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Overview

� Optimal power generation with kites

� Stability analysis and Lyapunov differential equations

� Robust stability optimization for kites

� Conclusions and Outlook
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Kite modeling (single kite)

� Position of the kite: spherical coordinates r; �; �

� The roll and pitch angle are controlled

� The yaw angle is given by the effective wind
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Kite modeling (single kite)

� Regard the mass and drag of the cable

� Require that the cable does not touch the ground
during the retraction phase

� Use a wind shear model and the barometric
equation

� Final result: Equations of motion in the form

_x = f (x; u; p)
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Formulation of the Optimal Control
Problem

� Consider the following optimal control problem:

maximise
x(�);u(�);T

P(x(�); u(�); T)

subject to :

8t 2 [0; T] : _x(t) = f (x(t); u(t))

8t 2 [0; T] : 0 � � (x(t); u(t))

0 = � (x(0); x(T))

� We simulate a kite with 500m2 area.
� At 100m over the ground the wind is w0 = 10 m

s .
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Optimal Power Generation
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Optimal Power Generation

The spectrum � and the spectral norm of X :
�( X ) = f 0:220; 0:658; 0:885; 1.595g ; kX k2 = 7:132
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Linearisation of the dynamical model

� Equations of motion:
_xr (t) = f (xr (t); u(t); 0 )

_x(t) = f (x(t); u(t); �w (t))

� Controls: u(t)
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Linearisation of the dynamical model

� Equations of motion:
_xr (t) = f (xr (t); u(t); 0 )

_x(t) = f (x(t); u(t); �w (t))

� Controls: u(t)

� Difference:
�x (t) := x(t) � xr (t)

For small disturbances �! consider linearisation:

_�x (t) = A(t)�x (t) + B(t)�w (t)

�
�
�
�
�

A = @f
@x

B = @f
@w
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Stability of periodic systems

� Periodic ODE: _�x (t) = A(t)�x (t) + B(t)�w (t)

� VDE: @G(t;� )
@t = A(t)G(t; � ) with G(�; � ) = 1

� Monodromy matrix: X := G(T;0)
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Lyapunov differential equations

� The maximum eigenvalue of X indicates if the
system is (asymptotically) stable.

� But X does not provide informations about:
� the disturbance �w .
� inequality constraints (e.g. cT (t)�x (t) � d(t)).
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Lyapunov differential equations

� The maximum eigenvalue of X indicates if the
system is (asymptotically) stable.

� But X does not provide informations about:
� the disturbance �w .
� inequality constraints (e.g. cT (t)�x (t) � d(t)).

� To include this robustness aspects we consider
periodic Lyapunov differential equations:

_P(t) = A(t)P(t) + P(t)A(t)T + B(t)B (t)T

P(0) = P(T)
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Properties of periodic Lyapunov
differential equations

_P(t) = A(t)P(t) + P(t)A(t)T + B(t)B (t)T

P(0) = P(T)

Uniqueness and existence:

� If the linear system is asymptotically stable
(� max(X ) < 1), a unique and positive semide�nite
solution P exists.

� If a positive de�nite solution P exists, the system is
asymtotically stable.
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Properties of periodic Lyapunov
differential equations

_P(t) = A(t)P(t) + P(t)A(t)T + B(t)B (t)T

P(0) = P(T)

Stochastical interpretation:

� For white noise disturbance

E �w (t) = 0 ; E �w (t1)�w (t2)T = � (t1 � t2)

P is a variance-covariance matrix:

E �x (t)�x (t)T = P(t) :
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Properties of periodic Lyapunov
differential equations

_P(t) = A(t)P(t) + P(t)A(t)T + B(t)B (t)T

P(0) = P(T)

L2 - interpretation:

� For L2 bounded disturbances �w the constraint
cT �x (t) � d with d > 0 is never violated iff

max
k�w kL 2 � 1

(cT �x (t)) =
q

cT P(t)c � d for all t 2 R :
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Properties of periodic Lyapunov
differential equations

_P(t) = A(t)P(t) + P(t)A(t)T + B(t)B (t)T

P(0) = P(T)

Graphical - interpretation:
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Formulation of the Robust Optimal
Control Problem

� Objective function:
�

W(T) � 

p

var(W(T))
�

=T

( W(T): Energy after one cycle with period T .)

� Differential reference states: xr := ( � ; � ; _� ; _� )T

� Other model states: x i := ( r ; _r ; CL ; 	 ; n ; W)T

� Use 10 additional differential states for the
symmetric Lyapunov differential equation:

_P(t) = A(t)P(t) + P(t)A(t) + B(t)� B (t)T

� To compute var(W(T)) we need 12 additional
differential states xv.

Robust and Open-Loop Stable Kite Trajectories – p.12/18



Formulation of the Robust Optimal
Control Problem

� Controls: u := (•r ; _	 ; _CL )T

� Summarize all differential equations:

_y =
�
f (y; u) with

y :=
�
xT

r ; xT
i ; P0;0 ; P0;1 ; ::: ; P4;4 ; xT

v
� T

� Boundary conditions: � (y(0); y(T)) = 0

� Interior point constraints:
� (u) � 0

� � 

q

@�
@xr P @�

@xr
T

� 0

(� : angle between cable and ground)
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Formulation of the Robust Optimal
Control Problem

� Summary in the common form:

maximise
x(�);u(�);T

�
W(T) � 


p
var(W(T))

�
=T

subject to :

8t 2 [0; T] : _y(t) =
�
f (y(t); u(t))

8t 2 [0; T] : 0 � � (u(t))

8t 2 [0; T] : 0 � � � (t) + 

q

@�
@xr (t)P(t) @�

@xr (t)T

0 = � (y(0); y(T))
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The choice of parameters

� Variance of the white noise disturbance:

� =

0

B
@

0:5 0 0
0 0:25 0
0 0 0:25

1

C
A

� m
s

� 2
s :

� Con�dence level 
 = 2 .
� All the other parameters are the same as for the

standard optimal control problem.
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Numerical methods

� Apply Bock's Multiple Shooting method to �nd
locally optimal solutions.

� If the initialisation is unstable, use a virtual feedback
homotopy method to achieve P � 0 in the solution.

� If there is a feasible solution with P(0) � 0 we know
that this solution is open-loop stable
(P(0) � 0 =) � max(X ) < 1).
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Open-loop stable results

The spectrum � and the spectral norm of X :
�( X ) = f 0:013; 0:573; 0:832; 0.892g ; kX k2 = 1:193
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Summary of the numerical results

� For our kite model open-loop stable trajectories
exist.

� The average power is still P = 4:12� 0:44 MW
(comparison: P = 5:37 MW for the unstable loop).

� For small white noise wind disturbances the
con�dence ellipsoids are good approximations for
the behavior of the nonlinear system.

� In our simulation the inequality constraint for � is
robustly satis�ed.
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Summary of the numerical results

� Results for the monodromy matrix: � max(X ) = 0 :892

� X has a small but noticeable "transient":

� However, kX k2 = 1:193 is still an acceptable result.
(comparison: kX k2 = 7:132for the unstable solution.)
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Conclusions and Outlook

Outlook:

� Generalize the theory for bounded autocorrelation
functions. (e.g. Dryden wind turbulence model
! Andreas' talk)

� Transfer methods from optimal experimental design
to design the con�dence ellipsoids optimally.

� Compute robust and stable linear feedback
controller (! Andreas' talk)

� Extend the methods to design a robust NMPC
controller based on parameterized feedback.
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Thank you for your attention!
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