MODELING
INTERCONNECTED SYSTEMS

Jan C. Willems
K.U. Leuven, Flanders, Belgium

Workshop on Linear Systems, Sde Boker, Israel September 12008
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Open, connected, and modular

How do paradigms cope with this?
Classical dynamical systems

Input/output systems

Modeling by tearing, zooming, and linking
Signal ow graphs

Control as interconnection
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Systems
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e




open
Interconnected
modular
dynamic
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| open

| Interconnected
| modular

| dynamic

Theme of this lecture:

develop a suitable mathematical language

aimed at computer-assisted modeling.
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Open, connected, and modular
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ENVIRONMENT

SYSTEM

Boundary

Systems interact with their environment
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Architecture

-LT

i

Systems consist of subsystems, interconnected
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Systems consist of an interconnection obuilding blocks'

=

-
- ]
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The development of the notion

of a dynamical system



1. | Get the physics right

2. The restis mathematics

R.E. Kalman
Opening lecture

IFAC World Congress
Prague, July 4, 2005
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1. | Get the physics right

2. The rest Is mathematics

Prima la sica, poi la matematica

R.E. Kalman
Opening lecture

IFAC World Congress
Prague, July 4, 2005
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Closed dynamical system

K.1, K.2, & K.3

. d2 Ity _
: =_W(t)+ - — =0
a2 V() WD)

. with x=(w; &w) Sx= f(X)

—n. 12/



K.1, K.2, & K.3

. d2 Iy _
: =_W(t)+ - — =0
az(1) j g2

. with x=(w; &w) Sx= f(X)
. generalization $x= f(X)
; “dynamical systems', ows

;  ows as paradigm of dynamics ; closed systems

Motion determined by internal initial conditions.
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Inputs and outputs

meanwhile, in engineering...
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stimulus response
cause effect
input output

input SYSTEM output
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input

SYSTEM

y(t) = Rct,or yH(t t9u(t9 dt°

output
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input SYSTEM output

y(t) = Rgor yH(t t9u(t9 dt°
yA t
y(t) = Ho()+  Ha(t tOu(tY dt%
i Z t Z {0
¥H2(t 9% t%uEHu(t® dt%dt®%

Awkward nonlinear — far from the physics
Fail to deal with “initial conditions'.
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Input/state/output systems

Around 1960: aparadigm shift to

x= f0u); y= gixu)
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Around 1960: aparadigm shift to

%x: fO;u); y= g(xu)

| open

| ready to be interconnected
outputs of one systenv! inputs of another

| deals with initial conditions
| Incorporates nonlinearities, time-variation
| models many physical phenomena

This framework turned out to be very effective and useful!
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Theme
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We are accustomed to view an open
dynamical system as ar input/output structure

ENVIRONMENT SYSTEM

input SYSTEM output

Is this appropriate for modeling physical systems?
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and interconnection as output-to-input assignment

SYSTEM

wl

E SYSTEM IE

Is this appropriate for modeling physical systems?
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and interconnection as output-to-input assignment

SYSTEM

il
Feedback Series Parallel

Is this appropriate for modeling physical systems?
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Interconnection in physical systems
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(pressure, flow)

(pressure, flow)

—_—

pleft ’ Igft

(pressure, flow)

-

pright ! Iight
(pressure, flow)
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(pressure, flow)

(pressure, flow)

S

-

Ieft e
(pressure, flow)

pright ! Iight
(pressure, flow)
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Subsystems 1 and 3:

(pressure, flow) (pressure, flow)

(pressure, flow)

(pressure, flow)
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Subsystems 1 and 3:

(pressure, flow) (pressure, flow)

(pressure, flow) (pressure, flow)
Adh= f+ £
8 p
S " ip po rh ifp po rh; P, f
- jp po rhjp ifp po rh;
8
<

P -
C 0= pjw po rhj ifp® po rh;
0% po rhjifp® po rh;
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Subsystem 2:

.1 — "

E—

B S—
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Subsystem 2:
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Interconnection laws:

—n. 24/



Interconnection laws:

o, —@—p,
p=p,  f+1°3
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Interconnection laws:

o, —@—p,
p=p,  f+1°3

Leads to the complete model:
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Pieft = P1,

if P1
If P1
if pg

if pg

If P3
if P3
if pg
if pg

P=pp; O+ fo = 0;pd = pg; 0+ f3 = O

= fq; Pright = pg; fright = f:?:

(blackbox 1)

(blackbox 2)

(blackbox 3)

(interconnection)

(manifest variable assignmenk

—n. 25/



These remarks pertain to every physical interconnection.

Unclear input/output structure for terminal variables
Many variables, indivisibly, at the same terminal
Interconnection = variable sharing

No signal ows, no output-to-input assignment

And, ultimately, every interconnection is physical
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Behavioral systems
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A dynamical system
., afamily of time functions, the behavior'

Interconnection :, variable sharing.

Control :, interconnection

Modeling of interconnected physical systems is the strongé
case for "behaviors'.
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Interconnection architecture
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. -
i

Formalize mathematically interconnection of systems.
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Architecture

nodes ;
edges ;
leaves ;
terminals

leaf edge

ﬁvertex

systems with terminals
connected terminals
Interaction with environment
system variables
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Architecture

leaf edge
ﬁvertex
nodes ;  systems with terminals
edges ; connected terminals
leaves ; Interaction with environment
terminals ;  system variables

Contrast with circuit theory:
systems in the edges, interconnections in vertices.
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1. Module equations for each vertex.
Relation among the variables on the terminals.

2. Interconnection equations for each edge.

Equating the variables on the terminals associated
with the same edge.

3. Manifest variable assignment
Speci es the variables of interest.
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1. Module equations for each vertex.

Relation among the variables on the terminals.
Behavioral equations stored as (parametrized) modules
In a data-base

2. Interconnection equations for each edge.

Equating the variables on the terminals associated
with the same edge.

Interconnection laws stored in a data-base.

Laws depend on terminal type:

electrical / mechanical / hydraulic / etc.

3. Manifest variable assignment
Speci es the variables of interest.
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An example
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Model the port behavior of

by tearing, zooming, and linking.
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Model the port behavior of

by tearing, zooming, and linking.

In each node there is a module module equations

each terminal involves 2 variables (potential, current)
In each branch an electrical interconnection;
Interconnection equations
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LN

connectorl n= resistorl Re inductor L

.

capacitorC resistor2 R connector2 n=
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vertex 1:

vertex 2:
vertex 3:
vertex 4:

vertex 5:

vertex 6:

Vconnecto{;l = VconnectoI;Z - VconnectoI;B
lconnector;1 t lconnector;2 + lconnector;3 = 0
VRl VRe2= Relreits Irgit Irg2= 0
L%"—le VL;l VL;2; |L;1+ ||_;2 =0

C% Veii Vo2 =l lcatlc2=0
VRi1 Vri2= Rilra

IRt IR;2= 0

Veonnectog;1 = Veonnectos;2 = Veonnectos;3

lconnectos;1 + lconnectos;2 + lconnectos:3 = O
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All interconnection are of electrical type

current left
--———

current right
—

potential left potential right

Interconnection equations

potential left = potential right

current left + currentright = 0O
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ed

ed

el

el

ed

ed

gecC

ge d.

ge €

gef:

ge g
ge h:

VconnectorJ_L
Vconnector@,

Ve

1
VRC;l
Vconnectorg

Vconnectorg

+ + +

+

|connector:12
|connector§,
Ic,

IR|_;1
|connector2

Iconnectorg

o O O O O O
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Manifest variable assignment

Vexternalport

| externalport

VconnectoI;l

Iconnector1

Vconnectog;B
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vertex 1:

vertex 2:
vertex 3:
vertex 4:

vertex 5:

vertex 6:

VconnectoI;l - VconnectoI;Z - VconnectoI;3
lconnector;:1 * lconnector;2 + lconnector:3 = 0
VReit Vreiz = Relreits IRt IRz = 0
LEILi=Va Vg lba+1li2=0

C% Vo1 Vo2 =lciilca+lc2=0
VRt VRi2= Rilria

IRG1+ IR 2= 0

Vconnecto_j_s;l — Vconnecto_j_s;Z — Vconnecto;_s;s

|connecto_1_s;1+ |connectog;2+ Iconnectog;S =0

Vexternalport = Vconnector;1

lexternalport =

edge C.

edge d:

edge €

edge f:

edge g.

edge h:

Iconnector;

VRL;Z

I|:\>L;2

Vconnectog;S

Vconnectori
Iconnector,‘lz
Vconnectoré,
|connector§,
Ve,
Ic,

VRC;l

I|:\>L;l
Vconnectorg
Iconnectorg

Vconnectorg

Iconnectorg
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vertex 1:

vertex 2:
vertex 3:
vertex 4:

vertex 5:

vertex 6:

Vexternalport: VconnectoI;l Vconnectog;S

d
B Gt

with x= the terminal variables (14 term's, 28 variables),

X= AX+ B lexternalport

VconnectoI;l - VconnectoI;Z - VconnectoI;S
|connect01;1+ |connect01;2+ IconnectoI;S =0
VReit VRei2 = Relrets IRgit* IRc2= 0
LEIL1i=Ver Vg lia+12=0

C3 Ver Vo2 =lciilca+lcz=0
VrRi1 VR2= Rulr;

IR+ IR;2= 0

Vconnectog;l - Vconnectog;z - Vconnectog;3

lconnectos:1 * lconnectos:2 + lconnectoy:3 = 0

lexternalport =

edge c

edge d:

edge e

edge f:

edge g

edge h:

Iconnectorl

VRL;Z
IRL;2

Vexternalport = CX+

Vconnectori
Iconnector,‘lz
Vconnector@,

lconnector

lc,

VRC;l

IRL;l
Vconnectorg
Iconnectorg
Vconnectorg

Iconnectorgz

D Iexternalport

1 inPUt (Say, |externalpor), 1 OUtpUt (Say,vexternalpor) and 24 eq'ns.

E:A2 R%3 28B2R% 1.c2 Rl &:D2R
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B = f (Vexternalport lexternalpon) : R'! sz
O latent variables trajectories

all 24 equations are satis e
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B = f (Vexternalport lexternalpon) : R'! sz
O latent variables trajectories

all 24 equations are satis e

Can we simplify this expression fd8 ?
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the dynamical system with behaviorB speci ed by:
L

Casel CR:-6 —

R

+CReS V= 1+CR& Rl

behavior B = all solutions (V;1) : R! R?
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the dynamical system with behaviorB speci ed by:
L

Casel CR:-6 —

R

+CReS V= 1+CR& Rl

behavior B = all solutions (V;1) : R! R?

Theorem: In LTIDSs latent variables can be eliminated
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L
Casel CR:! ﬁ
I+ £ & R+CRG V= 1+ 52§ 1+CR§ R
Case 2 CF’C:L
R
K+CR§ V= 1+CR§ Rl
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Casel CR:!

L d
1+ﬁa

AP I

Case2 CR:-=

e | I|r

+CReG V= 1+CR& Rl

Cancellation appears allowed.
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L

Casel CR! —andRc=R_
R
1+ £8& 1+CR§ V= 1+ Lt3% 1+CRE Rl

Case?2 CR:= %andRC: R

1+ CR:d V= 1+CRZ Rl
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Casel CR:! %andRC: R

L d d — L d d
1+ ~4 1+CRG V= 1+ 54 1+CRY Rl

Case?2 CR:= %andRC: R

1+ CR:d V= 1+CRZ Rl

One common factor can be cancelled, the other not.

Cancellation appears sometimes, but only sometimes allowed
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Casel CR:! %andRc: R

1+ g 1+CR§ V= 1+ & & 1+CR§ Rl

Case?2 CR:= %andRC: R

1+ CR:d V= 1+CRZ Rl

One common factor can be cancelled, the other not.

Cancellation appears sometimes, but only sometimes allowed

Important? Look at short circuit behavior V = 0.
Incorrect cancellation gives spurious exponential resposes!
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Seshu graphs, trees, & admittance formule
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Seshu graphs, trees, & admittance formule

Graph 1. spanning trees:

R
R L L R R L c L
C
C R C rR C R R
L L L L
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Seshu graphs, trees, & admittance formule

V_
Graph 1. spanning trees:
Graph 2: spanning trees:

OO O S Ay
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Circuit admittance =

- S P  branch admittances
I(S) _ graphl branches

V(s S P branch admittances
graph2 branches

spanning trees:

Graph 2: spanning trees:

OO 7Y I U Ay
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Seshu gives:

~ L
1(9) Re + 1+% CRcs+ CP(;ﬁsz

V(9) 1+ RLLS (1+ CR9) Re

Gives the correct admittance/impedance/transfer functio.
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Seshu gives:

~ Re Rc L
I(S) W-l_ 1+ R_L CF%S"‘ CRjﬁsz

V(9) 1+ RLLS (1+ CR9) Re
Gives the correct admittance/impedance/transfer functio.

But, it does not give the correct behavior.
It does not cope with common factors.

Same remarks for Mason's formula, for series connection, ..
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Seshu gives:

~ Rc Rc L
(9 _ r*t 1+ CRs+CRgs

V(s) 1+ &s (1+ CRYRc
Gives the correct admittance/impedance/transfer functio.

But, it does not give the correct behavior.
It does not cope with common factors.

Same remarks for Mason's formula, for series connection, ..

Respect common factors
Respect the uncontrollable
Beware of transfer function thinking
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Other methodologies



Signal ow graphs



There are many many examples where output-to-input
connection is eminently natural:

—_— \

pleft ! Igft
(pressure, flow)

B S
Bight + Aght
(pressure, flow
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-----
..........
[ “a
. 5
. 5
. -
. -
® -

----------
A d L d
. v

SYSTEM SYSTEM

| shows terminal variables separate

| suggests that inputs and outputs occur at different
physical points

Does not respect the physics
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SYSTEM — SYSTEM

. .
''''''

SYSTEM

.
S .
~ .
- .
., .®
~ .
......
L] -
-----------

| allows impossible input-output connections

Does not respect the physics
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System 1‘— —‘ System 2 H System =

(a) (b)
U, =Y

ul —
System 2 System H System

(c) (d)

For physical systems
Input-to-input & output-to-output
assignment very prevalent:

force to force; pressure to pressure,; ...

System 1

Physical systems are not signal processors.
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My dear young man, don't take it too hard. Your work is
Ingenious. It's quality work. But there are simply

too many notes , that's all ...
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Ingenious. Quality work. But there are simply
too many arrows , that's all ...
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“Block diagrams unsuitable for serious physical modeling
- the control/physics barrier”

“Behavior based (declarative) modeling is a good alterneasi

from K.J. Astrom, Present Developments in Control Applications

IFAC 50-th Anniversary Celebration

Karl Astrom Heidelberg, September 12, 2006.

(born 1934)
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Various facets of control
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d
dt

Choose time-functionu( ) : [0; T] !
(optimal) state transfer.

—x= f(X;u)

U so as to achieve

“open loop control’
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CLOSED-LOOP

;é? SYSTEM

to-be-controlled outputs

E E E

el rovaon] el PLANT s sersos |-

control measured
B Inputs outputs f

FEEDBACK
3 CONTROLLER

Choose & feedback system that processes sensor outputs and

generates actuator inputs so as to achieve good (optimal)
performance.

exogenous inputs

‘feedback control'
“closed loop control’
‘intelligent control’
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Controller

Choose controller so as to achieve good (optimal)
performance of the interconnected system

“control as interconnection'
‘integrated system design’
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suspension spring

body mass

damper

axle mass

road profile

body mass

mechanical impedance

axle mass

road profile
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Control as interconnection
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Interconnecting a controller

to-be-controlled
variables

control
variables

CONTROLLER

control
variables
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to-be-controlled
variables

control
variables

 PLANT

CONTROLLER

Interconect via control terminals:

control
variables

to-be-controlled
terminals

w

control
terminals

Controller

Controlled system




Many controllers are not sensor-to-actuator

Controlling turbulence:
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Many controllers are not sensor-to-actuator

Controlling turbulence:
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Nagano 1998 Winter Olympics
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Many controllers are not sensor-to-actuator

controlling drag:
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Many stabilizers are not sensor-to-actuatol

Stabilization:

—n. 67/



body mass

mechanical impedance

axle mass

road profile

body mass

suspension spring

- = road profile

body mass \
Y
. sensors
spring control algorithm
actuator

axle mass

road profile
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control
terminals

to-be-controlled
terminals Plant Controller

Controlled system

Are all interconnections reasonable'?
Which controlled behaviors can be achieved?
Parametrize all stabilizing controllers
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control
terminals

-
C

For simplicity, restrict attention to LTIDSs, L

Let B 2 L "¢ be the plant behavior,
C2L ¢ Dbethe controller behavior, and

to-be-controlled
terminals

W

K

K =fw:R! R%Y9c2C suchthat(w,c) 2Bg

be the controlled behavior
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control
terminals

-
C

For simplicity, restrict attention to LTIDSs, L

Let B 2 L "¢ be the plant behavior,
C2L ¢ Dbethe controller behavior, and

to-be-controlled
terminals

W

K

K =fw:R! R%Y9c2C suchthat(w,c) 2Bg

be the controlled behavior

Elimination theorem ) K 2L W
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con_trol
terminals

to-be-controlled
C

w

ForagivenB 2L "¢ callK 2L YV implementable if there
existsC 2 L © suchthatK is the controlled behavior.

Which K 2 L Y areimplementable ?
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to-be-controlled
terminals

W

control
terminals

1
o

Hidden behavior

De ne the hidden behavior

N =fw(w0)2Bg
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control
terminals

De ne the hidden behavior

to-be-controlled
terminals

W

N =fw(w0)2Bg

1
o

Hidden behavior

control

terminals De ne the
uncontrolled plant behavior

to-be-controlled
terminals

W
c= free

P =fw9c:(wc)2Bg

Uncontrolled plant behavior
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control
terminals

De ne the hidden behavior

to-be-controlled
terminals

W

N =fw(w0)2Bg

1
o

Hidden behavior

control

terminals De ne the
uncontrolled plant behavior

to-be-controlled
terminals

W
c= free

P =fw9c:(wc)2Bg

Uncontrolled plant behavior

Implementability theorem

K 2L Yisimplementable |, N K P
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Summary
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Interconnection = variable (terminal) sharing
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Interconnection = variable (terminal) sharing

Modeling by physical systems proceeds by
tearing, zooming, and linking
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Interconnection = variable (terminal) sharing

Modeling by physical systems proceeds by
tearing, zooming, and linking

Hierarchical procedure
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Interconnection = variable (terminal) sharing
Modeling by physical systems proceeds by
tearing, zooming, and linking

Hierarchical procedure

Importance of latent variables and the
elimination theorem
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Interconnection = variable (terminal) sharing
Modeling by physical systems proceeds by
tearing, zooming, and linking

Hierarchical procedure

Importance of latent variables and the
elimination theorem

Limitations of input/output thinking
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Interconnection = variable (terminal) sharing
Modeling by physical systems proceeds by
tearing, zooming, and linking

Hierarchical procedure

Importance of latent variables and the
elimination theorem

Limitations of input/output thinking

Control is interconnection, sensor output to actuator
iInput feedback important special case
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1. A dynamical system = a family of trajectories.

2. Interconnection = variable sharing
3. Control = interconnection
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Details & copies of the lecture frames are available from/at
Jan.Willems@esat.kuleuven.be

http://www.esat.kuleuven.be/ jwillems
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Details & copies of the lecture frames are available from/at
Jan.Willems@esat.kuleuven.be

http://www.esat.kuleuven.be/ jwillems

Thank you

Thank you

Thank you
Thank you

Thank you

Thank you

Thank you
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