discuss how the
dimension can be computed.

A closed subset X is reducible if it is the union of two smaller closed subsets X3
and Xo, X = X; U X5. A closed subset X is irreducible if it is not reducible. For
instance, the subset X := {(21,22) : 2122 = 0} C C? is reducible since X = X; U X»
with X; := {(21,22) : 2z; = 0}; both X; and X5 are irreducible.

The (topological) dimension of a subset W C C™ is the largest integer d such
that there exists a chain Xg € X; € --- € Xgq C W of distinct irreducible closed
subsets of . It can be proved that such d always exists and that d < n. Since the
closure of W coincides with W, it follows immediately from the definition of dimension
that dim W = dim W. The following properties of the dimension are well known in
algebraic geometry.

LEMMA 2.2.

(i) Let Wh € Wy C C™, then dim Wy < dim Wy < n.
(i) Let W C C™. Then dimW = n if and only if W = C".
(iii) Let W C Wy x Wy and m; be the projection Wy x Wo — W;, i =1,2. Then

max(dim 7 (W), dimme(W)) < dim W < dimm (W) + dim 7o (W).
(iv) Let W =W U---UWy. Then dim W = max(dim Wy, ..., dim Wy).
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It can be shown that if W is a linear subspace, then dim W coincides with the
well-known definition of dimension in linear algebra, that is, dim W is equal to the
number of vectors in a basis of W. In particular, in the case where W; and W5 are
linear subspaces, statements (i)—(iii) in Lemma 2.2 are well known in linear algebra.

In the remaining part of this subsection we explain a method to obtain a bound on
the dimension of a set W C C!. The method is summarized in Procedure 2.6, which,
together with Lemma 2.7, will serve as the main tool for proving generic properties
in this paper.

First, in subsections 2.2.1-2.2.2, we address the following auxiliary problem.
Given a set X = m(Z) C C!, where the set Z C C" is of the special form (2.2)
and 7 is the projection 7 : C* — C!, we want to obtain a bound on dim X.

2.2.1. Construction of set Z and determination of dim Z. Let py,...,
Prn—ms q1y--->Gn—m be polynomials in the variables z1,...,z,,. We define the open
subset

Y={(z1,--,2m): ¢1(21,--,2m) 0, .., n-m(21,...,2m) #0} CC™.

Then, by Lemma 2.1(ii), ¥ = C™. Hence, by Lemma 2.2(ii), dimY = m. By
definition, the set Z C C™ is the image of Y under the mapping

o (21,..,2m) EY (zl,...,zm,pl(zl’”"Zm),...,pnm(zl’”"zm)> € Z,
Q1(Zla---azm) Qn—m(zla---azm)
that is, Z = ¢(Y'). It is clear that the projection of Z onto the first m coordinates of

C"™ coincides with Y. Hence, by Lemma 2.2(iii), dim Z > m. The following lemma
is well known, it states that dim Z = m. In other words, the dimension of the image

@(Y) cannot exceed the dimension of Y. Note that Lemma 2.3 requires p1, ..., Pn—m,
q1,- - -, qn—m to be polynomials in the variables z1, ..., 2.

LeMMA 2.3. Let p1,...,Pn—msQq1,---,Gn—m be polynomials in the variables
Z1ye ey Zm and

Z = {(Zla---azmaz7n+17---7zn) :

pl(zla .. .,Zm) o = pn—m(zla .. -7Zm)
Q1(217'~',Zm)7”.’ " qnfm(zla'”azm)’

@21y 2m) 0,0 @nem(21,5 - 2m) # 0, 21,---,zm€<C} ccn.

(22) Zm+1 +—

Then Z is irreducible and dim Z = m.

In this paper we call the variables z1,..., 2y, and zZp41,..., 2, in (2.2) “inde-
pendent” parameters and “dependent” parameters, respectively. Thus, Lemma 2.3
formalizes the fact that dim Z coincides with the number of its “independent param-
eters.”

2.2.2. Construction of projection 7w and bound on dimxw(Z). Let 7 be
the projection

(2.3) T: C" = C, (215 oy 2n) = (Zhaly e Zmy e oo s Zhtl),s

for certain k, [ such that k + 1 <m < k+1 < n. We assume additionally that 1 < k
and [ < m. We consider the set m(Z). Thus, © drops at least one of the independent
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parameters z1, ..., 2z, but not all of them; m may also drop dependent parameters

Zmal,- -+ 2n, even all of them. By Lemma 2.2(i), dim 7(Z) < dim C' = I. Now we ex-

plain that this trivial bound may be further improved so that we obtain dim 7 (Z) < .
Let f denote the restriction of 7 to Z,

(2.4) f:Z—=CY flz, . 20) = (Zha1, . zepe) for all (z1,...,2,) € Z,

yielding that 7(Z) = f(Z). Denote by f~(ski1,...,8k1) C Z the preimage of the
point (Sg+1,-..,sk+1) € f(Z):

T ka1 skmt) = {215y 20) € Z: f(21, oy 20) = (Ska1y - Skal)}
= {(2’1,...,2’71) IS Zk41 = Skadlse--s Rkl = 5k+l}-

The following lemma easily follows from the “fiber dimension theorem” [21, Theo-
rem 3.7, p. 78]; it relates the dimension of the preimage with the dimension of the
projection.

LEMMA 2.4. Let Z and f be defined by (2.2) and (2.4), respectively. Suppose
that

(2.5) dim ™ (spa1y .-y s640) > d for all (Sge1s-. ., s611) € f(Z).
Then (dim7(Z) =) dim f(Z) < m — d.

Thus, to obtain the bound dim 7 (Z) < [, it suffices to show that d > m — [.

The results of subsections 2.2.1-2.2.2 are summarized in the following procedure.

PROCEDURE 2.5. Input: a subset X = n(Z) C C!, where Z C C" (n > 1) is of
the form (2.2) and 7 is of the form (2.3).

Output: bound on dim X .

(i) Setm:=dimZ (by Lemma 2.3).

(ii) Find d such that (2.5) holds.

(i) dim X <m —d (by Lemma 2.4).

2.2.3. A method to obtain a bound on dim W C C!. In this subsection we
consider the following problem: given a set of points W C C! that satisfy a certain
property, we want to show that dim W < [. R

First we “parameterize” the problem: we find a larger subset Z C C" and a
projection m : C* — C! such that W = 7(Z). Our parameterizations are such that
the set Z is included into a finite union of subsets Z, C C", 7Zc U Z., and that all
Z,, are of the form (2.2). (For example, if W is the set of 2 x 2 matrices with zero
cigenvalue, then W = 7(Z), where Z = {(A,f) : Af =0, f # 0} C C2%2 x C2 and
71 C2X2%C2 — C2*2. Obviously, Z := Z;UZ,, where Z; = {(A,f) : Af =0, f; # 0},
and it can be verified that, indeed, Z; and Z5 are of the form (2.2).) Since W = W(Z)
and Z C U Z., from Lemma 2.2(i), (iv) it follows that

dimW = dimn(Z) < dimn (U Zu) = dim|_J7(Z,) = maxdim(Z,)

or dim W < max, dim X,, where X,, = n(Z,). Thus, to obtain a bound on dim W
one should obtain bounds on dim X,, for all u. This can be done by following the
steps in Procedure 2.5 for X = X,.
The results of subsection 2.2 are summarized in the following procedure.
PROCEDURE 2.6. Input: a set of points W C C! that satisfy a certain property.
Output: bound on dim W.
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Phase I: Parameterization. R R

(1) Ezpress W as w(Z): W = n(Z), where Z C C™ and 7 is of the form (2.3).

(2) Ezpress Z as part of a finite union ZcC U Zu, where all Z,, are of the form
(2.2).

Phase II: Obtaining a bound on dim W.

(3) For all values of u: apply Procedure 2.5 for X = X,, = w(Z,), obtain a bound
on dim X,,, dim X, <1,.

(4) dim W < maxy, .

In none of the cases in this paper, will the values [, in step (3) of Procedure 2.6

depend on wu. Thus, we will apply Procedure 2.5 only once, e.g., for u = 1.

2.3. Zariski closed proper subsets have measure zero. The following lem-
ma is well known. We include a proof since we do not know an explicit reference
where such a proof can be found.

LEMMA 2.7. Let W C C!, dimW < I, and Wg := W NRL. Then uc{W} =0
and pr{Wgr} = 0, where puc and ur denote the Lebesgue measures on C! and R,
respectively.

Proof. We may assume that W is defined by (2.1). Then W is the zero set of the
polynomials pq, ..., pr. The results follow from the well-known fact that the zero set
of a nonzero polynomial has measure zero both on C! and R’ 0

As our overall strategy for showing that a subset W C F' has measure zero, we
will use Procedure 2.6 and Lemma 2.7 as follows. If F = C, then we follow the steps in
Procedure 2.6 to show that dim W < [, and conclude, by Lemma 2.7, that uc(W) = 0.
If F = R, then first, we extend W C R! to a subset W¢ C C! by letting all parameters
in W take values in C; second, we follow the steps in Procedure 2.6 to show that
dim We < [, and conclude, by Lemma 2.7, that ug(W) = ur(We NRY) = 0.

2.4. Example. To illustrate our approach we prove the well-known fact that
two generic square matrices of the same size do not share eigenvalues.

Ezxample 2.8. Let W = {(A,B) : A and B have a common eigenvalue} be a
subset of C™"*™ x C™*". We claim that uc(W) = 0, where puc is the Lebesgue measure
on C™*™ x C"*", By Lemma 2.7 it is sufficient to prove that dim W < 2n2 — 1. To
obtain a bound on dim W we follow the steps in Procedure 2.6.

Phase I: Parameterization.

(1) Tt is clear that (A,B) € W if and only if there exist A € C and nonzero vectors

~

f and g such that Af = M and Bg = Ag. Hence, W = 7(Z), where
Z={(A,B,\f,g): Af =X, Bg=)\g, f#0, g #0}

is a subset of C"*" x C"*" x C x C™ x C™ and 7 is the projection onto the first two
factors

i CPXP X CPXP x € x € x T — €57 x €57,

(2) We represent Z as a finite union of sets of the form (2.2):

Z\ = U Zu,va Zu,v = {(AaBa/\vfag) : Af = )\f, Bg = /\ga fu 7& Oa Gu 7& 0}

1<u,v<n

We show that all Z,, , are of the form (2.2). To simplify the presentation we restrict
ourselves to the case u = 1 and v = 1. The general case can be proved in the same
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way. Since, by assumption, f; # 0 and g1 # 0, we can express a; and by via A,
as,...,ay, ba,...,b,, f and g. Hence,

Zl,l = {(AaBa)\afag) € Za fl 7& 07 g1 7& 0}

- {(al - ()\f - anQ — an.fn)/flaaZa <oy An,
by = (AMf —bags — -+ = bngn)/g1,b2,..., by, A\ f,8) : f1 #0, g1 # 0}
is indeed of the form (2.2), where 21, ..., 2, correspond to the value A and the entries
of ag,...,a,, ba,...,b,, f, g and where 2,1, ..., 2, correspond to the entries of a;

and bl.
Phase II: Obtaining a bound on dim W.
(3) To obtain bounds on dimw(Z, ,) we follow the steps in Procedure 2.5 for
X =n(Zy). W.lo.g. we again restrict ourselves to the case v =1 and v = 1.
(i) By Lemma 2.3, dimZ; 1 = 1+n(n—1)+n(n—1) +n+n=2n?+ 1.
(i) Let f: Z11 — C™*™ x C™*" denote the restriction of 7 to Z1 1:

f(A7Ba/\7f7g) = (AaB)a (AvBaAafag) S Z171~

From the definition of Z; ; it follows that if (A, B, \,f,g) € Z; 1, then
(A,B, N\ of,5g) € Z11, where a and f are arbitrary nonzero values. (Indeed, if
Af = M and Bg = Ag, then A(af) = A(af) and B(f8g) = A(Sg).) Hence,

YA, B) D {(A,B,\af,Bg) : a#0, 3#0).

By Lemma 2.2(iii), dim f~1(A,B) > dim{(af,3g) : a #0, 3#0} >
dim{(af1,Bg1) : a #0, B # 0}. Since dim{(af1,Bg1) : « #0, B # 0} =dimC? = 2,
it follows that dim f~1(A,B) > 2 =: d.

(iii) By Lemma 2.4, dim7(Z; 1) < dim Z; 1 —d < 2n?+1—2 = 2n% — 1. Note
that precisely the property that A and B share an eigenvalue has allowed us to find
a projection that reduces the dimension. What remains is a little effort to show that
d = 2 implies that having eigenvalues in common is a subgeneric property.

(4) Hence, dim W < max,, , dim7(Z, ) = dim7(Z11) = 2n% — 1.
Since W C C**™ x C™*™ and dim W < 2n? — 1, it follows from Lemma 2.7 that
pc(W) = 0.

3. Uniqueness of the CPD and proof of Proposition 1.6. In what follows,
w(A1,...,Ar) denotes the number of nonzero entries of [A\; ... Ag|?. The following
condition (Wm) was introduced in [11, 12] in terms of mth compound matrices. In
this paper we will use the following (equivalent) definition.

DEFINITION 3.1. We say that condition (Wm) holds for the triplet of matrices
(A,B,C) € FIXE x FIXE x FEXE 4f )(A1,...,Ar) < m — 1 whenever

TADiag(Ar,...\g)BT <m —1  for A1 ... )\R]T € range(CT).

Since the rank of the product ADiag()1,...,Ag)B? does not exceed the rank of
any of the factors and since rpiag(a;,...,xz) = W(A1,...,Ar), we have the implication

(3.1) WAL, AR) Em =1 = TaADiag(n,..Az)BT <M — L.

Condition (Wm) in Definition 3.1 means that the opposite of the implication in (3.1)
holds for all [A\; ... Ag] € range(CT) C C®. We now give a set of deterministic
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conditions, among which is a (Wm)-type condition, that guarantee CPD uniqueness.
These conditions will be checked for a generic tensor in the proof of Proposition 1.6.

PROPOSITION 3.2 (see [12, Proposition 1.22]). Let T = [A,B,C|g and mc :=
R —rc + 2. Assume that

(i) max(min(ka, ks — 1), min(ka — 1,kB)) + kc > R+ 1;

(ii) condition (Wmg) holds for the triplet (A,B,C);

(iii) A ® B has full column rank.
Then r+ = R and the CPD of tensor T is unique.

Proof of Proposition 1.6. We show that

(3.2) wr{(A,B,C): (i) or (ii) or (iii) of Proposition 3.2 does not hold} = 0.
Since, under condition (1.7),

ur{(A,B,C): ka <Torkp<Jorkc<K}=0,
it follows that (3.2) holds if and only if

wr{(A,B,C) : (i) or (ii) or (iii) of Proposition 3.2 does not hold and
ka=1, kg=1J, kc=K}=0.

Condition (i): By (1.7)-(1.8),

—I—\/({I—-J)?+4K
R+1§I+K+J (2 s <I+K<J+K,

which easily implies that condition (i) of Proposition 3.2 holds for all matrices A, B,
and C such that ko =1, ks = J, kc = K.
Condition (iii): By (1.10), (1.9),

R<IJ—1—(m—-1)I+J-m)<IJ—1.
It is well known [17, Theorem 3] that
w1{(A,B) : (iii) of Proposition 3.2 does not hold} = 0

if and only if R < IJ, where p; denotes the Lebesgue measure on F/*f x F/*F,
Fubini’s theorem [13, Theorem C, p. 148] allows us to extend this to a statement for
(A,B,C):

ur{(A,B,C) : (iii) of Proposition 3.2 does not hold} = 0.
Condition (ii): Let

W ={(A,B,C) : (ii) of Proposition 3.2 does not hold and

3.3
(3.3) ka=1, kg =J, k¢ = K} C FIXE x />R  pEXE,

To complete the proof of Proposition 1.6 we need to show that up{W} = 0. By
Lemma 2.7, it is sufficient to prove that, for F = C, the closure of W is not the entire
space CT*F x C7*F x CEXR which is equivalent (see discussion in subsection 2.3) to

(3.4) dimW < IR+ JR+ KR — 1.

To prove bound (3.4) we follow the steps in Procedure 2.6.
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Phase I: Parameterization. N

(1) We associate W with a certain 7(Z). By Definition 3.1, condition (Wm) does
not hold for the triplet (A,B,C) if and only if there exist values A1,...,Ar and
matrices A € CI*(m=1) B e C/*(m=1) gych that

ADiag(A1, ..., Ag)BT = AB”, [\ ... Ag]" € Range(C7),

but w(A1,...,Agr) > m. We claim that, if additionally, ko = I and kg = J, then
w(A1,. .., Ar) > I. Indeed, if m < w(A1,...,Ar) < I < J, then by the Frobenius
inequality,
m —12> rxgr = TADiag(\1,...Ar)BT
2 TADiag(A1,....Ar) T TDiag(A1,...Ar)BT — "Diag(A1,....Ar)
=wA, .o AR) WA, AR) —w(A, - AR) = w(A, . AR) > My
which is a contradiction. Hence, W in (3.3) can be expressed as
W ={(A,B,C): (Wm) does not hold for the triplet (A, B, C),
ka=1I, kg =J, k¢ = K}
={(A,B,C): there exist A;,...,Ag € C, A e C'*(m=D and BeC/*(m1

(3.5) such that ADiag(\y, ..., Az)BT = AB7,
(3.6) A1 ... Ag]T € Range(CT),
(3.7) ka =1, kg = J, ke = K,

w(/\l,...,/\R) ZI}

~

It is now clear that W = n(Z), where
Z={(A,B,C,\1,..., \g,A,B): (3.5)-(3.7) hold}

is a subset of CIXF x C/*F x CExI » CF x CI*(m=1 » ¢/*(m=1 and 7 is the
projection onto the first three factors

T (CIXR % (CJXR % (CKXR % (CR % (CIX(m—l)X(CJX(m—l)
_ CIXR X CJXR X CKXR.
(2) Since
(3.8)  w(Ai,...,Ar)>T & Ay -+ Ay, #0 forsome 1<u; <---<ur <R
we obtain

Z = U {(A,B,C,\1,..., g, A, B): (3.5)-(3.7) hold, Ay, --- Ay, # 0}.

1<u;<--<ur<R

_____ «; denote the submatrix of A formed by columns wq,...,us. Since (3.7)
is more restrictive than the conditions det A,, .. ., # 0 and kc = K, it follows that

ZC U1§u1<---<u1§R Zuyy,....ur» Where

w i ={(A,B,C, A1, ..., Az, A,B): (3.5)-(3.6) hold, Ay, - - A\, # 0,
det Ay, . ., #0, kg = K}.

.....
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We show that all Z,, . ., are of the form (2.2). To simplify the presentation we

.....

restrict ourselves to the case (u,...,us) = (1,...,I). The general case can be proved
in the same way. Let the matrices A, B, and C be partitioned as
A=A, A BB, B C=(C, O
T R—I T R—1 fo K

so that A = A; ;. By (3.5),

B-= {(ADiag()\l, o /\1))_1 (AET — f&Diag()\[H, o /\R)ET”T )

By (3.6), there exists x € C® such that [A\; ... Ag]® = CTx or, equivalently,
A1 ... Ax]T =CTx and [Ag41 ... Ag]T = CTx. Hence,

[/\K+1 )\R]T = (:JTC_T[)\l )\K]T.
In other words, by Cramer’s rule, each entry of B and each of the values A K415 AR

can be written as a ratio of two polynomials in the entries of A, B, C, A, B and
the values A1,...,Ak. By the assumptions A;---A; # 0, det A # 0, and k¢ = K
(vielding that det C # 0 ), the denominator polynomial is nonzero.

Hence, 71, g ] is indeed of the form (2.2), where 21, ..., 2z, correspond to the en-
tries of A, B, C, A B and the values Al, ..., Ak, and where 2,41, ..., 2, correspond
to the entries of B and the values AK41y--+5 AR

Phase II: Obtaining a bound on dim W.

(3) To obtain bounds on dim7(Z,, .. .,) we follow the steps in Procedure 2.5
for X = 7(Zy,,...u,)- W.lo.g. we again restrict ourselves to the case (ug,...,ur) =
(1....,1).

(i) By Lemma 2.3, dim 7, . 1 = IR+J(R—I)+ KR+ K+I(m—1)+J(m—1).
(i) Let f : Zy . 1 — CIXE x C7*F x CEX! denote the restriction of 7 to

.....

yeeey

f(A B,C,\1,..., A\, A,B)=(A,B,C), (A,B,C,\,..., g, A,B) € 2.
From the definition of Zy _; it follows that if (A,B,C,A,... )\R,A B)
_____ 1, then (A,B,C,a\,...,a) g, AT, aBTT) € 7,
trary nonzero value, A is an arbitrary full column rank matrix such that range(A) D

range(A) T is an arbitrary nonsingular (m — 1) x (m — 1) matrix, and B satisfies
ABT = AB”. Hence,

f"YA,B,C)D>{A,B,C,a\,...,a g, AT, aBT T : a#0, det T#0}.
By Lemma 2.2(iii), dim f~1(A,B,C) > dim{a\;,AT : « # 0, det T # 0}. Since,
by construction, the matrix A has full column rank and, by assumption, A; # 0 and
m — 1 < I, it follows that dim{aA;,AT : a # 0, detT # 0} =1+ (m —1)? =: d.
Thus, dim f~1(A,B,C) > d.
(iii) By Lemma 2.4 and (1.10),
)< dimZy,
= 1‘R+J(R—I)+KR+K+I(m—1)+J(m—1)—1—(m—l)2
<IR+JR+KR-1.

1, where o is an arbi-

.....

.....

(4) Hence, dim W < maxi<y,<...<u;<pdimn(Zy, . ;) <IR+JR+ KR —1.
Since W C CT*ft x CT*E x CEXR apd dim W < IR+ JR+ KR — 1, it follows
from Lemma 2.7 that uc(W) = 0. O
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4. Uniqueness of the SFS-CPD and proof of Proposition 1.12. The fol-
lowing condition (Um) was introduced in [11, 12] in terms of mth compound matrices.
In this paper we will use the following (equivalent) definition.

DEFINITION 4.1. We say that condition (Um) holds for the pair (A, B) € FI*% x
F7E Gif w(A, ..., Ar) < m — 1 whenever TADiag(Ar,....A\g)BT < M — 1.

Condition (Um) in Definition 4.1 means that the opposite of the implication in
(3.1) holds for all [\; ... Ag] € CE. Thus, if the matrix C has full column rank
(implying range(C”T) = C%), then (Wm) (see Definition 3.1) is equivalent to (Um).
Otherwise, (Wm) is more relaxed than (Um):

(4.1) (Um) holds for the pair (A,B) = (Wm) holds for the triplet (A, B, C).
The following implication was proved in [11, Lemmas 3.2, 3.7]:
(4.2) (Um) holds for the pair (A,B) = A ® B has full column rank.

The following deterministic condition for uniqueness of the SF'S-CPD will be checked
for a generic SFS-tensor in the proof of Proposition 1.12.

PROPOSITION 4.2. Let T = [A, A, C]r and mc := R — rc + 2. Assume that

(i) ka +kc > R+2;

(ii) condition (Umg) holds for the pair (A, A).
Then r = R and the SFS-CPD of tensor T is unique.

Proof. We show that (i)—(iii) in Proposition 3.2 hold for 7 = [A, B, C]i with
B = A: (i) is obvious from kg = ka and (ii) and (iii) follow from (4.1) and (4.2),
respectively. O

Proof of Proposition 1.12. We show that

(4.3) wr{(A,C): (i) or (ii) of Proposition 4.2 does not hold} = 0.
Since

ur{(A,C): A has a zero minor or k¢ < K} =0,
it follows that (4.3) holds if and only if

ur{ (A, C) : (i) or (ii) of Proposition 4.2 does not hold,

all minors of A are nonzero, and kc = K} = 0.

It is clear that if all minors of A are nonzero, then ka = I.
Condition (i): By (1.11),

-K+2 5—-+8K+8I+1
2 7 2

R+2<I—|—K+max< ><I—|—K,

which means that condition (i) of Proposition 4.2 holds for all matrices A and C such
that ko =1 and kc = K.
Condition (ii): Let
W ={(A,C) : (ii) of Proposition 4.2 does not hold,

4.4
44) all minors of A are nonzero, and kg = K} C F/*f x xR,
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To complete the proof of Proposition 1.12 we need to show that up{W} = 0. By
Lemma 2.7, it is sufficient to prove that for F = C, the closure of W is not the entire
space CI*E x CE*E which is equivalent (see discussion in subsection 2.3) to

(4.5) dimW < IR+ KR — 1.

To prove bound (4.5) we follow the steps in Procedure 2.6.

Phase I: Parameterization. R

(1) We associate W with a certain w(Z). By Definition 4.1, condition (Um) does
not hold for the pair (A, A) if and only if there exist values \1,..., \g, and a matrix
A e C*(m=1) guch that

ADiag()1, ..., Ag)AT = AAT,

but w(A1, ..., Ag) > m. We claim that if additionally ka = I, then w(A1,...,Ag) > I.
Indeed, if m = mc < w(A1,...,Ag) < I, then by the Frobenius inequality,

— 12 TrZA7 = "ADiag(A1,... Ar) AT
2 TADiag(A1,...,Ar) T TDiag(A1,....Ag)AT ~ TDiag(A1,...,Ar)
= w5 AR) WO, AR) = WA, AR) = WAL, -, AR) >,

which is a contradiction. Hence, W in (4.4) can be expressed as

W ={(A,C) : (Un) does not hold for the pair (A, A),
all minors of A are nonzero, and kc = K}
= {(A,C) : there exist A1,..., g € C, A € C™*(m=1) gych that
ADiag()1, ..., Ag)AT = AAT,
all minors of A are nonzero,
kc = K, and
w(A1, ..., Ag) > T}

AA/—\A
N
© 0 ~1 O
=22

Obviously, W = 7*(Z*), where Z* = {(A,C,\1,..., g, A) : (4.6)-(4.9) hold} C
CIxE x CEXE  CR x ¢T*(m=1) and 7* is the projection onto the first two factors,

¥ CIXRXCKXRXCRXCIX(m_l)—)CIXRX(CKXR.

In step (2) of Procedure 2.6 we should express 7* as part of a finite union of sets of
the form (2.2). That is, some entries of A, C, A and some of the values A1, ..., \r
(corresponding to dependent parameters) must be rational functions of the remaining
entries of A, C, A and of the remaining values of Ay, ..., \g (corresponding to inde-
pendent parameters). Since (4.6) is nonlinear in the entries of A and A, it is not easy,
if at all possible, to find such rational functions. To solve this problem, we further
parameterize W, namely, we parameterize an I x I submatrix of A by its LDU de-
composition, that is, we extend 7 to a “larger” 7 by adding the new variables L, D,
and U. In step (2) we will show that the new, LDU-based, parameterization will turn
identity (4.6) into a UDU decomposition. The properties of the UDU decomposition
will imply that the entries of U and D will be rational functions of the remaining
parameters involved in (4.6).
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By definition, set

Z = U {(A,C,L,D, U, \y,..., \g, A) :
1<ui<--<ur<R

(4.6)—(4.8) hold, Ay, -+ Ay, #0,

(4.10) A, .., =LDU, D isnonsingular and diagonal,
L is unit lower triangular, U is unit upper triangular}
c (CIXR % (CKXR % (CIXI % (CIXI % (CIXI % (CR % (CIX(mfl)
where A, . ., denotes the submatrix of A formed by columns u;,...,ur. Let also

7w be the projection onto the first two factors

T (CIXR X(CKXR X(CIXI X(C}XI X(C}XI X(CR Xclx(mfl) —)(CIXR X(CKXR.

~

We show that W = n(Z). Since, by (4.7), all principal minors in the upper left-hand
corner of A, . ,, are nonzero, it follows from properties of the LDU decomposition
that there exist I x I matrices L, D, and U such that L is unit lower triangular, U is
unit upper triangular, D is nonsingular and diagonal, and A, . ., = LDU. In other
words, the set W(Z) remains the same if the equality constraint A,, . ,, = LDU in
all subsets in the union in (4.10) is dropped. Hence, by (3.8),

R

m(Z) =7({(A,C,L,D, U, \j,..., g, A) :
(4.6)—(4.9) hold, D is nonsingular and diagonal,
L is unit lower triangular, U is unit upper triangular}) =W.
(2) Dropping condition (4.7) in all subsets in the union in (4.10), we obtain that
Z C U1§u1<---<u1§R Z’LL1,...,’LL17 Where
w = {(A,C,L,D,U,A\1,..., g, A) : (4.6) and (4.8) hold, Ay, - - Ay, # 0,
w;, = LDU, D is nonsingular and diagonal,

.....

.....

L is unit lower triangular, U is unit upper triangular}.

We show that all Z,, . ,, are of the form (2.2). To simplify the presentation we
restrict ourselves to the case (ui,...,ur) = (1,...,I). The general case can be proved
in the same way.
For brevity we set A = A,
A = LDU. We show that Z;
to the entries of A, C, L, D, A and the values AIfls---3 AR, Where Z,,41,...,2n
correspond to the entries of A, U and the values i, ..., \;, and where the inequality
constraint A; --- A7 # 0 can be replaced by an equivalent inequality constraint which
depends only on the entries of A, C, L, D, A and the values Ary1,..., Ag.
Substituting A = [LDU A] into (4.6) we obtain

..........

1 is of the form (2.2), where z1,..., 2, correspond

(LDU) Diag(\1, ..., Ar) (LDU)” + ADiag(Ar41,...,Ar)AT = AAT

or
(4.11) UDiag(A1, ..., A\)UT = M, where
(4.12) M := (LD)"! (KJ&T — ADiag(Ar41,. .-, AR)KT) (LD)T.
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It follows from (4.11), the assumption A;---A; # 0, and properties of the UDU
decomposition that each of the values A1, ..., A\; and each entry of U can be written
as the ratio of two polynomials in entries of M, that the denominator polynomial can

always be chosen equal to one of the principal minors in the lower right-hand corner
of M, and that

M- A #0
< all principal minors in the lower right-hand corner of M are nonzero

4.12
}El all principal minors in the lower right-hand corner of the matrix

(LD)™! (KKT — ADiag(Ar41, ..., /\R)EAT) (LD)~T are nonzero.

Hence, Z,.. 1 is indeed of the form (2.2).

Phase II: Obtaining a bound on dim W.

(3) To obtain bounds on dim7(Z,,, . .,) we follow the steps in Procedure 2.5
for X = 7(Zy,,...u,). W.lLo.g. we again restrict ourselves to the case (uq,...,ur) =
(1....,1).

(i) By Lemma 2.3, dim Z;
A, C, L D, A and [Ar41,..., g,

yeeey

7 is equal to the sum of the number of entries of

dmZ, ;=I(R-D)+KR+(I*-0)/2+ T+ (m—-1)I+(R—-1)
2 —I(2m —
:IR+KR+R—#.

(ii) Let f: Z1,. 1 — CIXf x CEXE denote the restriction of 7 to Z1,.__;:

f(A,C,L,D,U,\,...,Ap,A)=(A,C), (A,C,L,D,U,\,...., g, A) e Zy, ;.

We need to find d such that dim f~*(A,C) >d for all (A,C) € f(Z1... 1)
We make the assumption:

if (A,C,L,D,U,\,....\g,A)€eZ 1,

(4.13) ST
then (A,C,L,D,U, /\1, .. .,)\R,A) S ZL...,I

for some Xl, e ,XR and full column rank matrix A. That assumption (4.13) indeed
holds will be demonstrated later. Since

ADiag(ale, cee aQXR)AT = a2ADiag(X1, e ,XR)AT = a?AAT = (a;&T)(a;&T)T
for any nonzero  and an (m — 1) x (m — 1) matrix T such that TTT =1, it follows
from the definition 7, ; that (A, C,L,D,U,a?)y,...,a?Ag,aAT) € Z;,__ ;. Thus,
f~Y(A,C)>{A,C,L,D,U, ®M,...,a* g, aAT :
aeC, TeCmUxm=b o 2o TTT =1},

Hence, by Lemma 2.2(iii) and by Lemma 4.3 below,

dim f~'(A,C) > dim{aAT: acC, TeCmUxm=1 420 TTT =1}
(m—1)(m — 2)

= ——F"+1:=d.
5 +
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Let us now prove assumption (4.13). If rz = m — 1, then we just set A := A and
Ai =N Ifrg = k < m — 2, then we construct A1,...,Ag and A from Ay,..., AR,
some (generic) values p1, ..., hm—1—k, the matrix A, and certain m — 1 — k columns

.....

to a basis of C! by adding suitable m — 1 — k columns of A; ;. In particular, the

yeeey

I x (m — 1) matrix A= [S A, i, .  Diag(u1,..., m—1—k)] has full column rank

for certain indicies 41, ...,4;,—1—f such that 1 <i; < .- < i1 < I and for any
nonzero values fi1, ..., fyp—1—k- We construct Ai,..., Ag from \y,..., Ap as
Xij:/\ij—l—,u? for je{l,...,m—1-—k},
/\1:/\1 fOI‘ig{il,...,imflfk}.

We choose nonzero fi1, ..., ftym—1—k such that Xl e ,XI # 0. From (4.6) and the
identity SST = AAT it follows that

ADiag(:\\l, . ,XR)AT
= ADiag(A1,..., Ar)AT + Ay iy Diag(uf, ... pl )AL
= AAT + Ail,,,,7im_1_kD1ag(u%, e ,ufn_l_k)A;frl

ceim—1—k

=[S Ai iy Diaglpr, o pim—1-1)[S Aiy, i, Diag(ur, .oy in—1-x)]"
= AAT.
Thus, (A,C,L,D, U, \y,...,Ag,A) € Z1..
(iii) By Lemma 2.4 and (1.12),
dimn(Zy,. ;) < dimZy,. ;—d
I?—12m—-3) (m—1)(m-2)

=IR+ KR+ R - - -1
+ + 3 9

<IR+KR-1.

(4) Hence, dim W < maxi<y,<...<u;<rdimn(Zy, ;) <IR+ KR —1.

Since W € CI*E x CE*R and dim W < IR+ KR — 1, it follows from Lemma 2.7
that puc(W) = 0. d

The following lemma is well known, it formalizes for a particular case the fact that
dim Z3 coincides with the number of “free parameters” (namely, one parameter for
a and (mfléw parameters for the complex orthogonal matrix T) used to describe
Z3-

LEMMA 4.3. Let the I x (m — 1) matriz A have full column rank and

Zz ={aAT: aeC, T e Ctm-Vx(n=D ppT — 1} c cIx(m-D),

Then dim Z = (m=1{m=2) | 1,

5. Proof of Proposition 1.11. Proposition 1.11 follows immediately from
Proposition 1.12. To formalize the derivation, we need the trivial observation ex-
pressed in the following lemma.

LEMMA 5.1. Assume that the SFS-CPD of an I x I x Ky SFS-tensor of SFS-
rank Ry is generically unique and let K1 < Ko, Ry < Ry. Then the SFS-CPD of an
I x I x Ky SFS-tensor of SFS-rank Rs is generically unique.
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Proof of Proposition 1.11. Assume that 4 <1 < K < 122;1 By Proposition 1.12,
the SFS-CPD of an I x I x K SFS-tensor of SFS-rank R; = K is generically unique.
The uniqueness for R = Ry < Ry = K follows from Lemma 5.1.

Assume next that K > K; = % By Proposition 1.12, the SFS-CPD of an

I x I x Ky SFS-tensor of SFS-rank Ry = % is generically unique. Now the result
again follows from Lemma 5.1, for K5 = K and R, = R. a

6. Uniqueness of the SFS-CPD and proof of Proposition 1.13. The fol-
lowing deterministic condition for uniqueness of the SFS-CPD will be checked for a
generic SFS-tensor in the proof of Proposition 1.13.

PROPOSITION 6.1. Let T = [A, A, C]g and ma := R —ra + 2. Assume that

(i) max(min(ka,kc — 1), min(ka — 1,kc)) + ka > R+ 1;

(ii) condition (Umy) holds for the pair (A, C).

Then r+ = R and the SFS-CPD of tensor T is unique. B

Proof. 1t is clear that if the CPD of the reshaped I x K x I tensor T = [A, C, A]r
is unique, then the CPD, and in particular, SFS-CPD T = [A, A, C]y is unique. We
show that (i)-(iii) in Proposition 3.2 hold for 7 = [A,C, A]g: (i) is obtained by
replacing kg and k¢ by kc and ka, respectively, and (ii) and (iii) follow from (4.1)
and (4.2), respectively. 0

Proof of Proposition 1.13. We show that

wr{(A,C): (i) or (ii) of Proposition 6.1 does not hold} = 0.
As in the proofs of Propositions 1.6 and 1.12, it is sufficient to prove that

wur{(A,C) : (i) or (ii) of Proposition 6.1 does not hold and
ka=1, kc =K} =0.

Condition (i): By (1.13)—(1.14),

I+K-3—/(I+K-3)?2+8K—12

R+2<IT+ K+ 5

<I+K

which easily implies that condition (i) of Proposition 6.1 holds for all matrices A and
C such that ko = I and kc = K.
Condition (ii): Let

W ={(A,C): (ii) of Proposition 6.1 does not hold and

6.1
( ) kA:I, kC:K}C]FIXRX]FKXR.

As in the proofs of Propositions 1.6 and 1.12, to prove that up{W} = 0 we show that
for F = C,

(6.2) dimW < IR+ KR—1.
To prove bound (6.2) we follow the steps in Procedure 2.6.
Phase I: Parameterization. R

(1) We associate W with a certain 7(Z). By Definition 4.1, condition (Um) does
not hold for the pair (A, C) if and only if there exist values A1,..., \g and matrices
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A € CIx(m=1) C e CK*(m=1) guch that
ADiag()y,...,Ag)CT = ACT,

but w(Ai,...,Ar) > m. We claim that if additionally ko = I and kc = K, then
wW(A1,...,Ar) > K. Indeed, if m = ma <w(A1,...,Ag) < K, then by the Frobenius
inequality,
m — 12> TZ&r = 'ADiag(M1,...A\r)CT
2 TADiag(A1,....,Ar) T TDiag(A1,....Axr)CT — TDiag(A1,...,Ar)
= w(/\l,...,)\R) +w(/\1,...,/\R) —w(/\l,...,/\R) :w()\l,...,)\R) >m,

which is a contradiction. Hence, W in (6.1) can be expressed as

W = {(A,C) : (Um) does not hold for the pair (A,C), ka =1, k¢ = K}
= {(A, Q) : there exist A,...,Ag € C, A e C'*(m=D and C e chx(m-D
(6.3) such that ADiag(\y,...,Az)CT = ACT,
(6.4) WA, Ag) > K, ka =1, ke = K}.

It is now clear that W = 7(Z), where
Z={(A,C,\,..., \r,A,C): (6.3)-(6.4) hold}

is a subset of CI*F x CEXE x CE x ¢I*(m=1) » ¢Ex(m=1) and 7 is the projection
onto the first two factors

5 CIXR o CKXR o OR y Ix(m=1) o cKx(m=1) _, 0IxR o oKxR
(2) Since
WA, .. AR) > K & Ay Aug #0 forsome 1 <u; <---<ug <R
we obtain

Z= U {(A,C,\1,...,Ar,A,C) : (6.3) holds,
I<ui<---<ug <R

May g 20, ka =1, ke = K}

Let Cy,, . ux denote the submatrix of C formed by columns wq,...,ug. Dropping
the condition kao = I and relaxing the condition kc = K as det C,,,

obtain that Z C U1<u1<---<uK<R Zun,...ux » Where

UK {(A, C, Ala B ARa ;&7 6) : (63) hOldS,
Auy - Aug #0, det Cy, o upe # 0},

We show that all Z,, ., are of the form (2.2). To simplify the presentation we

restrict ourselves to the case (uq,...,ux) = (1,...,K). The general case can be
proved in the same way. Let the matrices A and C be partitioned as
A-lA AL c-(g g
K R-K K R-K
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so that C = Ci,..x- By (6.3),

A= (j&cT ADiag(\gi1, .. .,AR)éT) (Diag(Ar, ..., Ax)C) "

Thus, by Cramer’s rule, each entry of A can be written as a ratio of two polynomials
in entries of A, C, A, C and the values A1, ..., Ag. By the assumptions A\; - -- A # 0
and det C # 0, the denominator polynomial is nonzero.

Hence, Z; K is indeed of the form (2.2), where z1,..., 2, correspond to the
entries of A C, A C and the values A1, ..., AR, and where 2,41, ..., 2, correspond
to the entries of A.

Phase II: Obtaining a bound on dim W.

(3) To obtain bounds on dim7(Zy, .. v,) we follow the steps in Procedure 2.5
for X = m(Zy,.... ux). W.lo.g. we again restrict ourselves to the case (u1,...,ux) =
(1....,K).

(i) By Lemma 2.3, dim 7, x = I(R—K)+ KR+I(m—-1)+ K(m—1)+R.
(ii) From the definition of Z;, .k it follows that if (A, C, A1,..., AR, 1~X, C~3) €
Zi.... K, then (A C,al\,... oz)\R,KT aCT-T ) € 74,

.....

.....

geeey

_____ K, where « is an arbitrary
nonzero value, A is an arbitrary full column rank matrix such that range(A) )
range(A) T is an arbitrary nonsingular (m — 1) x (m — 1) matrix, and C satisfies

ACT = ACT. Hence,
F7YA,C) D> {A,C,a)\,...,a g, AT,aCT T : o #0, detT # 0}.

By Lemma 2.2(iii), dim ffl(A C) > dim{a), AT : o # 0, det T # 0}. Since by
construction, the matrix A has full column rank and by assumption A\; ;é 0, it follows
that dlm{a)\l, AT: a#0, det T # 0} = 1+(m—1)? =: d. Thus, dim (A, C) > d.
(iii) By Lemma 2.4 and (1.15),
dimn(Z1, k)< dimZ;,
IR-—K)+KR+I(m—-1)+K(m—1)+R—1— (m—1)?
<IR+KR-1.

(4) Hence, dim W < maxi<u,<-.<ux<r M 7(Zy, 4, ) <IR+ KR —1.
Since W € CT*E x CE*F and dim W < IR+ KR — 1, it follows from Lemma 2.7
that uc(W) =0. O

7. Conclusion. We have obtained new conditions guaranteeing generic unique-
ness of a CPD and INDSCAL. The overall derivation was based on deterministic
conditions for uniqueness previously obtained in [12]. Our bounds improve existing
results in the case when one of the tensor’s dimensions is significantly larger than the
other dimensions. The derivation made use of algebraic geometry. We summarized
some results from algebraic geometry in a procedure that may be used in different
applications to study generic conditions. It is important that the condition can be
represented in terms of a subset of C" parameterized by rational functions. The spe-
cific realization of the procedure depends on the problem at hand. In this paper we
have explained how the procedure works for CPD and INDSCAL. In future work, we
will consider the generic uniqueness of block term decompositions [9].
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