
Abstract

The aim of this paper is to introduce a new method for the solution
of optimal control problems for which the system is composed by many
subsystems whose dynamics are coupled through input-ouput connections.
The proposed approach can be regarded as a generalization of the direct
multiple shooting method and exploits the structure of the problem to
achieve a highly parallelizable algorithm. To demonstrate its effectiveness,
the new method is applied to the control of a hydro power plant composed
of several connected reaches.
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1 Introduction

Manufacturing systems, process plants and networked systems are often com-
posed by several subsystems. The control of these systems can be very chal-
lenging and this is the reason why a lot of research has been carried out in this
field. Several results had been achieved in the past decades [16, 9] and a revived
interest can be seen in recent years, in particular in the field of hierarchical and
distributed model predictive control [5, 14, 26, 21, 20, 23] and control of multi
agent systems [4, 25]. Most of these works assume that the deployment of local
controllers is necessary to control this kind of large scale systems. However, the
adoption of local controllers which are coordinated to achieve some global prop-
erties comes at a price. These methods often can only guarantee suboptimal
performance and they often show extremely slow convergence.

When the use of local controllers is not imposed by design constraints, a
centralized controller can be still a viable alternative. A straight implementa-
tion of standard control methods could not be applicable due to computational
complexity and poor maintainability. To solve this problem it is necessary to
exploit the problem structure to achieve a numerically efficient method [13, 27].
When designing a method for large scale systems it is important to keep in mind
the architecture of the available computers and the possibility to keep model
maintenance local. After decades of increasing clock speeds of the processors,
last years have shown a new trend where the clock speeds are slowly chang-
ing but the number of processors available on a single workstation is increasing
rapidly. This fact increases the importance to develop parallelizable algorithms.

An effective method to solve nonlinear optimal control problems with contin-
uous time dynamics is the direct multiple shooting method [3]. This method di-
vides the control horizon into intervals on which the control inputs are parametri-
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zed. A finite dimensional nonlinear programming problem is obtained by includ-
ing in the formulation the value of the states only at the start of each time inter-
val. Integrators are used to take care of the continuous-time dynamics between
these points. The optimization problem can then be solved using nonlinear
programming methods as sequential quadratic programming (SQP). When ap-
plied to multiple shooting, SQP requires the calculation of many derivatives. In
practical applications, this constitutes a large amount of the computation time.
Contribution. In this paper we introduce an extension of multiple shooting
for optimal control problems which consider several subsystems coupled through
input-output connections. The structure is exploited to distribute the compu-
tational load required by the integration of the subsystems. This is achieved by
representing the coupling variables as a linear combination of basis functions.
The new method is called Distributed Multiple Shooting (DMS) and shows the
following advantages:

• the algorithm is highly parallelizable;

• different integrators can be used for the subsystems - this is a very useful
property when dealing with multiphysics systems;

• by integrating the subsystem dynamics independently the step size control
of the integrators can also be performed independently achieving substan-
tial savings in computation time;

• the models of the subsystems can be modified and updated independently,
giving more maintainability and design flexibility.

Simulation methods which are related to DMS can be found in the scientific
literature which studies the spatial decomposition of partial differential equa-
tions (e.g., see the books [10, 19]). A method which is particularly related to
the one we propose can be found in [7, 11] where a Newton method is used to
improve the convergence.
Paper outline. In Section 2 the problem class considered is presented. Section
3 illustrates distributed multiple shooting, while in Section 4 the new method
is applied to the control of hydro power plant. Section 5 contains a discussion
on the proposed method and conclusions.
Notation. R represents the set of real numbers. Superscript (i) indicates the
subsystem the variable or function belongs to. When v is a vector in Rn, (v)k
indicates the k-th component of v. Calligraphic capital letters represent sets.

2 Problem formulation

We consider continuous-time systems which can be decomposed into M coupled
subsystems described by the following equations{

ẋ(i)(t) = f (i)(t, x(i)(t), u(i)(t), z(i)(t))
y(i)(t) = g(i)(x(i)(t), u(i)(t), z(i)(t))

i = 1, . . . .M (1)
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The vector x(i)(t) ∈ Rn(i)
x represents the state of the subsystem i at time t. The

vectors u(i)(t) ∈ Rn(i)
u and z(i)(t) ∈ Rn(i)

z both represent inputs of subsystem
i: the former can be used to control the system while the latter is used to
take into account the dynamic couplings between the subsystems. The vector

y(i)(t) ∈ Rn(i)
y represents the output of subsystem i.

We assume that the subsystems are coupled through input-output connec-
tions. We use the equality (

z(i)(t)
)
p

=
(
y(j)(t)

)
q

(2)

to indicate that the p-th coupling input of subsystem i is connected to the q-
th output of subsystem j. To simplify the notation in the following sections,
we define C as the set containing all the quadruplets (i, p, j, q) representing the
input-output connections of the form (2). E.g., consider the system in Figure
1. The set C corresponding to this system contains the quadruplets (1, 1, 3, 1),
(2, 1, 1, 2), (3, 1, 2, 1) and (3, 2, 1, 1).

S(1) S(2)

S(3)

1

1

2

1

1

1

2

1

Figure 1: A system composed by M = 3 subsystems. The arrows represent the
couplings while the numbers at the ends of the arrows indicate the output and
coupling input components.

In this paper we consider the solution of optimal control problems of the
form

min
x,u,z,y

M∑
i=1

∫ T

0

`(i)(t, x(i)(t), u(i)(t), z(i)(t))dt

ẋ(i)(t) = f (i)(t, x(i)(t), u(i)(t), z(i)(t)), i = 1, . . . ,M
y(i)(t) = g(i)(t, x(i)(t), u(i)(t), z(i)(t)), i = 1, . . . ,M
x(i)(t) ∈ X (i), u(i)(t) ∈ U (i), i = 1, . . . ,M

x(i)(0) = x
(i)
0 , i = 1, . . . ,M(

z(i)(t)
)
p

=
(
y(j)(t)

)
q
, ∀(i, p, j, q) ∈ C

(3)

where the terminal time T and the initial condition x
(i)
0 for the subsystems are

fixed. The sets X (i) and U (i) represent the constraints on the state and control
input vectors, respectively.

In the following we assume that the functions g(i) are continuous and that
the optimal control problem (3) is well defined and that it has a solution.

Remark 1. Notice that problem (3) consists of M independent optimal control
problems which are coupled only by the last constraint.
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3 The distributed multiple shooting method

Following the same approach used in standard multiple shooting, the method we
propose addresses the infinite dimensional problem (3) in two steps: the prob-
lem is first discretized and then the finite dimensional nonlinear programming
problem (NLP) is solved using a suitable optimization method. We refer to the
new method as Distributed Multiple Shooting (DMS).

3.1 Control input discretization

The discretization of the control inputs is obtained - as in most direct methods -
by dividing the interval [0, T ] into N sub-intervals on which a finite parametriza-
tion for the input u(t) is used. Define the time points

0 = t0 < t1 < · · · < tN = T. (4)

Using a piece-wise constant input parametrization we obtain

u(i)(t) = u(i)n ∀t ∈ [tn, tn+1) , n = 0, . . . , N − 1 (5)

and
u(i)(tN ) = u

(i)
N . (6)

3.2 Coupling discretization

To achieve a parallelization across subsystems we propose to use a finite dimen-
sional representation of z(i)(t) and y(i)(t). Define the vector of basis functions
for an interval [ta, tb]

Γ(t) = [γ0(t) γ1(t) γ2(t) . . . γS(t)]
T
. (7)

For t ∈ [tn, tn+1) we introduce the following approximation(
z(i)(t)

)
p

= Γn(t)Ta(i)n,p (8)

where a
(i)
n,p ∈ RS+1 is a coefficient vector and

Γn(t) = Γ

(
ta +

t− tn
tn+1 − tn

(tb − ta)

)
. (9)

Define the vector

b(i)n,q = arg min
b∈RS+1

∫ tn+1

tn

(
Γn(t)T b−

(
y(i)(t)

)
q

)2

ω(t)dt (10)

where ω(t) > 0 is a weight function. In DMS the input-output couplings are
represented by the constraint

a(i)n,p = b(j)n,q ∀(i, p, j, q) ∈ C. (11)
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For notational convenience we define the matrices

a(i)n =
[
a
(i)
n,1 . . . a

(i)

n,n
(i)
z

]
and b(i)n =

[
b
(i)
n,1 . . . b

(i)

n,n
(i)
y

]
. (12)

Later in this section we will discuss the choice of Γ(t) and how to compute

the vectors b
(i)
n from the simulation output y(i)(t). In the remainder of the paper

we will rely on the assumption that a good approximation of y(i) and z(i) can
be obtained with a relatively small number of basis functions.

3.3 State discretization

To simplify the exposition we use the same intervals for the discretization of the
input and the state. However, in special cases, we may want to use a different
discretization for the state than the one used for the input. Note that in this

case we shall use the finest grid for the coupling constraints. Denote by s
(i)
n the

value of x(i)(tn). Given s
(i)
n , u

(i)
n , a

(i)
n we can simulate the i-th subsystem on the

n-th interval. Using the corresponding solution x
(i)
n (t), t ∈ [tn, tn+1], define the

functions F
(i)
n (·), L(i)

n (·) and G
(i)
n (·) as

F (i)
n (s(i)n , u(i)n , a(i)n ) := x(i)n (tn+1) , (13)

L(i)
n (s(i)n , u(i)n , a(i)n ) :=

∫ tn+1

tn

`(i)(t, x(i)n (t), u(i)n (t),Γ(t)Ta(i)n )dt (14)

and
G(i)

n (s(i)n , u(i)n , a(i)n ) := b(i)n . (15)

It should be understood that F
(i)
n , L

(i)
n and G

(i)
n (s

(i)
n , u

(i)
n , a

(i)
n ) are defined

up to the approximation error introduced by the coupling input discretization.

3.4 NLP formulation

DMS solves the following NLP

min
u
(i)
n ,s

(i)
n ,a

(i)
n ,b

(i)
n

N−1∑
n=0

M∑
i=1

L(i)
n (s(i)n , u(i)n , a(i)n )

s
(i)
n+1 = F

(i)
n (s

(i)
n , u

(i)
n , a

(i)
n ) n = 0, . . . , N − 1

b
(i)
n = G

(i)
n (s

(i)
n , u

(i)
n , a

(i)
n ) n = 0, . . . , N − 1

s
(i)
0 = x

(i)
0 , s

(i)
n ∈ X (i) n = 1, . . . , N

u
(i)
n ∈ U (i) n = 0, . . . , N

a
(i)
n,p = b

(j)
n,q n = 0, . . . , N − 1 ∀(i, p, j, q) ∈ C

. (16)

As in standard multiple shooting, Problem (16) can be solved using sequential
quadratic programming (SQP). This method is based on the iterative solution
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of a local quadratic approximation of the original NLP. The deployment of SQP

requires the computation of the Jacobians of L
(i)
n , F

(i)
n and G

(i)
n (denoted as

J
L

(i)
n

, J
F

(i)
n

and J
G

(i)
n

) and, depending on the implementation, the Hessian of

the Lagrangian or an approximation (in our example in Section 4 we used a
Gauss-Newton approximation).

The reason why it is desirable to have a low order parametrization to repre-
sent y(i) and z(i) is the following: applying the SQP method for the solution of

(16) requires the computation of derivatives with respect to all elements of a
(i)
n .

Therefore, if a large number of parameters is used, the benefits introduced by
DMS which we shall illustrate can vanish due to the computational overhead
introduced.

When compared to standard single or multiple shooting, DMS shows the
following benefits:

• The evaluation of L
(i)
n , F

(i)
n and G

(i)
n together with their directional deriva-

tive information can be carried out separately for every subsystem and
every time interval. Therefore, this part of the computation, which often
constitutes the largest amount of the computational time, can be paral-
lelized in N ×M completely independent tasks. In standard MS there are
only N independent tasks corresponding to the time intervals.

• The evaluation of L
(i)
n , F

(i)
n and G

(i)
n is performed using integrators. The

fact the computations are independent for the different subsystem allows
the use of different integrators for the subsystems. This can be particularly
useful when DMS is applied to multiphysics systems. Furthermore, when
integrators with step size control are used, the step is adapted for each
subsystem individually, avoiding unnecessarily short steps for the other
subsystems.

• Since DMS considers the subsystem dynamics independently, it is easier to
validate and update the subsystem models independently, and the model
maintenance effort can be easily performed by different people.

3.5 Choice of basis functions and generation of derivatives

As we already mentioned, the evaluation of F
(i)
n and L

(i)
n can be simply carried

out using an integrator. The value of the first function can be achieved by in-
tegrating the i-th subsystem dynamics, while the value of the second function
can be obtained adding an extra state to the dynamics or using a quadra-
ture formula. The Jacobian and, possibly, the Hessian of this functions can be
calculated by using automatic or numerical differentiation, or integrating the
sensitivity equations [2, 18, 1]. Several integrators provide this functionality.

When choosing the basis function vector Γ(t) it is desirable that computa-

tional and implementation overhead for the evaluation of G
(i)
n and its Jacobian

are not too big. This feature can be obtained by using normalized orthogonal
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polynomials, i.e. polynomials satisfying1∫ tb

ta

γn(t)γm(t)ω(t)dt =

{
0 if n 6= m
1 otherwise

(17)

where ω(t) ≥ 0 is a weight function. We will illustrate how G
(i)
n and its Jacobian

can be evaluated when we consider Legendre and Chebyshev polynomials.

3.5.1 Legendre polynomials

Legendre polynomials are obtained by setting ta = −1, tb = 1 and ω(t) = 1.
Thanks to the normalization in (17)

G(i)
n (s(i)n , u(i)n , a(i)n ) =

2

tn+1 − tn

∫ tn+1

tn

Γn(t)
(
y(i)n (t)

)T
dt (18)

Notice that the integrand in the previous equation is a matrix and therefore the

integration is element-wise. The evaluation of G
(i)
n can be evaluated with the

same method used for L
(i)
n , i.e. adding extra states to the system dynamics or

using a quadrature formula. The Jacobian of G
(i)
n can then be achieved using

the same differentiation technique used for the Jacobian of F
(i)
n and L

(i)
n .

3.5.2 Chebyshev polynomials

Chebyshev polynomials are obtained by setting ta = −1, tb = 1 and ω(t) =
1√
1−t2 . Due to the fact that ω(t) → ∞ as t → ±1, using (18) for Chebyshev

polynomials is not practical since the integrand tends to infinity as t → ±1.
Exploiting the fact that Chebyshev polynomials satisfy a discrete orthogonality

condition [15], G
(i)
n can be approximately evaluated with the following formula

G(i)
n (s(i)n , u(i)n , a(i)n ) ≈ π

Q+ 1

Q+1∑
w=1

Γn(tw)
(
y(i)(tw)

)T
(19)

where Q ≥ S and tw are the zeros of γQ+1(t)

tw = cos

(
(w − 1

2 )π

Q+ 1

)
(20)

The accuracy of the approximation (19) improves for increasing values of Q.
The values of y(i)(tw) used in (19) can be obtained directly from the inte-

grator used to evaluate F
(i)
n and L

(i)
n . To compute the Jacobian G

(i)
n we can

apply the chain rule to (19). The evaluation will require the computation of the
Jacobian of x(i)(t) for every value of tw which can also be obtained from the
integrator.

1Usually, the definition of orthogonal polynomials requires that
∫ tb
ta
γ2n(t)ω(t)dt 6= 0 and

therefore it determines every polynomial γn(t) up to a constant which is specified using some
standardization, e.g. γn(tb) = 1.
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Reach 1 Reach 2 Reach 3 Reach 4

Q
(1)
in Q

(1)
out Q

(2)
in Q

(2)
out Q

(3)
in Q

(3)
out Q

(4)
in Q

(4)
out

Dam 1 Dam 2 Dam 3 Dam 4

Figure 2: A schematic representation of the hydro power plant. Q
(i)
in and Q

(i)
out

represent the input and output water discharges of the reach i, respectively.

4 Example: control of a hydro power plant

To demonstrate the effectiveness of DMS we deployed this method combined
with model predictive control (MPC) for the regulation of a hydro power plant
composed by four dams located along the same river. The dams divide the river
into four reaches which we regard as subsystems. The subsystems are coupled
since the output discharge of one reach constitutes the input discharge of the
next reach (see Figure (2)). There are three main specifications for the control
which we list in order of importance:

1. the water level must be kept between some prescribed values;

2. the total power generated by the turbines should follow a reference profile
which is provided 24 hours in advance;

3. if the first two specifications can be met, then the level of the water should
be kept as constant as possible.

The application of linear MPC to the control of hydro power plants can be
found in [24, 22]. Here, we use a nonlinear MPC scheme which is necessitated
in particular by the nonlinear functions describing the power output.

4.1 The system model

A schematic representation of the system is given in Figure 2. The part of the
river considered consist of an upper reach which precedes the first dam and the
three reaches delimited by the dams. To model the water flow we use the one
dimensional Saint-Venant partial differential equation (also known as shallow
water equation)

∂Q(z, t)

∂z
+
∂S(z, t)

∂t
= 0

1

g

∂

∂t

(
Q(z, t)

S(z, t)

)
+

1

2g

∂

∂z

(
Q2(t, z)

S2(t, z)

)
+
∂H(t, z)

∂z
+ If(z, t)− I0(z) = 0

(21)
where t is the time variable, z is the space variable, Q(z, t) is the water dis-
charge, S(z, t) is the wetted cross section area, H(z, t) is the water level, g is
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the gravitational acceleration, If(z, t) is the friction slope, and I0(z) is the slope
of the river bed.

The following assumptions are made regarding the reach geometry: the cross
section of the river is rectangular, the river width (w) and the river slope are
constant along every reach. These assumptions allow us to express the wetted
cross section area as S(z, t) = wH(z, t), so that we can express the Saint Venant
equation only in terms of Q and H.

If can be found using the Strickler formula

If(z, t) =
U2(z, t)

k2strR
4/3(z, t)

U(z, t) =
Q(z, t)

S(z, t)
(22)

where R(z, t) = S(z,t)
P (z,t) is the hydraulic radius and P (z, t) = w + 2H(z, t) is the

wetted perimeter. The constant kstr is the Gauckler-Manning-Strickler coeffi-
cient. The Saint-Venant equation has been discretized using finite differences to
obtain an ODE. The state of the reach is composed by the values of the water
discharges and levels at the discretization points.

The output water discharge of reach i (Q
(i)
out) is given by the sum of two

components:

• The water discharge Q
(i)
t which flows through the turbines and generates

electricity. This is the control input of the i-th subsystem which can be
modified every 20 minutes.

• The water discharge Q
(i)
b which flows through a bypass which is installed

in every dam. It is modeled using Torricelli’s law

Q
(i)
b (t) = k

(i)
b S

(i)
b

√
2gH

(i)
b (t) (23)

where S
(i)
b is the bypass opening surface (which is kept constant during

normal operation), H
(i)
b (t) is the water level w.r.t. the bypass opening,

and k
(i)
b is a constant to take into account that geometry of the opening.

It is assumed that the water level at the beginning of reach i+ 1 is lower
than the bypass on the i-th dam so that the water can flow through the
bypass only in one direction.

The input-output connection considered is such that reach i influences reach
i+ 1 but not vice versa. The power produced by the subsystem i is given by

P (i)(t) = k
(i)
t Q

(i)
t (t)H

(i)
t (t) (24)

where H
(i)
t (t) it the turbine head and k

(i)
t is a constant which characterizes the

turbine operation.
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4.2 Optimal control problem formulation

To satisfy the control specification, the selected optimal control problem formu-
lation uses hard constraints to impose bounds on the water levels, a L1 penalty
to reduce the power tracking error and a L2 penalty to reduce the deviation of
the current value of the water level w.r.t. a reference level.

Denote by H(i)(t) the vector containing the water levels corresponding to

the discretization points of the Saint-Venant PDE for the reach i and by H
(i)
r

the vector of reference levels. The state and input constraints, the subsystems
dynamics and the couplings fit the framework we presented in the previous
sections. The L1 and L2 penalties are added to the cost∫ T

0

γ‖Pr(t)−
4∑

i=1

P (i)(t)‖1dt+

M∑
i=1

∫ T

0

‖ H(i)(t)−H(i)
r ‖22 dt. (25)

where Pr(t) denotes the power reference profile and γ = 50. The first term in
the cost does not fit the framework we proposed. However, we can reformulate
the cost using the slack variable ε(t)∫ T

0

γε(t)dt+

M∑
i=1

∫ T

0

‖ H(i)(t)−H(i)
r ‖22 dt (26)

and imposing the constraint

−ε(t) ≤ Pr(t)−
4∑

i=1

P (i)(t) ≤ ε(t). (27)

In the discretization of the OCP the constraint (27) is imposed only for t =
t0, . . . , tN−1. Using the notation εn = ε(tn), the discretized version of the con-
straint (27) reads

−εn ≤ Pr(tn)−
4∑

i=1

P (i)(tn) ≤ εn. (28)

while the first term in the cost (25) becomes γ
∑N−1

n=0 (tn+1 − tn)εn. Therefore,
the formulation of the L1 penalty does not preclude the possibility of integrating
the subsystem dynamics separately and the framework presented in the previous
sections can be easily extended to deal with the selected formulation.

4.3 Simulation results

The method proposed has been implemented using MATLAB R©and the BDF
integrator from the ACADO Toolkit [12]. An SQP solver has been implemented
using as QP solvers the codes qpOASES [8] and CPLEX R©alternatively. The
results have been compared to the ones obtained implementing single shooting
(SS) and MS. For all the three implementation the same software has been used.
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In the simulation we considered identical reaches with the following param-
eters (the subsystem index is omitted): w = 100 m, I0 = 0.0033, kt = 8 kJm−4,
kw = 0.6, Sw = 18.26 m2, kstr = 30 m1/3s−1 (stony earth channel). Every reach
is 4 km long and the turbines and bypasses are located at the bottom of the

reach so that H
(i)
t (t) = H

(i)
b (t) = H(i)(zreach, t). The turbine discharges are

bounded in the interval [50, 150].
The Saint Venant PDE has been discretized using 5 cells for every reach.

The reference level vectors H
(i)
r correspond to the steady state condition of

the system which can be found simulating the system setting Q
(1)
in = 300 and

Q
(i)
t = 100. The water levels are constrained to take values in intervals of ±1 m

w.r.t. H
(i)
r . The reference power profile used in the simulations is shown in

Figure 3 (it is assumed that the same profile repeats every day). The initial
condition of the system corresponds to the steady state for which we computed

H
(i)
r .
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Figure 3: Reference power profile used in the simulation.

We performed a MPC simulation for all the shooting methods considered.
To reduce the computation load we used real-time iteration [6] which uses only
one SQP iteration for every MPC iteration. Figure 4 shows the results of the
simulation using DMS with Legendre polynomials up to degree 2. Al the meth-
ods implemented achieved a perfect power tracking performance.

In the rest of this subsection we report on the timing of the two main parts of
the computational load. All the simulations have been carried out on a computer
with a Intel R©Core2 Quad CPU 2.66GHz processor and 4 GB of memory running
GNU/Linux. We discuss the average timings during the simulations.

4.3.1 QP solution

We implemented two variants of the QP solution within the SQP method, both
of them performing a full step at every iteration. In the first variant we solved
the full QP arising from the linearization of the NLP. In our formulation, the
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Figure 4: The top graph shows the turbines water discharges, while the bottom
graph shows the turbine heads. The solid, dotted, dash-dotted and dashed lines
represent quantities corresponding to the first, second, third and fourth reaches,
respectively. The allowed intervals where the discharges and the levels in the
graph can take their values are [50, 150] and [16, 18], respectively.

QP consists of 3245 decision variables, the same number of lower and upper
bounds, 2880 equality constraints and 146 inequality constraints. The solution
for the full QP which has a sparse structure takes 0.7 s using CPLEX. In the
second variant we applied condensing, i.e. we eliminated all the state variable
expressing them in terms of the inputs and initial condition. QP condensing in
MATLAB and the QP solution using qpOASES require 1.15 and 1.7 seconds,
respectively. For both the variants of the SQP method applied to DMS we
explicitly eliminated the variables corresponding to the couplings. This results
in the same QP size for all the three shooting methods implemented.

4.3.2 Integration and linearization

The current software implementation of SS, MS and DMS is not running on a
parallel cluster. However, the timing of operations we performed allows us to
discuss the advantages of the three methods.

The integration and linearization of the dynamics of the whole system for a
time interval of 20 minutes takes 1.15 s. In SS and MS this operation is repeated
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72 times for a total computational time of 82.8 s. In MS these 72 tasks can be
carried out in parallel while in SS they need to be executed in series. This well
known fact shows that MS can be really advantageous w.r.t. SS, especially when
many intervals are used in the time discretization.

When only one of the four subsystem is considered the time needed for
integration and linearization reduces to 0.16 s. Note that this is less than 1.15/4
s due to fewer directional derivatives. This fact shows that DMS can give
big advantages for both a parallelized and even a serial implementation of the
algorithm:

• in a parallelized implementation integration and linearization of the dy-
namics on the complete horizon corresponds to 288 independent tasks;

• on a single CPU integration and linearization of the four subsystems for
one time interval gives a computational time of only 4×0.16 = 0.64 s. This
is considerably smaller than the time of 1.15 s needed for the corresponding
operation implemented in SS or MS. In larger scale settings this advantage
can be even more pronounced.

5 Conclusions

In this paper we proposed a variant of direct multiple shooting which exploits
the system structure to achieve a highly parallelizable algorithm. Being based
on multiple shooting, our new method inherits its advantages but it has a higher
parallelizability and allows us to use different integrators for the subsystems.

The main idea behind the method is that the couplings between the subsys-
tems can have a finite dimensional representation using a set of basis functions.
This however corresponds to an approximation in the system dynamics which
introduces a trade-off between the computational load (which is low when a
basis containing few functions is used) and the accuracy of the solution (which
is high if many basis functions are used).

The preliminary simulation results show that the proposed method performs
well in terms of convergence while decreasing the computational load required
per SQP iteration.

As a final remark we would like to point out that DMS can be used as a basis
for the derivation of fully distributed multiple shooting schemes where several
local optimizers exchange information to achieve a common control goal, e.g.
using the ideas proposed in [17].
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