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A recursive and sparse algorithm pushes the block
Macaulay matrix to larger problems!
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Figure 1: The computation time t and relative error e =
|MdZd|
|Md| of the full ( ), recursive

( ), and sparse ( ) algorithm to compute a numerical null space of the block Macaulay
matrix of the ARMA model identification example
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Multiparameter Eigenvalue Problems

A multiparameter eigenvalue problem (MEP) extends the typical
structure of the well-known standard eigenvalue problem (SEP)∑

{ω}
Aωλ

ω

 z = 0, z 6= 0

Examples:

• Linear 2-EP: (A00 + A10λ1 + A01λ2) z = 0

• Nonlinear 3-EP:
(
A000 + A200λ

2
1 + A013λ2λ

3
3

)
z = 0

Block Macaulay Approach

We shift the MEP with the different eigenvalues and construct
the block Macaulay matrix from the shifted coefficient matrices(
A00 + A10α + A01γ + A20α

2 + A11αγ + A02γ
2
)
z = 0


A00 A10 A01 A20 A11 A02 0 0 · · ·

0 A00 0 A10 A01 0 A20 A11 · · ·
0 0 A00 0 A10 A01 0 A20 · · ·
0 0 0 A00 0 0 A10 A01 · · ·
... ... ... ... ... ... ... ... . . .
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The null space of the block Macaulay matrix is block multi-
shift-invariant
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S1KDα = SαK

(SEP)

In practice, we need to use a numerical basis of this null space

S1ZTDα = SαZT

TDαT
−1 = (S1Z)† (SαZ)

Problem statement
The computation of the numerical basis is a bottle neck, both
in computation time and memory!

Recursive and Sparse Algorithm

The required degree d of
the numerical basis Zd
is not known in advance,
hence we need to build the
block Macaulay matrix Md
recursively and update
Zd in every step

Md−1
Zd−1

Aα Aβ0

0
= 0

Md

Zd

1. Enlarge the block Macaulay matrix Md−1 to Md

2. Compute the update Vd from the new blocks Aα and Aβ

Vd = null
([
AαZ

2
d−1 Aβ

])
3. Build a new numerical basis Zd via the update Vd

Zd =

[
Zd−1V

1
d

V 2
d

]
A sparse implementation avoids the explicit construction of the
block Macaulay matrixMd and only stores the coefficient matrices

Numerical Example

We consider the identification of an ARMA model via an MEP,
as discussed by Vermeersch and De Moor (2019)
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Figure 2: This contour plot shows the cost function of the identi-
fication problem, with the original, minimal and local parameters

Table 1: Numerical results of the identification problem (d = 38)

Algorithm Time Memory Relative error

full orth. 3737.4s 2.1 GB 3.9060× 10−15

recursive orth. 144.1s 2.1 GB 1.8234× 10−14

sparse orth. 4.3s 0.1 GB 1.8234× 10−14
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