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Abstract The purpose of this paper is to give an exposition of the theory behind the Kalman 
filter and its application to the so-called LQG-problem. This problem is concerned with 

the stochastic optimal control of a linear system with respect to a quadratic cost in the presence 
Gaussian disturbances. 

1 Introduction 

The purpose of this paper is to give a systematic exposition of the ideas behind 
Kalman filtering and its application in stochastic optimal control. 

The Kalman filter is probably the most important result in system and control 
theory, certainly so if one judges this importance in terms of applications or in terms 
of the stimulus which it provided in the development of the field. The tremendous 
usage of Kalman filtering in applications is well documented and many concrete 
examples of it have been reported, most of them in the area of aerospace engineering 
and navigation, some in chemical process control and in prospecting, and it has also 
received a good deal of attention for the purpose of obtaining stabilization algorithms 
for economic systems. In fact, there has been hardly any technological field where its 
application has been not considered. We will not review the applications of Kalman 
filtering here. The reader may, however, be interested in one specific relevant item: 
namely that the Kalman filter played a very important role in the implementation of 
the Apollo program. In fact, the historic Apollo XI mission used several Kalman 
filters to carry out the tracking of the spacecraft and the lunar module. 

The initial theory of Kalman filtering was first published around 1960 [l, 21. The 
problem itself was not new. Indeed, WIENER [3] and KOLMOGOROV [4] (among many 
others) had formulated and developed problems which were basically of the same 
type as the one solved by the Kalman filter. Roughly speaking in a filtering problem 
one needs to estimate a signal s( t )  from the observation y(t )  of the signal s(t )  in 
additive noise n(t). Thus y(t) = s( t )+n( t )  is observed on some past interval of time t 
and we would like to deduce from it what the present value of s is. In other words, 
the problem is to “filter” the noise out of the observation such that as much as 
possible only the signal remains. What one nowadays calls filtering is a bit more 
general than suggested by this informal formulation. A precise problem statement 
appears in Section 2. 

There have of course been many papers and books which have given adequate 
treatments of the Kalman filter. Among them we would like to mention the book by 
KWAKERNAAK and SWAN [S] which is rather elementary as far as the mathematics is 
concerned but which is very complete and careful in the details. A more specialized 
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book, which treats almost uniquely filtering, is the one by JAZWINSKI [6]. Finally 
there has recently appeared a text which is mathematically rather sophisticated, 
authored by FLEMING and RISHEL [7]. Of the survey papers it is worthwhile to men- 
tion the one by KAILATH [8] which has, other than an interesting historical account 
of the development of the theory (going back all the way to GALILEI), a bibliography 
with more than 400 items. Finally, there has been a special issue [9] of the ZEEE 
Transactions on Automatic Control which is entirely devoted to the LQG-problem 
and which hence develops many facets of and makes ample contact with the problems 
treated here. (The “LQG-problem” in system theory refers to the wide variety of 
problems around linear systems, quadratic functionals, and Gaussian noise. As such, 
the Kalman filtering is a particular facet of the LQG-problem). 

In the present paper we will attempt to give a self-contained introduction to the 
Kalman filter and its application in the full LQG-problem. It is not our purpose to 
be complete or original. In fact, all of the results presented are well-known and at 
best one could claim that some of the proofs (particularly in Section 9) depart to 
some extent from the usual line of thought. In addition we emphasize more than is 
usually done two aspects of the Kalman filter. Firstly, that its success is to no small 
measure due to  the crucial role played by recursiveness (this will be explained in 
detail in Section 3), and secondly, that the model of the stochastic processes used in 
the Kalman filter is much less special than is generally believed (this will be explained 
in Section 5). We have dispensed with many references which could (and maybe should) 
have been given. Readers interested in more details and/or possible generalizations 
will encounter no trouble in finding via [8] or [9] a suitable entry into the vast 
literature around our topic. 

It is quite surprising that the Kalman filter and the whole LQG-theory has not 
come to play a much more central role in statistics and in probability theory than it 
has played up to now. This is probably due to the fact that it has sprung up and been 
applied principally by researchers which, using ideas from dynamical systems and 
mathematical models with differential equations, came from control theory and 
engineering. However, the sequential estimation techniques of the Kalman filter, the 
decision theoretic aspects of the LQG-problem, and the theory of stochastic systems 
with its ideas of state and its connection with rather general Markov processes and 
diffusion processes described by stochastic differential equations make it an interesting 
and worthwhile area for statisticians and probabilists to pay some attention to. Many 
statisticians have a tendency to classify “Bayesian” problems as the Kalman filter 
and the LQG-problem, in which one assumes a given a priori known probability law 
on the unknown parameters, as naive. ,(Judging from the very successful applications 
of the Kalman filter it is a bit difficult to take such criticism very seriously, particularly 
in the absence of usable alternatives). Probabilists often treat in great detail the 
classical prediction theory for stationary processes but pay little or no attention to 
Kalman filtering. It is hard to comprehend this and there are indications that some 
probabilists (see e.g. [lo, p. 491) are aware of this. The fact that the classical prediction 
theory gives one a welcome opportunity to use rather deep ideas from functional 
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analysis and spectral theory has as a compensation that recursive filtering problems 
as continuous time Kalman filtering requires the mathematical development of what 
is called stochastic calculus, and thus the underlying theory also requires deep prob- 
ability theory, particularly if one also goes to nonlinear models and thus gives up the 
entirely Gaussian framework which the linear theory considers. 

The structure of the paper is as follows: in Section 2 we give a precise definition 
of the filtering problem and some general facts about Wiener-Kolmogorov filtering. 
This leads to a contrasting with Kalman filtering where the key idea is that of 
recursiveness. This is explained in Section 3. In Section 4 the mathematical model 
used in Kalman filtering is introduced. This requires a few basic ideas and definitions 
concerning Wiener integrals and linear stochastic differential equations. The class 
of mathematical models to which Kalman filtering applies is not as special as may 
appear at first sight and in Section 5 some results from the area of stochastic realiza- 
tion theory, where such representation problems are studied, are explained. Now 
that the stage has been set for Kalman filtering we explain the basic theory in Section 
6 for the general case and in Section 7 for the case in which one wants to obtain a 
time-invariant filter. In Section 8 we define the so-called full LQG-problem and in 
Section 9 the solution to this problem is given in terms of the regulator problem from 
deterministic optimal control theory on the one hand, and the Kalman filter on the 
other. We end the paper in Section 10 with some concluding remarks. 

We now continue this introduction with some notational conventions and nomen- 
clature. In general we denote vectors with lower case symbols, matrices with capitals, 
functions (usually of time) with boldface lower case symbols, operators on function 
spaces with boldfase capitals, and families of operators with script symbols. 

If A is a matrix then a,/ denotes the element in its i-th row and j-th column. The 
transpose of A is denoted by A'. If A = AT satisfies X'AX 2 0 for all x then we write 
A > Q  and if in addition x'Ax=O implies x = O  then we write A > O .  The set of 
eigenvalues of a matrix (i.e., its spectrum) will be denoted by a(A).  We write Re 
o ( A )  c O(< 0) if all the eigenvalues of A have a negative (nonpositive) real part. 

If T c  R, ~ E T  and y: T+ Y then we denote by yr- the past of y defined by yr- : 
T n (  - 00, f) -+ Y with y - ( 7 ) :  = y(7).  As usual we denote the set of all maps from X 
to Z by 2'. Let U c UT, T c  R and F: U +YT.  Then F is said to be non-anticipating 
if u, O E U  and u,- = 0,- implies (Fu); = (Fu),-. (This concept is obviously of interest 
in filtering, for instance when U is the space of all possible observations and the to  
be estimated process takes its values in Y. That F is non-anticipating then expresses 
the constraint that the present estimate can only depend on the past of the observa- 
tions). All random variables and processes are assumed to be defined on some fixed 
probability space {Q, d,  P} which will as usual remain in the background. We will 
speak about a random variable when we mean a (measurable) function from C! into 
an arbitrary (measurable) space X. If X = R then we speak about a real random 
variable and if X = R" about a random vector (we do not use complex vectors in this 
paper). We use the same nomenclature for a random process x = {x( t ) ,  t ~ r } ,  but we 
will not mention the parameter set T when it is obvious from the context what it is. 
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We will denote the realization of the random variable x at WEQ as x, and for a 
random process as x,. Thus.in effect x,: T -, X.Jf x is a random n-vector then we 
denote the induced measure on w” by Y(x) (for the “law” of x). For a Gaussian 
random n-vector we will write,,Y(x) = :N(m, l7) if its mean is m and its covariance 
n. We will denote by Y z ( X ,  dp) as usual the space of functions f : X +  W with 
l l f l l  : = jf’(x)dp(x) c mbut we will delete the space X and/or the measure p when 
these are clear from the context, or when X c R and p is Lebesgue measure. We will 
say that a random process x: = {x(t ) ,  f E T c  R}  is an Yz-process if x, is in Y z  for 
almost all OEP. If x,, XEY, and lim ~ I x - x , , ~ ~  = 0 then we denote this as 1.i.m. x,, = x. 

All this may be generalized in obvious fashion to functions f :  X - +  W. The expectation 
operator is denoted by 8. 

In general we will not be very formal about measurability questions. If x is a 
random process and W is the sub a-algebra of d generated by the random variables 
x(t), tET, then we will say that the random variable y is x-measurable if y is meas- 
urable with respect to W. Thus in effect “ y  is x-measurable”, ‘ ‘y is a-measureable”, 
and “y  is a (measurable) function of x” are synomymous. 

n-rm n-t m 

2 The filtering problem 

In this section and the next we would like to tell the background story of recursive 
filtering. In order to put this sharply into focus we will do this in rather general 
terms but we will entirely dispense with technical (measure theoretic, continuity, 
etc.) considerations. 

Let y (the observed signal) and z (the to be estimated signal) be stochastic processes 
such that all y(t)’s have outcome space Y and all z(t)’s have outcome space 2, and 
time axis Tc R. The usual filtering problem is then the following: Estimate z ( t )  on 
the basis of the observations y(z) for 7 < t. In addition do this for all tET. The experi- 
mental set-up is that of an observer interested in the outcome z,(t) for all t of the 
stochastic process z, but who, being unable to observe z directly, is asked to make, 
for all t ,  a good guess f,(t),  an estimate, of z,(t) based on the outcome yo of the 
measured process y .  In addition she is constrained to let her estimate of z,(t) depend 
only on the available measurements u p  to time t ,  i.e., 4,(t) can only depend on yJ7) 
for z < t. This last constraint is crucial in many applications (but there are also 
situations where it is not, i.e., where z,(t) can use observations beyond time t ,  we 
then speak of “smoothing” rather than “filtering”). 

It is a natural constraint in decision problems where at each instant of time t a 
decision has to be made and where it is advantageous to let this decision depend on 
the available observations, but, for obvious reasons, it would be nonsense to let one 
use observations beyond time t. Numerous examples of such situations exist in control 
engineering, economics, operations research, data analysis, etc. Also we have chosen 
to let the estimate only depend on the strict past of the measurements (i.e., 7 < I 
instead of T < t). This is basically a matter of convention and convenience. 

Assuming now that we have agreed upon the estimation rule, the filtering problem 
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thus consists in finding the estimate E,(t) based on yJ7)  for z < t .  (In the usual case 
of least squares estimation a,(?) is thus nothing more than & { z ( t ) ( y ( ~ ) ,  7 < t } ,  the 
conditional mean of z(t)  given Y ( T )  for T < t ) .  At this point is it important to realize 
that we are in effect looking for the map F:y,i-+ 2, which gives 9,(t)  = (Fy,)(t) as a 
function of y,. 

Because of the constraint that the estimate is allowed to use only y,(7) for 7 < t 
this map is constrained to  be (strictly) non-anticipating that is to say that if y o ,  and 
y,, happen to have the property that y , , ( t )  = y,,(t) for t < t' ,  then it is required that 
z,, = Fy,, and y,, = Fy,, also have the property z,,(t) = z,,(t) for f < 1'. 

The problem is thus to compute this non-anticipating map F based on (i) the 
probabilistic setting (i.e. the probability space {Q, d,  P} and the random variables 
y( t ) :  Q +  Y and z ( t ) :  Q-+Z for t e T )  and (ii) the estimation rule (think for instance 
least squares). 

Let us be slightly more specific. Assume that T = Z and that y and z are zero mean 
jointly stationary Gaussian vector random processes with outcome spaces Y = Rp and 
Z = P, and that we are using least squares estimation. Then under some regularity 
conditions P,(t) will be given by a convolution sum of the type: 

(That P,(t) is indeed given by such an expression is plausible because we can expect 
linearity as a consequence of Gaussianess, and shift invariance as a consequence of 
stationarity. Now, disregarding convergence issues, convolutions define the most 
general linear shift invariant maps which thus tells us to expect an expression as the 
above one). The fact that the upper limit of the summation is t -  I (and not plus 
infinity) is a consequence of the constraint that we are not allowed to use the future 
of yo in the estimate 2,( t ) .  Thus P is non-anticipating. The probabilistic setting and 
the estimation rule somehow define the ( p  x m) matrices C(t) for t = 1, 2, . . . We call 
G the weighting kernel of this convolution sum. An equation for this weighting kernel 
may be set up from the correlation functions R,, and Rzy,  defined by R y y :  H -+ R p x p  
with Ryy(t):  = B(y(t)y'(O)} and R Z y :  Z - + R m x p  with R,,(t): = ~F{z(t)y'(O)}. Thus if we 
express the orthogonality condition b { ( z ( t )  - 9(t))yT(7)} = 0 for 7 < t ,  we immediately 
obtain the equation : 

I I  G(r)R,,(t - 7 )  = Rzy( t )  for t > 0 
I I 

This equation needs to be solved for C with R,, and R,, given. It is derived from the 
orthogonality condition which follows from the well-known orthogonal projection 
lemma (see, e.g. [lo], p. 45, and our first lemma in the proof of Theorem 1 in Section 6). 

This equation turns out to be a so-called (discrete-time) Wiener-Hopf equation. In 
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fact, the difficulty with solving this equation stems precisely from the constraint that 
the estimate is required to be non-anticipating. If this constraint were to be relaxed 
then it would have been easy to solve for the weighting kernel. (Indeed if we are 
interested in the infinite lag optimal smoother, i.e., in the least squares estimate of 
z,(t) by given observations y,(z), for all TEZ, then 2 would have been given by the 
convolution: 

with G, satisfying the equation: 

+ m  c Gs(t)Ryy(t - r )  = R,,(t) for t E Z 
r = - w  

which may be solved “explicitely” using z-transforms to yield G,(z) = ~~y(z)(iflyy(z))- 
(-denotes z-transform). Thus the weighting kernel is the function which has i?,,R,;l 
as its z-transform and it is feasible to determine G, from its z-transform. However 
in the filtering case there is no such easy way for obtaining the weighting kernel). 

At this point we have in effect arrived at the filtering methods now known as 
Wiener-Kolmogorov filtering. WIENER and KOLM~GOROV indeed were the first ones 
to overcome the difficulty with this non-anticipation constraint i.e., they gave condi- 
tions under which the above equation is solvable and in a series of truly beautiful 
contributions they were able to advance the theory of filtering to the point where it 
k a m e  a useful and elegant theory which was frequently used in applications. In  
addition, WIENER and others developed a method of solution, called spectral factori- 
zation, which in some cases could be carried out [23]. At the risk of oversimplification 
it could be stated however that effective algorithms and methods of solution were 
only developed for the scalar case (i.e., with y and z scalar valued processes) for 
which the processes involved had a rational spectral density (i.e., when the z-trans- 
form of the correlation functions R, and R,, are rational. We will see in Section 5 
that in the stationary case it is precisely this case with rational spectral density - but 
not necessarily scalar processes - which the Kalman filter treats also). 

Summarizing, WIENER and KOLM~GOROV gave methods for characterizing the filter 
map F for stationary Gaussian processes and a least squares estimation rule. This 
mapping F turned out to be a convolution of the type considered above and their 
contribution, among other things, consisted in setting up an equation for the weight- 
ing kernel G in an equation involving the autocorrelation functions and giving the 
exact conditions under which this equation is solvable. However effective method for 
numerical solution were not given. 

As could be expected, there were many researchers who advanced, reexamined, 
reconsidered, generalized, etc., this Wiener-Kolmogorov theory and many applications 
of it were reported. In the opinion of some, these efforts had long reached the point 
of diminishing returns and the IEEE Transactions on Information Theory in fact felt 
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it to be necessary to publish an editorial which essentially told these authors - albeit 
in nicer terms - to “get off it and get on with something else”. This happened in 1958 
at about the same time that KALMAN and BUCY were putting together their papers 
which would result in one of the most rapid shifts of attention ever to be witnessed 
in a research field! What then was the new idea which made this possible? The key 
word here is recursiveness, or state if you like, but in order to explain this clearly 
it is best to  backtrack first to some of the basic ideas in system theory. 

3 Recursive filtering 

The non-anticipating filter map F defined above yields an example of what is called 
an inputloutput system. Formally, an input/output system is defined as Z,,o: = {T ,  V ,  
V ,  W, W, S} with T c R the time-axis; V a (not-necessarily finite) set called the input 
alphabet; V a family of maps a :  T - r  V, called the input space (elements of V are called 
inputs); W a set called the output alphabet, W a family of maps W : T +  W, called the 
output space (elements of W are called outputs); and S :  V+  W a non-anticipating 
map called the system function which expresses the law with which an input a causes 
an output Sa. Thus it is assumed that a , ,  a,eV and a l ( t )  = a2( f )  for t < t‘ implies 
that (Sa,) ( t )  = (Su,)(t) for t c t’. The solution to the filtering problem discussed in 
Section 2 defines one such input/output system with T the time axis of the processes 
y and z, V =  Y, W = 2, V the collection of all realizations of y (thus V = {y: T +  Yly  = 
y, for some WEO}), W the collection of all realizations of 2, and S the filter map. 
As a specific application of an input/output system we will keep in mind the convolu- 
tion sum given earlier. 

In  addition to these input/output dynamical systems there is another very useful 
class of models, called systems in state spaceform. We will first give the formal defini- 
tion and afterwards explain the ideas. The basic idea of a state space model is that it 
displays the memory, called the state, of the system explicitly. Formally, a state space 
system is defined as ZM: = IT, V,  V ,  W ,  W ,  X ,  cp, r }  with T, V, V, W ,  W as in the 
definition of an input/output system; X a set called the state space; cp a map called 
the state transition function, it maps T: x X x  V into X(T:: = {(t,, to)eT21t, 2 to}> 

and satisfies the following axioms: (A.1) cp(to, to, x, a) = x ;  (A.2) cp(t2, to, x, a)  = 

q(t2, t , ,  cp(tl, to, x, a), a ) ;  and (A.3) if u , ,  U , E V  happen to have the property that 
ul(t) = uJt) for to < t -= t i ,  then cp(t,, to, x, u , )  = cp(t,, to, x, u 2 ) ;  and finally r is a 
map called the read-out .function, it maps X x V x T into W. Thus x1 = cp(t,,  to,  xo, u )  
is the state reached at time t ,  from initial state xo at time to by applying input u and 
w = r(x, v, t )  is the output value which results if the system is in state x, the input 
value is v, and the time is 1. Note very importantly, the significance of Axiom (A.3) 
and the fact that the memory of the system is expressed by cp through the evolution 
of x whereas r does not have, as a map, memory. Thus Axiom (A.3) states that given 
x(t,) the values of a(t)  before t = t o  are irrelevant for the behavior of the system for 
t 2 to. In other words, the state at time t gives enough information about the past in 
order for one to be able to predict the future behavior of the system. 
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The idea is thus that the input u causes the evolution of the state. The exact way in 
which this will happen is described by the map cp. The read-out map tells us how at 
each instant of time this value of the state and the value of the input produces the 
value of the output. Of course this way one also obtains a law by which an input 
causes an output. What is then the reason for introducing this state? That is the point 
which we hope to bring accross in the remainder of this section. 
RcThere are a number of alternative ways of getting at a state space system. The 
important ones are the recursive models. For the case T = H this means that instead 
of giving cp directly, this state transition function is defined by a map f called the 
next state function. This map f maps X x V x T into X and generates cp by iteratively 
applying the difference equation x( t  + 1) =f (x ( t ) ,  u(t), t ) .  In the case that T = W one 
may proceed in rough analogy by describing cp via a differential equation. Let us 
assume for simplicity that X =  BB". Then cp may be defined by a map called the vector 
field function. This mapf maps X x V x T into X and defines cp(t, , to, xo, u )  by solving 
differential equation 2 = f ( x ,  u(t), t )  with initial condition x( to)  = xo, on [ to ,  t , ] .  The 
solution x(t) evaluated at t ,  then defines x ( t , ) :  = cp(t,, to, xo, D) (assuming, of course, 
existence and uniqueness of the solution of this initial value problem). As a specific 
example of a recursive state space model, consider the linear time-invariant system 
defined by 

f(x,u,t): = A x + B v  
w = C X + D U  r(x ,u , t ) :  = Cx+Du 

(discrete time case) (continuous time case) 

(here S suggests the shift an is nothing more than a notation for the next state). The 
matrices A,  B, C, D are of respective dimensions (n x n), (n x m), ( p  x n), and ( p  x m)  
and in terms of the notation introduced above V = bP, W = Rp, and X = EP. Note 
that A and B define cp (indirectly) and that C and D define r. We will denote this system 
by {A, B, C, D}. The linearity is induced by the fact that f and r are linear and time 
invariance by the fact that f and r do not depend on t explicitly. For linear time 
varying systems we would have had to take matrices A(t),  B(r), etc., which depend on t. 

With these concepts in mind we now return to Kalman filtering. The basic idea 
behind Kalman filtering is that it is much more convenient to look for a recursive state 
space model for a j l t e r  than it is to look for an inputloutput model. This convenience 
functions on two levels: (i) it turns out that (by considering a class of filtering prob- 
lems in a special form) the mapsf and r are easier to obtain, and (ii), most importantly, 
there are great advantages in implementation of recursive models over input/output 
models. 

The first point will become clear, we hope, as we proceed in the next sections of 
this paper. The second point may be explained as follows: Let EM be a state space 
system (possibly in recursive form) and assume for simplicity that the system operates 
from some initial time to on, i.e., assume that there exists a t o€T  such that t > ,  to 
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for all tET (the ideas which follow may be extended to the case without this assump- 
tion but it is much easier t o  explain them with this added assumption). Now, let xo 
be a given element of X, and consider the map F :  V -+ W defined by (Fo)( t ) :  = 
r(co(t, to, xo, u), u(t), t ) .  Obviously (by Axiom (A.3)) F is non-anticipating and thus 
{T,  V,  V, W, W , F }  defines an input/output system. We say that his input/output 
system Zll0 is induced by EM and xo and write this as {EM, xo} *Xrlo. It is thus sort 
of obvious how t o  define XI/, from ZM and xo. However, the converse problem is 
much more interesting. This problem may be formulated as follows: Given ZllO, 
dejne ZM and xo such that {XM, xo) = Z[,,. This problem is called the (state space) 
realization or representation problem and we say that {&, xo} is then a (state space) 
realization or representation of Z1/O. The problem of finding a realization is obviously 
non-trivial: somehow we have to deduce X ,  q, r and xo from F. There is however an 
extensive theory on this problem but it would take us much too far to review this 
here. For example consider the input/output system defined by the convolution : 

I 

w ( t )  = (Fu)(t): = C G(t-r)u(r) (discrete time) 
r = t o  

or 
r 

w ( t )  = ( F u ) ( t ) :  = Gou(t) + G(f-T)U(T)dT (continuous time) 
10 

Now, under certain conditions on the convolution kernels G, this inputloutput 
system may be realized by a system { A ,  B, C, D } .  The class of convolution kernels 
which may be realized by such a system are exactly those for which, in the continuous 
time case, G is a Bohl ,function (i.e., every entry of the matrix G consists of a finite 
sum of products of a polynomial, an exponential, and a sine or acosine), or equivalent- 
ly, those 1 / 0  systems whose transfer function G is a rational function with lim C(s) =0,  

or, again equivalently, if the relation between u and w can be described by a system 
of high order linear time invariant differential equations. These conditions are very 
well understood and there exist efficient algorithms for actually numerically com- 
puting the matrices A ,  B, C, D from C. In fact, there even exist algorithms which 
deduce this A ,  B, C, D from a given (oossibly experimentally observed) suitable 
input/output pair u, w. The details of this theory which forms one of the most appeal- 
ing areas of linear system theory may be found in many texts [ll-131. 

What is now the basic advantage of using a realization {,EM, xo) instead of Z,,,, in 
computing the response output corresponding to a given input? The point is that it 
usually requires less computational effort and less memory storage requirements. 
This is most easily seen by comparing the convolution sum: 

a+ rD 

I- 1 

w(i )  = c G(t-t)u(r) 
T = I O  

with its recursive realization x ( t +  1 )  = Ax( f )+  Bu(r); w ( t )  = Cx(r); x ( t o )  = 0. If 
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u ( t ) ~ P ,  w(t)eWP and x ( t ) ~ W  and if we are interested in making this computation 
for t = to ,  to + 1, . . ., to + N ,  then carrying out the convolution requires of the order 
of mpN2 operations compared with (m + p  + n)nN computations for the recursive 
realization. In fact, this estimate on the number of computations is rather pessimistic 
since it is possible to fix things such that A, B, C have a lot of sparsity. The point is 
however the linear growth with N as contrasted to the quadratic growth. Morevover 
for the computation of the convolution sum as it stands one needs to keep the whole 
past input in store whereas in the recursive model only the current state needs to be 
stored. Obviously when N is large compared to n, which is more often than not the 
case, the recursive model has much to be said for. Note that the recursive model may 
often compare even favorably with FFT (Fast Fourier Transform) methods for carry- 
ing out this convolution since this will require of the order of mpNlogN computations. 
In addition, other than these software advantages of recursive models, it turns out 
that the recursive models are also much more suitable for (digital or analog) hard- 
ware implementation. 

In conclusion, the success of the Kalman filter is to a large extent due to the fact 
that it. gives its anwer in recursive form. Thus, whereas the Wiener-Kolmogorov 
filter yields a convolution with weighting kernel G, the Kalman filter gives a recursive 
(A, B, C, D) model. But there is even more. As we shall see finding the required A,  
B, C, D matrices of the Kalman filter turns out to be much more manageable than 
finding G from the Wiener-Hopf equation where the only case which can be managed 
to some extent is really the case of scalar stationary processes with rational spectral 
densities. Of course to set up a recursive model one could first compute G and 
then use the algorithms of realization theory to find {A, B, C, D }  but (as we shall 
see by using a convenient model for the stochastic processes y and z) there is no need 
to go this route and the matrices A, B, C, D may be computed directly. Finally, 
whereas the Wiener-Kolmogorov filter was in essence restricted to stationary stochas- 
tic processes, nonstationarity is of little consequence in Kalman filtering. 

4 Processes d e b 4  by hear  stochastic differential equations 

For the remainder of this paper we will be primarily concerned with the continuous 
time case but we will on occasion also give the formulas for discrete time. 

In this section we discuss in some detail the class of models under consideration 
in Kalman filtering. In order to do this we need to recall first the definition of a 
Wiener integral. Let b be a (standard) Brownian motion process on [to, 00) that is, 
a Gaussian process with b(to) = 0 and B{b(tl)b(t2)} = min ( t l ,  t2). Let f: [to,  t l ]  4 R 
be such that E;f2(r)dt < 00. Then the expression fi;f(t)db(t) is called a Wiener 
integral. It is a random variable defined as follows: i f f  is a staircase function, i.e., if 
there are to = r1 < t2 < . . . < T"+ , = t ,  such that f ( t )  =fi for T~ < t < 'ti+ then 
j:;f(t)db(t): =c;=l fi(b(7,+ J- b(r,)) = : v.  It is easily calculated that the random 
variable v satisfies dp{v2}  =c;= l f ~ ( . s i + ,  - r i )  = E;f2(t)dt. This equality shows that 
the integral defines as isometry from the staircase functions in Y2(t0, t , )  to Y2(s2), 
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the space of random variables with finite variance. This allows one to definel; f(t)db(t) 
for arbitrary fe2’2(fo, tl)  by approximating f as a 1.i.m. of staircase functions and 
explains the meaning of the random variable fl;f(t)db(t). This is easily generalized 
to the vector case. Let thus w be an rn-dimensional (standard) Wiener process on 
[to, co), that is, w is an rn-dilnensional vector process with components consisting of 
m independent standard Brownian motions wi. Let F :  [to, r , ]  + W x m  be a (n x rn)- 
matrix valued function such that each component satisfies 5:: f$t)dt c 03. Then 
J:AF(t)dw(t) is simply defined as the random n-vector with i-th component j;; 
fij(t)dwj(t). It is a Gaussian random vector with zero mean and covariance 
fi:F(t)Fr(t)dt. 

We will now explain what is meant by the linear “stochastic differential equation”: 

I 1 dx = A(t)xdt+B(t)dw 

with w a Wiener process and A, B :  [ to ,  a] -, W””,  w” x m  (A and B need to satisfy 
some smoothness conditions which are always met in practice. Specifically, it is 
enough to assume that each component of A satisfies Ji;laij(r)ldt < m and that each 
component of B satisfies I:;lbij(t)12dt < co for all to Q t I  < co). Let xo be a random 
n-vector. Then using the definition of a Wiener integral it is possible to give a meaning 
to what is the solution on [to, CO) of this differential equation with initial condition 
x( to)  = xo. namely x is the stochastic vector process defined by: 

where @(t, T) is the transition matrix of 1 = A(t)x, (i.e. the solution of the n2-dimen- 
sional differential equation (d/dt)@(t, 7 )  = A(t)@(t ,  T) with @(7, T) = I). This solution 
concept is simply inspired by the fact that 1 = A ( t ) x + f ( t ) ;  x(ro) = xo has as solution 

In most of the engineering literature this differential equation is usually written as: 
x(t )  = @(t,  to)xo + j:, @(t ,  ~ ) f ( 7 ) d ~ .  

k = A(t)x+B(t)q 

with 1 a “white noise” process, i.e., a process satisfying &{q(t)qT(0)} = D(t)  where 6 
denotes the Dirac &distribution. The solution of this equation is however exactly as 
above, since the rigorous interpretation goes by using Wiener intergals (or by intro- 
ducing random distributions which make a white noise process mathematically 
manageable). It may in fact be somewhat easier to build one’s intuition about the 
behaviour of x by viewing it as the solution of a “deterministic” differential equation 
driven on its right hand side by a stochastic white noise input. 

From the definition of the Wiener integral it follows readily that this solution has 
the following properties: 



Proposition I 

Assume that x, is independent of w and that U(x,) = JY(m,, no). Then the solution 
process of 

dx = A(t)xdt+B(t)dw; x(t0)  = x0 

is a Gauss-Markov process on [to, 00) with 9(x(t)) = M ( m ( t ) ,  n(t)) where m and fl 
are the solutions of: 

m = A(t)m; m(t,) = m,, (M) 

In addition Q(x(t)lx(s) = a }  = @(t, 7)a. 
Note that (M), (C) and &{x(t)lx(r) = a }  completely specify the finite dimensional 

distributions of the Gauss-Markov process x. Note also that the crucial fact that x 
is MarJcov becomes quite plausible by using the white noise interpretation. 

The analysis so far in this section has told us how to interpret solutions of (linear) 
stochastic differential equations. Thus we can assume that we know what we mean 
by the stochastic processes y and z given in terms of x, and w by 

dx = A(t)xdr+B(t)dw; x(to) = X, ! y = C( t)x ; z = H( t)x 

with C and H smooth (e.g., with components in Y2(t0, t , )  for all to < t ,  < 03). It is 
easy to see that y will be a LY2(tO, t , )  process. 

It is this type of model that is used in Kalmanfiltering. How general is the class of 
processes y and z thus obtained? Very roughly speaking it is quite general, and the 
important restrictive constraint (other than Gaussianess) is that the underlying 
Markov process x is finite dimensional and moves smoothly. The question thus 
arises: i f  we are given a stochastic process y ,  when and how can one construct A ,  B, 
C, w and x,? These questions are important in  order to appreciate the applicability 
of the Kalman filter, eventhough in many applications the observation and the to-be- 
estimated processes are given directly in the desired form. 

This problem will be discussed in the next section and we should look upon the 
situation as follows: assume that in a mathematical model of a stochastic system 
there are some processes appearing, say, as inputs to a differential system which are 
not given in terms of some underlying white noise process. Is it then possible to write 
them in terms of white noise processes and if so, how do we go about it? If this is 
possible for all the processes in a stochastic system then it will be possible to use 
Kalman filtering techniques. To give a simple example of this situation: assume that 
a process y is defined by the differential equation y = - a y + f ;  y(0) = 0, with f a 
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stationary process on [0, 00) with autocorrelation function Q2e-81’1. Then it is easily 
verified by direct calculation that the model 

dy = (-ay+f)dt 

df= -Pfdt+(e/JG)dw 

is (i) a model of this system and (ii) a model of the type used in Kalman filtering. It 
is this sort of ad hoc manipulations which we will now put on a sound footing. 

5 

The problem mentioned in the previous section actually consists of two different parts: 

(i) given a Gauss-Markov vector process x when and how can it be represented as the 

(ii) given a Gaussian process y when does there exist a Gauss-Markov process x and a 

White noise and Markov representation of stochastic processes 

solution ofdx = A(t )xdt+B( t )dw? 

matrix function C such that y ( t )  = C(r)x(t)? 

We will attempt to answer these questions, at least in the case of stationary processes 
for which the theory is rather complete. Much work has been done on the non- 
stationary case as well, but we will not get into this here. Basically these questions 
are the complete analogues for autonomous systems of the realization theory question 
discussed in Section 3. This area of research is therefore called stochastic realization 
theory. In general however it may be stated that, particularly on an abstract level, 
stochastic realization theory has not yet produced a very clear picture, at least as 
compared to the deterministic case. 

Both the above questions are a bit vague because we have not spelled out what we 
mean by “represented” and there are indeed two possible interpretations. In a strict 
sense we could interpret these problems as follows: in (i) we would be looking for a 
Wiener process, defined on the given probability space {Q, d ,  P} such that the com- 
position of OI+WI-+X yields the “given” map mi-+ x (the map W I + X  being defined 
through the stochastic differential equation) and in (ii) we would be looking for the 
random process x defined on the given probability space {Q, d ,  P} such that the 
composition of w H XI+ y yields the “given” map o I+ y (the map x 13 y being defined 
through y ( t )  = C(t)x( t ) ) .  However in most applications one would be happy with the 
“broad” interpretation where it is only required to produce a Wiener process 3 in 
(i) and a Markov process f in (ii) defined on an arbitrary probability space {Q’, d’, P’) 
such that they induce processes 2 in (i) and in (ii) which have the same finite dimen- 
sional distributions as the given processes x and y, respectively. In probabilistic 
jargon, we would be satisfied with processes which are equivalent to the given processes. 
(Two vector processes {z i ( t ) ,  I E T } ,  i = I ,  2 ,  are said to be equivalent if, for any 
choice t l ,  t , ,  ..., t,ET, the random vectors z l ( t l ) ,  z l ( t z ) ,  ..., z , ( t , , )  and z2 ( t , ) ,  z z ( t 2 ) ,  
. . ., z,(t,,) have the same distribution). 

13 



We now return to questions (i) and (ii). The first question is easy and the second 
one is hard. Much of the theory has been developed in [14-161. The first question is 
disposed of in the following proposition: 

Proposition 2 

Let x be a zero-mean stationary n-dimensional Gauss- Markov process defined for ~ E R .  
Let B{ (x ( t+~) l x ( t )  = a }  = @(?)a and assume that @ ( T )  is continuous at T = 0'. Then 
there exists an (n x n) matrix A, an (n x m)  matrix B, and a Wiener process w defined 
on [to, m) and independent of x(t,) such that the differential equation 

df = Afdt+Bdw :(to) = x( to)  

yields the same process f = x. 
Finally, in order to get a process f on [ to, a) which is equivalent to x it sufices to 

take A = (d@/dt)(O) and B such that it satisfies BBT + A l l ,  + n,AT = 0 with no : = 
B{x( t )xT( t ) } ,  and consider the solution of the stochastic differential equation df = A f  dt 
+ Bdw with 9 ( Z ( t 0 ) )  = N(0, J7,) and w independent of a([,). 

The above proposition thus states that Gauss-Markov processes may be viewed 
as solutions of differential equations. Note that the above proposition implies that 
this can happen in the strict sense. The idea behind the proof of the above proposition 
is to define q( t ) :  = x( t ) -x ( t , )  - I:,, Ax(.r)d.r, with A :  = (d@/dT)(O). It is easily verified 
thatq hasthesecondmoments{q(t,)qT(t,)} = Q min(t,, t,)with AJ7,+J7,AT+Q=0 
and J7,: = &{x(t)xT(t)) .  By factoring Q as BBT one then arrives at the desired result. 
This also shows that w(t) can be chosen to be {x(7), T < t}-measurable. Moreover B 
and w are not unique but Bw and BBT are. 

The second problem mentioned above is the following: Assume that y is a zero 
mean stationary p-dimensional Gaussian process defined for t E R. The problem then is 
to invent a zero mean stationary n-dimeiuional Gauss-Markov process x and a ( p  x n) 
matrix C such that y = Cx. The essential constraint here is that x is finite-dimensional 
and to invent n is part of the problem. The solution of this problem is of rather recent 
vintage and, other than being a very interesting question in its own right, it absolutely 
enhances the applicability of the Kalman filtering techniques since it allows one to 
reduce filtering problems which are not given in a form suitable to apply the Kalman 
filtering formulas to such a form. Indeed it allows us, through the combined steps 1 
and 2, to write a proces y as dx = Axdt+ Bdw; y = Cx. Before elaborating on the 
details, we give away the secret: such a finite dimensional process x exists if and only 
if y has a rational spectral density. 

Let N :  [0, oo)+ W p x m  be a (p xm)-matrix valued function. We will say that N is a 
Bohl function if there exist matrices F, G, H such that N ( t )  = HeF'G for t 2 0. (This 
definition is obviously equivalent to the one given in Section 3). The problem of 
finding out whether or not N is Bohl and to find appropriate F, G, H matrices is 
precisely the realization problem discussed in  Section 3 in the sense that it is exactly 
equivalent to requiring {ZM, 0) with: 
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C,:i = Fz+Gv; w = HZ 

to be a state space realization of the input/output system: 

t 

C,,o: w(t) = N(t - T ) U ( Z )  dr 
0 

and we will assume here that we "understand" this problem. (Being Bohl is equivalent 
to requiring the Laplace transform of N to be a matrix of rational functions vanishing 
at infinity or, again equivalently, that N satisfies a system of differential equations 
(P(D)N)( t )  = 0 for t 3 0 with P(s) = P,p" +P,-  +. . . + P o  a matrix polynomial 
and D'=d'/dt', or, once more equivalently, in functional analysis terms, that the 
operator u-  + w +  defined by w + ( t ) :  = j ? ,N( t - t )u - ( r )dr ( t  3 0) has finite dimen- 
sional range). 

It turns out that the representability problem is precisely equivalent to the auto- 
correlation being Bohl : 

Proposition 3 

Let y be a zero-mean stationary p-dimensional Gaussian process defined for t € R  and 
assume that R is its autocorrelation, i.e., {R( t ) :  = 8y(t)yT(0)}. Let R f  be defined on 
[0, 00) by R+( t )  = R(t) for t 2 0. 

Then the following conditions are equivalent: 

(i) R +  is Bohl ( o y  has a rational spectral density matrix); 
(ii) there exists a zero meanfinite dimensional Gauss-Markovprocess x (defined on Q) 

and a matrix C such that y(t )  = Cx(t), 
(iii) there exists a zero mean finite dimensional Gauss-Markov process x (defined on 

any probability space) and a matrix C such that j ( t )  = Cx(t) is equivalent to y.  

Note that equivalence here simply means that j has autocorrelation R. 
Beautiful as this proposition may be, it would be of little use in applications if 

there were no algorithms for deriving the distribution of f and the matrix C from 
R. However this can be done! The procedure involves two stages: 

Step 1 : Find F, G, H such that R + ( t )  = HeF'G for t 2 0 
Step 2 :  Find a matrix no = l7: 2 0 which satisfies: 

I F n o + n o F T  G 0; ~n~ = cT 1 
It is easily verified that any stationary Gauss-Markov process with 8{f(t)fT(0)} = eFtno 
for t 2 0 will be such that j = Hf has autocorrelation R. Thus if we are only interested 
in finding a Markov process f such that j = Cf has the same finite dimensional 
distributions as y (which is sufficient for most applications including those en- 
countered in filtering theory) then the above equations solve our problem. 



We still need to face the question of how to compute F, G, H and no. The com- 
putation of F, G, H is the (linear) realization theory problem which we already 
mentioned a few times before and there exist efficient algorithms for carrying out this 
computation. This requires solving linear equations [ 11-13]. These algorithms not 
only find a realization but, in fact, a “minimal” one, that is, among all the solutions 
F, G, H of HeF‘G = R(t)  for t 2 0 they find one for which the matrix F has minimal 
possible dimension. This solution F, G, H is then essentially unique in the sense that 
from one minimal solution F, G, Hone  may obtain all of them by applying the group 
of transformations {(F, G, H)H S(SFS-’, SG, HS-I); det (S) # O}. The computa- 
tion of a solution no = l7: 2 0 of F n ,  + n0FT % 0; Hn0 = GT is a nonlinear problem. 
That there exists a solution is itself already nontrivial and is essentially a consequence 
of the fact that F, G, Hare  not just any matrices, but that HeF‘G is (for t 2 0) derived 
from an autocorrelation. (This implies such things as R(0) 2 R(t)Vt E R). We will 
denote the set of all solutions no to these equations by 9. 

We will not dwell upon the question of how one can compute a no = I l8  2 0 satis- 
fying Fn,+17,FT < 0; Hn, = G’. Suffice it to say that there exist algorithms, that 
the solution is by no means unique, and that one may reduce the computation of 
some of these solutions to solving a quadratic matrix equation, called an algebraic 
Riccati equation (we will encounter such equations frequently later on in the paper. 
Basically the problem here is to find a solution to an algebraic Riccati type inequality, 
see [17] for details). Finally, it may be shown that if we start from a minimal triple 
F, G, H, then there exist special solutions U - ,  L Z + E 2 ’  such that nOs2’*O < 
c n- < no < n,. From there it is easily seen that 9 is convex compact. 

As we have said before any element 1 7 , E Y  yields a process Hx(t)  with desired 
autocorrelation function R by choosing for x a stationary Gauss-Markov process 
with &‘{x(t)x’(t>} =no and b{x( t ) lx (O)  = a }  = eF’u. The above analysis thus shows 
how to proceed if we want to obtain a Markov process x and a matrix H such that 
Hx(t) has the same finite dimensional distributions as the given process y. 

However the problem may be pursued a bit further. Assume that we also insist on 
measurability questions. That is, assume that we would like to obtain a solution 
process x which is defined on the original probability space {Q, d ,  P}. It is then 
natural to look for solutions for which the process x is y-measurable, that is to 
say, similarly as there is a map W H X ~ H Y ~  there would be one w#+y,l+x,. It is 
possible to classify the solutions no which lead to y-measurable solutions x [18]. 
These are exactly the elements of Y which make Ftl ,+ l loFT of minimum rank. In 
fact, n- and n,, which we met before, are both such solutions. They also have an 
interesting interpretation. Indeed n- is the (only) solution which leads to a Markov 
process such that x ( t )  is a function of y(r), T < t and n, is the (only) solution which 
leads to a Markov process x such that x ( t )  is a function of y(r), T > t .  

Finally, a word about the non-uniqueness of the Markov process x. This Markov 
process is not unique because, on the one hand, the factorization triple F, G, H of R 
into R( t )  = HeF‘G, t 2 0, is not unique, and, on the other hand, because the set 9 
contains, in general, many elements. The non-uniqueness due to non-uniqueness of 
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F, G, H could be called apparent but the non-uniqueness due to the non-uniqueness 
of II,EY is essentiaf. We will explain this now. 

One can get around the non-uniqueness due to F, G, H by looking for minimal 
solution Markov processes x and by working modulo a choice of the basis. Thus a 
n-dimensional Markov process x with y = Cx is said to be a non-minimal representa- 
tion of y if there exists a n’-dimensional Markov process x’, an (n‘ x n) matrix P and 
a ( p  x n’) matrix C’ such that (i) n‘ < n, (ii) x’(t)  = Px(t) ,  and (iii) y(t )  = C’x’(t). Two 
n-dimensional Markov processes x , ( t ) ,  x , ( t )  are said to be equal modulo a choice of 
the basis if there exists an invertible ( n  x n )  matrix S such that x,(t)  = Sx,(t). Minimal 
triples F, G, H correspond to minimal Markov processes x and the remaining free- 
dom in F, G, H {i.e., (F, G ,  H )  I+ (SFS-  ’, SG, H S -  ’)} corresponds to solutions which 
are identical modulo a choice of the basis. Thus in essence by picking a particular 
minimal triple F, G, Hand then considering only solutions with &{x(t) lx(O) = a }  = eF‘a 
and C = H one basically eliminates the freedom in the choice of the basis with respect 
to which the Markov process x is coordinatized. 

The non-uniqueness because of the choice of I I o E . Y  is essential. This non-unique- 
ness may be further reduced in a natural way by looking for y-measurable processes 
x and one may even impose uniqueness here by taking II0=l7- (thus by looking for 
a “past y”-measurable process x-), or by taking n0=n+ (thus by looking for a 
“future y”-measurable process xt). In fact, all minimal y-measurable solutions x are 
expressible in term of x and x- in the sense that for each such x there exist matrices 
P+ and P -  such that x(t) = P + x + ( t ) + P - x - ( t ) .  Thus the process (x+, x-), although 
it yields itself a non-minimal realization of y, generates all the minimal y-measurable 
realizations. In a very real sense this process is the universal element for the class of 
minimal y-measurable realizations. 

What we have said in this section may be recapitulated as follows 

Continuous time Kalman filtering concerns itself with observation processes y and 
to be estimated processes z described by models of the type: 

y = C(t)x; z = H(t)x 

This stochastic differential equation is given a precise meaning via the concept of a 
Wiener integral. However, even if y and z are not given in this form, it may be possible 
to invent a process x and in turn a Wiener process w such that y and z are expressed 
in this form. We have briefly described the procedure for doing this for stationary 
Gaussian processes. The key is that the processes must have rational spectral 
density matrices. 

Finally it goes without saying that there exists a completely analogous script for 
discrete time processes 
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with x(to), q(to), q(to + I), . . . independent Gaussian random vectors. 

6 TheKalmanliIter 

Now that we have advertized the virtues of the Kalman filter, the model which it 
uses, and how to obtain such a model, we come to the raison d'etre of this paper: 
an exposition of the Kalman filtering algorithm. 

The Kalman filtering problem as it usually appears in the literature may be stated 
as follows: 

Consider the stochastic processes x and y defined for r2ro by the stochastic 
differential equation : 

dx = A(t)xdt+B(t)dw; x(to) = x0 I dy =C(t)xdt+D(t)dw;y(t,)=O 

with 9 ( x o ) :  = .V(mo, ITO), w a Wiener-process on [to, oo), independent of xo,  and 
A, B, C, D: [to, co) + W"", R" "'", Rpxa, R p x n  smooth functions (specifically, com- 
ponents of A must be such that ~; Ia i j ( t ) ld t  < 00 and those of B, C, D must be such 
that J:;lbrj(t)l 'dt < 00, to d t ,  < 00). The form of these equations differs slightly 
from what we have advertised in Section 4. It is a bit more special. We will see in 
Comment 5 at the end of this section how the solution of this estimation problem 
also solves the one defined in Section 4. 

The problem is to estimate x(t )  given y(r)  for to d T < t .  Assuming that we are 
using as estimation rule the conditional mean then this simply means that we are 
looking for n(t): = &{x(t)ly(r), to < T < t}. It is well-known that this estimation rule 
minimizes the quadratic risk function JO: = &{(x(t)-f(y,-))T R(x(t)-f(y;)} over 
all f and this for every R = RT 2 0 (y,- is a short hand notation for the function 
which maps [to, t) into w" according to t -+ y ( ~ )  i.e., yt- denotes the past of y at time 
t) ,  and, since all the random variables in sight are Gaussian, a much broader class of. 
risk functions as well. 

The Kalman filter gives a recursive estimate of x(t )  given by a stochastic differential 
equation which contains as a parameter matrix function the solution of an ordinary 
differential equation, the so-called Riccati differential equation. This is a system of 
n x n (because of symmetry actually only +n(n + 1)) first order differential equations 
in the unknown matrix function Z: 

Proposition 4 

Let - 00 < to d t ,  < 00 and F(.), P(.), Q(.):  [to, t l ] +  w""" be matrix valued functions 
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whose entries satisfy fi;lfii(t)ldt c 00, etc. Assume that P(t) =P'(t) 2 0 and Q(t)= 
QT(t) 3 0 for to < t < t ,  and that X,E!?"~" satisfies Zo = Zf 20. Then the initial 
value problem: 

2 = F(t )X+XF'( t ) -XP( t )X+QQ(t ) ;  q r 0 )  = zo 

has a unique solution Z(t) on [to, t l ] .  Moreover Z(t) = CT(t) b 0. 
We refer the reader to the literature (see e.g. [19], p. 160) for a proof of this proposi- 

tion. Note that, because of the quadratic nature of the right hand side of the differen- 
tial equation, existence is a problem since the absence of a global Lipschitz condition 
forces one to exploit the special structure of the equation. Indeed, the existence need 
not hold were it not for the assumed definiteness of P, Q and X,. 

We now state the Kalman filter result: 

Theorem 1 

Assume that there exists on everyfinite interval J an E > 0 such that D(t)D'(t) >,&I > 0 
for te J.  Then 9 satisfies the stochastic diferential equation 

I d9 = A(t)9dt+yt)(dy-C(t)Zdt) I 
on t 3 to with the initial condition 9(t,) = mo and L defined by 

1 q t ) :  = (c(t)CT(t)+B(t)DT(r))(D(t)DT(t))-' I 
where X is the solution of the Riccati differential equation : 

2 = A(t)Z + ZAT( t )  - (ZCT( t ) + B( t)D'( t ) )  (D(t)DT( 2) ) -  '(C( t ) X  + D( t)BT( t ) )  + B( t)BT( t )  ; 

Z O O )  = no 

(by the previous proposition Z thus defined exists and is unique, symmetric, and 
nonnegative definite). 

Fig. 1. The Kalman Filter. 
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Proof 

The proof of this important result is based on the following well-known fact, known 
as the orthogonal projection lemma (see e.g. [lo], p. 45): 

Lemma 
Let S be a parameter set and assume that z,, SES, is a real random process. Let z 
be a real random variable and assume that {r, z,, SES} is Gaussian. Then the con- 
ditional mean 2: = dp{zlz,, SES} is uniquely characterized by: 

(i) 2 is a {zs, sES}-measurable random variable 
(ii) &{Z- 9 }  = 0 
(iii) 8{(z-2)zs} = 0 VSES 

(measurability) 
(unbiasedness) 
(orthogonality) 

This lemma is very useful in the sense that it reduces the determination of a condi- 
tional mean to the verification a number of conditions. 

We now return to the proof of the theorem. By the above lemma it suffices to show 
that a(?), as defined in the theorem statement, is a ,function of yt- (measurability), 
with d{x(t)-9(t)} = 0 (unbiasedness), and &{(x(t)-9( t ) )yT(7)}  = 0 for to d z < f 
(orthogonality). Properly speaking 9 is defined jointly with x as a Wiener integral 
through the differential equation : 

dx = A(r)xdt+B(t)dw 

d9 = A(t)9 dt + L(t)C(t)(x - 9) dt + L(t)D(t)dw 

It is also given as a 1.i.m. integral induced by: 

d9 = (A(t)-L(t)C(t))9dt+L(t)dy; 9(to) = mo 

and defined analogously as a Wiener integral. This last interpretation immediately 
yields the required measurability i.e., it shows that a(?) is a function of y,-. The un- 
biasedness and orthogonality are easiest obtained via the following lemma : 

Lemma 

Consider the stochastic differential equation 

de = (A(t)-L(t)C(t))cdt+(B(t)-L(t)D(t))dw; e(to) = x( to) -mo,  

dq = C(t)edt+D(t)dw; 

dp{e<t)} = 0, 8{s(O}  = 0, 
Then 

and 
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This lemma requires nothing more than a direct application of Proposition 1 and 
the required structure of the covariance matrix follows from the definitions of L and 
X. We omit these straightforward calculations. 

The above lemma contains the key facts for the proof of the Kalman filtering 
algorithm. Indeed, since e = x-2 it yields the unbiasedness and the fact that 
&{e(t)q’(t)} = 0 for all t 2 to. A little thought reveals that this implies &{e(t)qT(.r)) = 0 
for to < t < t .  We still need to show that this implies that e(t) is othogonal to y(r ) ,  
to i T < t .  This however is immediate from the fact that there is an invertible linear 
transformation y,%’q. This may be seen from the formula q(t) = y(t)-Ji,C(s)a(r)dr 
Now on the one hand 2(t) is a function of y(r), to < 5 < t (since d9 = (A(t)  - L(t)C(t)t 
dt+L(t)dy) and the other hand also of q ( ~ ) ,  to < 5 < t (since dt=A(t)2dt+L(t)dq). 
This yields the required orthogonality and ends our brief sketch of the proof of the 
Kalman filtering algorithm. 

We now discuss some inportant properties of the Kalman filter. 

Comments 

1. It works recursively, i.e., as a map yi-+ 2, 9 has the properties of “state”, in com- 
puting R(t2) it is only required to have available: (i) 9(t, ) ,  and (ii) y ( t )  for t ,  < T < t , .  
Informally speaking 2(t,) is thus a “sufficient statistic” for y ( ~ )  for f ,  < T < 1 ,  w.r.t. 
f ( t , ) .  The basic idea behind this recursiveness is exposed by the following line of 
thought: Let b, ,  a,, b,, a, be random variables and assume that we would like to  
obtain an estimate of a, based on 6, and of a, based on (b , ,  b,). This estimation 
problem may be solved recursively if the estimate 2, of a2 based on (b , ,  b,) depends 
only on bz and the estimate 6, of a,  based on b,,  i.e., if the dependency picture looks 
like: 

6, 4 d 1  4 6 ,  
b2 

Indeed we may then forget 6, and proceed with 6 , .  The question thus pops up: when 
does this happen? If we identify the idea of “estimate” with “keeping track of the 
conditional densities”, this question may be formulated as follows: “when is 
p(azlb,, b2)  a function of p(a , )b , )  and b,?” It may be shown in complete generality 
that this happens whenever the triple b,,  d , ,  (b2 ,  a,) is Markovian, i.e., whenever 
6, and (b,, u,) are conditionally independent given a , .  If we now apply these ideas 
to  Gaussian random variables then we obtain the following situation : the conditional 
densities p(a21b,) and p(a,lb, ,  b,) are completely determined by their means and their 
covariances. These means depend on the observations (b ,  and (b,, b,) respectively) 
but the covariances d o  not (this is a surprising but true consequence of Gaussianess!). 
Hence keeping track of conditional mean and of the whole conditional density is in 
this sense equivalent. Thus the recursive property of 2 in the Kalman filter is an 
immediate consequence of the fact that { y ( r ) ,  I, < T < f , } ,  x(tl), ({y(r), f ,  < T < I,}, 
x( tZ ) )  is a Gauss-Markov triple which is easily seen to be the case in the model used 
in the Kalman filter. 
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2. From the second lemma in the proof of Theorem 1 and the orthogonality which 
was derived from it, it follows immediately that q(t): = y( t ) -~oC(r ) f (~)d~ is an 
independent increment process with incremental covariance (D(t)DT(t))dt, i.e., that 
q(t2) - q(tJ and $(fa) - q(t3) are independent random variables for to Q t ,  Q 2, Q 1, < r4 
with d’{(q(t2)-q(tl))(q(t2)-q(t,))T} = fi;D(t)DT(t)dt. This process q is called the 
innovations process. Note that dq = dy -C(t)fdt equals the actual increment of y 
minus the expected increment. The filter equation da=A(t)$dt+L(t)dq thus shows 
that the updating of 2 happens according to the natural evolution of x (expressed by 
the term A(t)fdt) and the innovations (dq). The weighting of the innovation involves 
the gain matrix L. The Kalman filter equations give a specific algorithm for computing 
this L via the Riccati differential equation and thus for weighting how much emphasis 
to put on the memory (the old measurements) versus the new measurement (the 
innovations). This mechanism is illustrated in Fig. 1. 
3. From the second lemma in the proof of Theorem 1 it follows also that the solution 
matrix X of the Riccati differential equation has the interpretation X(t) = b{(x(t)-  
a(t))(x(t)- f(t))T} = S{e(t)eT(t)}, i.e., X gives the optimal performance of the filter. 
4. The condition D(t)DT(t) 2 & I >  0 in the statement of Theorem 1 ensures that the 
optimal filter is a dynamical system in the sense that it is usually defined, i.e. the 
output does not contain derivatives of the input. This condition is called the non- 
singularity condition. Filtering problems for which this condition is not satisfied are 
called singular filtering problems. They have been treated in various places in the 
literature. References may be found in [9]. 
5. If the problem is to estimate z ( t )  based on y(r),  7 < t ,  given by the model 

dx = A(r)xdr+B(r)dw, 

y = C(r)x; z = H(t)x,  

then it suffices to use Theorem 1 on the system: 

dx = A(r)xdr+B(r)dw 

dy = (C(r) + C(r)A(r))x dr + C(r)B( t)d w 

(the nonsingularity assumption then requires C(r)B(t)BT(t)CT(r) to be invertible). 

together this will give us a system of the type: 
Now, 2(t): = S{z(t)ly(~), 7 < t }  is given in terms of f ( t )  by 2(t)= H(t)a(t). All- 

df  = A(r)fdr+t(r)dy; $(to) = mo, 

2 = H(r)f 

which, with y as input and 4 as output, yields the desired recursive filter. 
The first of these equations is not as easily simulated in the form in which it appears. 
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However by defining o( t ) :  = a(t)-L(t)y(r),  it is possible to put this equation in the 
following form in which it is easier to implement: 

u = R < t ) o + ( R ( t ) e ( t ) - ~ t ) ) y ;  ~(2,)  = mo, 

2 = H(t)a + ~(r )Qt )y  

which is indeed a very nice recursive implementation of the desired map y + (or, 
when applied to the situation of Theorem I ,  of y -+ a). The equations of Theorem 1 
give the formulas for 2 and &. 

(There is no need to worry about the fact that in this form it has become apparent 
that e( t )  depends on y( t ) .  Indeed, as a consequence of the smoothness of the processes 
considered, the estimates based on y ( ~ )  for to < T < t or on y ( r )  for to < T < t are 
identical). 

The reasons why the Kalman filtering problem is not usually stated in the form 
dx=A(t)xdt+B(t)dw, with the simpler observation equation y(t)=C(t)x(f) ,  are in 
out opinion partly historical and partly because of the white noise formalism and the 
analogy with the discrete time case where additive white noise in the measurement is 
both logical and causing no particular mathematical difficulties. 
6. The Kalman filtering techniques and the possibility of obtaining recursive-imple- 
mentations of estimators, have been extended to smoothing (the estimate at' time t 
uses data after time t), to prediction (the estimate at time t uses then data up to time 
t -A, A > 0), and to many other situations of interest (e.g. image processing). 
7. For completeness we now give, without further comments, the discrete time ver- 
sion of Theorem 1. For that purpose, consider the system 

with xo, w(to), w(to + I),  . . ., w(t), . . . a sequence of independent random vectors with 
5?(xo): = .N(mo, no) and Y(w(t)): = .N(w(t), V(t ) ) ,  and A, B, C, D matrix functions 
of appropriate dimensions. Let a(t):  = b{x(t)ly(t,),  . . ., y(r - 1)) and assume that 
D(t)D'(t) > 0 for all f. Then $ satisfies the recursive formula: 9(t + I)=A(t)g(t)+ 
B(t)w(t) + L(t)(y(t) - D(t)w(t) - C(t)a(t)) with a(ro) = mo and L defined by 

L( 1) : = (A(t)Z(t)CT(t) + B( t )  V( t)DT( t ) )  (D( t )  V(t)DT( t ) + C(t)Z( t)CT( t ) ) -  

where X, the error covariance, is recursively defined by 

Z(t + 1) = (A(  t )  -L(t)C( t))X(t)AT( t )  + B(t)V( t)BT(t) - L(t)D(t) V(t)DT( 1 )  

with initial condition Z(to) = no. 
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7 The steady state Kalman filter 

We will now consider the so-called steady state Kalman filter. The idea here is to 
specialize the situation to stationary processes and constant matrices A ,  B, C, D.  
In order for the filter to become a system with constant parameters we need to assume 
in addition that the observation interval is infinite (to + - a). This case is alltogether 
a bit tricky because we miss initial conditions on  the stochastic differential equations. 
However since (i) stationary filtering problems occur at least as frequently as non- 
stationary ones and (ii) stationary filters are much more convenient to implement 
(in hardware or software) than non-stationary filters we feel that a brief exposition 
of this case is called for. Before stating the relevant propositions, we need some more 
background material. 

The following concepts play a rather basic role in linear system theory [19]. We 
will not dwell on their significance but merely introduce them formally. Let AeWnxn, 
B~aB""'",and C E W ~ " " . T ~ ~ ~ ( A ,  B)iscalledcontroiiabieifRank [ B A B  ... An-'B] = n ,  
stabilizable is there exists K such that Re a(A+ BK) < 0, ( A ,  C) is called observable 
if (AT,  C 9  is controllable, and detectable if there exists K such that Re a(A + KC)  < 0. 
It is well-known that controllability = stabilizability and that observability * detect- 
ability. 

Let us now return to the stochastic differential equation, this time with constant 
coefficients : 

I dx=Axdt+Bdw 1 
and explain what we mean by a process x which satisfies this differential equation for 
all tER.  A Wiener process defined for all t E R  may be defined in terms of two in- 
dependent Wiener processes wl ,  w2 both defined on [0, 00) with wl(0)= w2(0)  = 0 by 
taking w(t):=w,(t) for t 2 0 and w(t):=w,(-t) for t GO. Assume now that x is a 
stationary n-dimensional Gauss-Markov process and that w is a given Wiener 
process on 52 such that x( t )  is independent of W ( T )  for T 2 t. Then x is said to satisfy 
the above stochastic differential equation for all teR if 

dt,) = eA(tl-to)x(tO) + e"(*l-')Bdw(r) 
11 

to 

for all t ,  2 to. Let 9(x(t)) = ./Y(m,, no). Then clearly Am, = 0 and A17,+17,AT+ 
BBT = 0 and there exists a basis such in this basis x, A, B, and l7, will look like: 

with Re a(A+) < 0, Re a(A,) = 0 and A, semi-simple (this means that A, may be 
diagonalized using a complex similarity transformation and is equivalent to asking 
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that all solutions of i, = A,zo are bounded on W), (A+, B,) controllable (which 
implies Q+ > 0), and Q, > 0. Moreover x +  and xo are independent, x + is the ergodic 
part of x and x, is the non-ergodic, purely predictable part of x. In other words, 
the stochastic differential equation, on all of W, defines a process which in a suitable 
basis equals x = [XI, xi, O]', with x, defined by the 1.i.m. integral 

I 

x + ( t )  = j eA('-r)B+ dw(7) 
--m 

and xo satisfying the ordinary differential equation xo = Aoxo .  
Note that the differential equation defines x +  uniquely, but not xo. 

In order to state the steady state Kalinan filter result we need first some facts 
about certain quadratic matrix equations. Such equations are called algebraic Riccati 
equations and the question regards to solvability for the (n x n )  matrix 1 (actually 
because of symmetry there are really only $n(n + I )  equations and unknowns). 

Proposition 5 

Let F, P, QER" * "  be such that P = PT 3 0 and Q = QT 2 0 and consider the algebraic 
Riccati equation FC + ZF' - ZPC + Q = 0. Then 

(1) 

(ii) 

For 

if (F ,  P) is detectable there exists a real symmetric solution C, and, in fact, a 
maximal one C' (i.e., C+ is a real symmetric solution and C+ 2 C for all other 
solutions C). Moreover Z+ 2 0 and C f  is the only solution with Re v ( F - P C )  < 0. 
if (F, P) is detectable and (F, Q )  is stabilizable then C +  is the unique solution 
satisfying C 2 0 and also the only solution satisfying Re a(F- PL) < 0. More- 
over C +  > 0 and Re a(F-PC+)  < 0. 

a proof of the above proposition we refer the reader to [20] and to [ I71 where 
many other results and references concerning the algebraic Riccati equation may be 
found. 

In order to appreciate how restrictive the conditions in Proposition 5 (and Theorem 
1) are it is worthwhile to mention that controllability and observability are "generic" 
properties (which intuitively means that almost all systems will have this property; 
see [24] for precise statements to this effect). 

The steady state Kalman filter version which we will consider here is concerned 
with stationary stochastic processes x, y defined for all rER and satisfying 

dx  = Axdt+ Bdw 

dy = Cxdt+Ddw 

Let a( t ) :  = &{x(t)ly(t), 7 < t}. The following theorem, without attempting to be 
completely general, shows how to compute 9: 
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Theorem 2 

Assume that DO'> 0,  that ( A ,  C )  is detectable, and that (A-BDT(DDT)-'C, 
B(1- D'(DD')-')B') is stabilizable. Then 2 satisfies the stochastic differential equation 

1 d2 = Atdt+L(dy-C2dt) I 
with L defined by 

I L :  = ( Z + C ~ + B D ~ ) ( D D ~ ) - ~  I 
where Zi is the (unique) symmetric nonnegative definite solution of: 

Moredver C > 0 and Re a(A - LC) < 0 (thus 2(t) is uniquely defined by the above 
differential equation in terms of Y(T), T < t). 

The proof of this theorem is completely analogous to the proof of Theorem 1 
and is left to the reader. 

The steady state version of the Kalman filter and the convergence of the solution 
of the Riccati differential equation to that of the algebraic Riccati equation also 
have implications to the situation in which to is fixed and the time t at which x needs 
to be estimated approaches 00. These issues are very well understood and reported 
in the literature [9, 171. These considerations are also of interest in computational 
algorithms which solve the algebraic Riccati equation by integrating the Riccati 
differential equation until steady state is reached. 

The restrictions imposed on the matrices A ,  B, C ,  D in Theorem 1 exclude for 
example the estimation of non-ergodic processes. The Kalman filter applies to  such 
situations but the results require a more refined analysis. 

Comments 

8. Using the ideas explained in Section 5 and Theorems 1 and 2 it is now possible 
to explain how one would go about using the Kalman filter to solve the problem: 
given stationary Gaussian processes z and y on R or [ to ,  m), compute 4(t) = 
&{z(t) ly(z) ,  T c t}. Indeed, the stochastic realization theory explained in Section 5 
shows when and how this problem may be put into the form used in Comment 5 
which in turn shows how to obtain a recursive filter from there. However, there is 
more here than meets the eye since the stochastic realization problem and the innova- 
tions representation which one gets from the Kalman filter are very much related 
indeed. In fact, the Kalman filter actually solves itself the Markov representation 
problem of the observation process y with the Markov process 2 being the desired 
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Markov representation process. Thus we start from one Markov representation x 
and end up with another one 9. This f is in fact past-measurable and thus corresponds 
to the x +  of Section 5 .  

Note also that, since the filtering formulas only depend on the correlation function 
between z and y, it does not matter which solution of the Gauss-Markov representa- 
tions of Section 5 we use. Finally, if we observe y then, as discussed in Section 5, 
there are many ways to represent it as a function of a Gauss-Markov process x. 
However if we consider only the minimal realizations and if we fix the basis (that is, 
if we use the same F a n d  H matrices: see Section 5) then the Kalman filter is indepen- 
dent of which realization is being used! 
9. The usual case of Kalman filtering which is treated in textbooks is to take 

d x  = A(t)xdt+B(t)dw, 

dy  = C(t)xdt+D(f)dw, 

with w ,  and w 2  independent Wiener processes. Thus the measurement and the driving 
noise are assumed to be independent. Although this is the situation which occurs 
most frequently in applications, and Theorem 2 simplifies somewhat for this case, 
its form induces a genuine loss of generality, specifically in the context of Comment 8. 
Note that the conditions on Theorem 2 is this case specialize to the simpler, more 
intuitive, form: ( A ,  C )  detectable and ( A ,  B )  stabilizable. 
10. The Kalman filter requires a moderate “one-line” computational effort: updating 
an n-th order recursive linear system, but often a large ‘‘off-line” computation : 
solving for the Riccati equation. 

(On-line computations are those which one must perform in real time, i.e., on the 
same time scale as the data enters. It will thus often be convenient to build special 
purpose equipment for such tasks. Off-line computations are those which are done 
at the design stage. Often one can d o  this at  leisure with the help of large computers. 
Many algorithms for computing the solution Z of the Riccati equation have appeared 
including some very efficient fast algorithms (see Section VI of [S]) which have even 
vague connections with Fast Fourier Transform (FFT) algorithms.) 

In this context it is also worthwhile to point out that the Riccati equation in Theo- 
rem 1 is computed forward in time (thus with initial data at  f = lo ) .  Hence the filter 
is also implementable if theydata A( .), B( .), etc. for the model is generated on line 
in real time from, say, direct measurements or a fast identification scheme. This is in 
contrast with the optimal control case which we will meet in Section 9 where know- 
ledge of the parameters is needed ahead of time. 

Recapitulating, we have shown in Section 6 and 7 how the Kalman filter is obtained. 
It gives an algorithm for estimating the state of a stochastic system from partial 
observations of this state. The filter essentially consists of a recursive algorithm which 
shows the relative weighting of the memory versus the innovations in the updating 

27 



of the estimate. These gain matrices ai-e given through a Riccati equation: this is a 
differential equation in general and an algebraic equation in the stready state case. 

In a broader context one may view the Kalman filter problem as a problem of 
observation in the presence of uncertainty as follows: Let C be a dynamical system 
(as defined in Section 2); it has inputs and two kinds of outputs: one, y ,  which is 
observed, and one, z, which is to be estimated. The uncertainty consists of the fact 
that the input u and/or the initial state x(r,) will in general not be completely specified 
by the measurement y .  The problem is to construct a dynamical system Z, called an 
observer, which accepts y as its input and produces z, the desired estimate of z, as its 
output. Often one wants an optimal observer and often the uncertainty is translated 
into making the unknowns random variables. The Kalman filter thus treats the 
linear, Gaussian, finite dimensional case. These assumptions are in decreasing “degree 
of cruciality”. We like to stress here that, contrary to classical Wiener-Kolmogorov 
filtering theory, non-stationarity is of no consequence in Kalman filtering. Clearly 
this fact is partly responsible for its success. If the finite dimensionality assumption 
is relaxed then we arrive at infinite dimensional or “distributed parameter” filtering. 
ExtenSions of the Kalman filtering algorithms to this case have appeared [21]. Exten- 
sions to the non-Gaussian case are very much “in” lately and filtering for Poisson 
point processes is receiving a great deal of attention. It is well-known and easily 
seen that if we are looking for the best linear estimator then (since this estimator 
depends only on the second order statistics) the Kalman filtering formulas can be 
used in this situation also. If one considers nonlinear problems then one arrives in 
in the realm of nonlinear filtering. It may be proven quite generally that the condi- 
tional measure of the state given the past observations then acts as a state of the 
filter. Various functional equations which determine this nonlinear filter have appear- 
ed, but by and large nonlinear filtering remains somewhat of a chaotic area. Finally 
we mention the so-called extended KalmmJilter [6] in which a nonlinear system is 
treated as a linear one by linearizing the equations at each instance of time around the 
“nominal conditional mean”, i.e., around the estimate of the conditional mean 
obtained by using Kalman filtering formulas on these linearized equations. Obviously 
this offers a reasonable approach, but nothing more. 

System theorists make a rather clear distinction between parameters of a system 
and states. Roughly speaking, parameters cannot, and states can be influenced by 
external inputs. Thus the problem of obtaining a model on the basis of external 
measurements is usually a problem of parameter estimation. This area of research 
is called identiJication and the problems considered there are very much akin to  the 
problems statisticians worry about. Identification in combination with control is 
called adaptive control. Kalman filtering on the other hand is concerned with state 
estimation and is thus rather distinct from parameter estimation eventhough extended 
Kalman filtering ideas for example have been applied to identification problems. 

Finally, we would like to emphasize the completely Bayesian framework in which 
Kalman filtering is embedded. With some modifications one can build up some 
analogous ideas under the assumption that the initial distribution of the state is 
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unknown but as a fule the theory needs very much to assume that the distribution 
functions which are involved are known a priori. 

8 

In this section we will describe one of the most important applications of Kalman 
filtering. It concerns the optimal control of a linear system with Gaussian disturbances 
with respect to a quadratic risk functional. This problem is indeed one of the nicest, 
if not the nicest, results in optimal control theory. The fact that this problem is 
completely solvable is indeed impressive and as such it deserves much broader atten- 
tion outside of control theory than it has been getting (we will avoid the question of 
whether or not the attention this problem has received in the control theory literature 
is not too much of a good thing). In system theory this problem is usually referred 
to as the LQG (Linear-Quadratic-Gaussian) Problem. 

The mathematical formulation of the problem is as follows: Consider the stochastic 
system (linear with Gaussian disturbances) 

Least squares control: problem formulation 

dx = A(t)xdt+B(t)dw+G(t)~dt; x ( t o )  = x0, 

dy = C(l)xdt+D(t)dw; Y(t0) = 03 

with Y(xo) :  = N(mo, no), w a Wiener process on [to, tl], independent of xo, and 
A ,  B,  G, C, D : [to, t l ]  -+ R" ", R ", R" q,  R p x  q,  smooth functions (as in Section 6) .  
Furthermore, u denotes the control input. We will assume that uEY, ( to ,  t l ) .  Thus 
the input space of our stochastic system U :  = .LR,(to, t l ) .  The solution processes x, y 
are now obviously defined by: 

t 1 

X(t) = @ ( t , t o ) X o  4- @(t,T)B(T)dW(T) 4- 1 @(t,T)G(T)u(T)dr, 
lo 

t 1 

y ( t )  = j C(T)X(T)~T + j D(T)dw(z). 
to lo 

Note that for all U E U  these equations define processes x and y on [to, t l ]  even i f  u 
itself is a stochastic process. Of course, x need then not be Markov. Now for every 
U E U  there correspond solution processes x and y ~ Y ~ ( t , ,  t l ) :  = % and in this way 
we obtain maps S,, S,: w, u w x, y which basically define our stochastic system. 

The process y is called the observation process. In principle what we observe thus 
depends on the input u!  The idea is to choose the control input such that a risk function, 
to be introduced later, is minimized. In choosing this control it is possible to exploit 
the information about the chance variable w as evidenced through the observation. 
This idea is formalized as follows: 

A (feedback) control law is a non-anticipating map F:Y+ U .  The basic problem 
in stochastic control is to choose this F out of the class of non-anticipating maps. 

29 



In principle every such map would be allowed but for technical mathematical reasons 
we need to be a bit more conservative. Thus not all maps F are allowed: there has to 
be existence and uniqueness. This may be explained as follows: the equations of the 
system yield something of the form: 

I I 

fit) = M(t)x0 + N(r)dw(r) + P(r)u(t)dr 
to to 

M, N, and P may be computed from A, B ,  C, D, and G (the precise nature of these 
expressions does not concern us here). Thus as a map from U to Y this is of the form: 
y = a+ Hu with a an Y,(to, t l )  random vector process on [to, t l ]  and H a linear 
map from Yz(to, t l )  into 9 , ( t 0 ,  t i ) .  Here a consists out of the two first terms in the 
above sum. Note that a is actually given by: 

dx = A(t)xdt+B(t)dw; s(to) = x0, 

da = C(t)xdt+D(t)dw; a(t0) = 0. 

Now, let F be a control law. Then we also have u = Fy and the processes u, y which 
would come out of the so-called closed loop equations must satisfy y = a+ Hu and 
u = Fy jointly. (Typical is that, as a result of feedback, we obtain implicit equations). 
Let us now assume that, as an (in general nonlinear) operator from 9 , ( t 0 ,  t l )  into 
itself, Z + HF has a non-anticipating inverse and denote the family of control laws F 
which have this property (with H given and fixed) by 9. Then the closed loop system 
yields: y = ( Z + H F ) - ' a ;  u = F ( Z + H F ) - ' a .  Thus y and u,  and hence x, are, for all 
F E ~ ,  well-defined stochastic Yz(to, t I )  processes having the property that y(f),  
u(t) ,  and x ( t )  are functions of uI-(: = {a(?), to < T < t}) and thus (look at a itself) 
functions of {xo; w(r), to < T < t}. 

At this point it will be useful to remark that 9 is an extremely broad class of non- 
anticipating operators from Y into U. The reader may actually have trouble finding 
a non-anticipating F which does not belong to 9. In fact, one needs to consider 
rather pathological cases in order to generate a counterexample. This is basically 
because H is an operator of the Volterra kind. In particular F being non-anticipating 
and Lipschitz continuous on gz( t , ,  t l )  is more than enough to guarantee that F E ~ .  
More general conditions may be found for example in [21]. 

It is also useful to observe that: 

(i) for all F E ~  there exists a non-anticipating bijection a , ~ y , k ~ ( u ,  y). Thus from 
any one of a;, yr-, and (ul-, yI-) one may recover the others. Hence the a-algebras 
induced by a;, by yI-, and by (uI-, yl-)  are the same and independent of F !  This 
means that (as a consequence of linearity) the information received from the 
measurements cannot be manipulated by choosing the controI law cleverly. This 
property is sometimes called neutrality. It implies that the controller has no 
advantage in probing the system since there is nothing to learn about the un- 
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(ii) 

The 

certainty by manipulating the input. This is a consequence of the fact that y is 
an additive function in its dependence on w (through a) and u (through H I )  
the class of processes U E U  which can be obtained by choosing an F E ~  may be 
characterized as follows: Let W be the class of non-anticipating operators Y+ U 
such that Z + H R  has a non-anticipating inverse for R E @ .  Then the processes u 
which can be obtained by choosing an F E F  are exactly those of the form u = Ra 
for some R e g .  

problem which we will consider is to choose the feedback control law F E F  
which minimizes the cost (risk, loss): 

t I  I J :  = &{xT(tl)Mx(tl) + [ U ~ R ( ~ ) U + ~ U * S ( ~ ) X + X ~ Q ( C ) X ] ~ ~ }  
to 

where M = M T ~ P X " ,  and R = R T , S ,  Q = Q T : [ t 0 , t , ] ~ ~ q x 4 , B a 4 X " ,  w""" smooth 
(9';P,(to, t l )  is sufficient). 

From what has been said before it is clear that every feedback control law F E F  
will define random processes u and x on [to, t , ]  which yield, after integration and 
taking expectation, a real number J depending on F. The problem is tojind the F E F  
( i f i t  exists) which minimizes J .  This is the problem which we will solve in the remain- 
der of this paper. The formulation of the stochastic control problem as given here is 
not the one which one commonly finds in the literature. Usually one finds the imposed 
constraint expressed by something like asking u(t) to be yt--measurable. However, 
since yt- itself depends on the control law this requirement is not as explicit as one 
may like to have it and it is also unclear whether or not one has thereby excluded the 
sort of pathological cases mentioned above. In our problem formulation we ask for 
a map from Y into U. In fact, this is also closer to the "experimental" set-up behind 
the problem. In a feedback control problem one is indeed asked to design a device 
which is ready to accept, as input, the measurement and will produce the control as 
output. 

The solution to the above problem uses, other than the Kalman filter, the solution 
to a deterministic optimal control problem. We will now formulate this problem. 

Consider the deterministic system: 

i = A(t)x+G(t)u; x(t0) = X0€W 

For every uE.!Z2(t0, t l )  this equation defines a state trajectory x(.) and a corres- 
ponding value for the cost: 

The deterministic control problem which we will now consider is to find the element 
u*E2'PZ(t0, t l )  which minimizes this cost. 
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This formulation yields the optimal control in so-called "open loop" form. We 
could look instead for a map F which maps certain observations on this deterministic 
system into W 4  and which minimizes (as explained in the stochastic control problem 
above) the cost J. Such control laws are said to be in "closed loop" form. However, 
there is little point in considering observation processes which are not the complete 
state since it would usually be possible to reconstruct the state arbitrarily fast. We 
will hence assume that the whole state is observed. In that case it is a (rather nice 
and important) consequence of the concept of state that it then suffices to look in the 
class of memoryless state feedback control laws (this fact is basically the content of 
Bellman'sprinciple of optimality) that is, every control law is a map f :  W" x [to, t , ]  -+ A4 
and (for precisely the same reasons explained on occasion of the stochastic control 
problem) we will consider only fcf with the property that the differential equation 

;i: = A(t)x+C(t)f(x, t); x(to) = xo, 

has a unique solution for all xocR'.  The cost is then a well-defined real number for 
every fEj(with x(t )  this solution and u(t) = f(x(f), t)). The element f * E j  which mini- 
mizes this cost is called the optimal memoryless state feedback control law. 

Conceptually and in implementation there is an important difference between 
open-loop and feedback laws but for deterministic systems with state feedback they 
lead to the same optimal state trajectories, the same optimal controls as a function 
of time, and thus the same (optimal) performance. The method of generating the 
optimal open loop control u' via the optimal niemoryless feedback control law f' is 
often called the synthesis of the optimal control. 

9 The linear quadratic-Gaussian problem 

In this section we will give the solution to the problem which we have set up in the 
previous section. As has already been mentioned before the stochastic control prob- 
lem contains as a subproblem the result of the deterministic control problem which 
in turn uses the Riccati equation treated in the following proposition : 

Proposition 6 

Assume that there exists E > 0 such that R(t )  2 EI for t~ [ to ,  t , ] .  Then, if there exists a 
solution to the Riccati differential equation: 

13 = -AT( t)K - K A ( t )  + (KG(t )  -k ST( t ) )R-  '( t )  (G'(t)K + S(f)) - Q( 1 ) ;  K( f I )  = M 1 
on [ to ,  t I], it is unique and symmetric. Moreover, the condition Q(t )  - ST(r)R- ' ( t )  
S(t) >, 0 for all t E  [ to,  t l ]  is a sufficient condition for existence, and then K ( r )  > 0. 

This proposition basically follows from Proposition 4. It turns out that the above 
Riccati equation holds the key to the solution of a least squares deterministic optimal 
control problem. 
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Theorem 3 

Assume that there exists E > 0 such that R(t) 2 EI for t~ [ to ,  t l ]  and that the Riccati 
equation of Proposition 6 has a solution K(t) on [to, t ,] .  Then f * : x ,  t + N ( t ) x  with 
N ( t ) :  = - R -  ' ( t )  [G'(t)K(t) +S(t)] is the optimal memoryless state feedbock control 
law and u'(t) = N(t)x'(t) with x'lt)  defined as the solution of f' = (A(t)+G(t)N(t))x*; 
x'(to) = xo, is the optimal open loop control. Moreover x'K(to)xo is the minimal cost. 

Proof 

(Outline): It is easily verified that for all pairs x, u satisfying the system equations 
there holds 

(d/dt)x'(t)K(t)x(t) = [u(t ) -N(t)x( t ) ] 'R(t)  [ u ( t ) - N ( r ) x ( f ) ]  

- u'(t)R(t)u(t) -2~'(t)s(t)u(t)  - xT(t)G(t)x(t) 
Thus 

11  

J = xT(to)K(to)x(to) + ( ~ - N ( t ) x ) ~ R ( t ) ( u - N ( t ) x ) d t  
to 

which yields immediately the conclusions of the theorem. 
We now return to the stochastic problem. It turns out that the solution is much 

alike that of the deterministic problem. Indeed, it suffices to substitute 9, the optimal 
estimate of x as given by the Kalman filter, where one finds x in the deterministic 
version! 

Theorem 4 

Assume that there exists E > 0 such that D(t)DT(t) 2 EI and R( t )  2 EI for t~ [to, t , ] ,  
and that the Riccati equation of Proposition 6 has a solution K( t )  on [ to ,  t , ] .  Let X and 
L be as defined in Theorem 1 and K and N as defined in Theorem 3. Then :he optimal 
feedback control law is given by: 

dZ = A(r)$dt+L(t)(dy-C(t)fdt)+N(t)Zdt; Z(to)  = m,, 

U* = N(t)Z ! 
and 

11 

m$(to)mo +Trace {K(to)Uo + [B'(t)K(t)B(t)+N(t)X(t)N(r)R(r)] dt} 
10 

which also equals 
r t  

m;fK(to)mo +Trace { M X ( t , )  + [ Q ( r ) X ( t ) +  L(t)X(t)LT(t)D(t)DT(t)]  dr}  
f o  

is the minimal cost. 
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Proof (Outline): Consider first the following lemmas: 

Lemma I 

Assume that u is an 9z(f0, t l )  random process on [to, r , ]  such that u(t) is {xo; 
w(T), to < 7 < t}-measurable. Then if x is defined by 

dx = A(r)xdr+B(t)dw+G(r)u(r)dr; x(to) = x0, 

there holds: 

+ & ‘ { x ~ K ( t o ) x o } +  

+ Trace BT(t)K(r)B( t )  dt} c: 
Proof 

This lemma is proven by similar “completion of the squares” arguments as used in 
the proof of Theorem 3 together with the identity 

(d/dt)b{xT(t)K(r)x(t)} = d‘{xT(r)K(r)x(t)+ Zx’(t)K(t)(A(t)x(r) +B(t)u(r))} + 
+ Trace { BT( t)K( r)B( 1 ) ) .  

We omit the proof of this identity which is easily verified if one keeps in mind that, 
iff is an S, ( to ,  t l )  process such thatf(r) is independent of w(s)-  w( t ) ,  s 2 t, then for 
g E S z ( t O ,  t l )  there holds: 

Lemma 2 

Let a and 41 be as defined in Section 8 and assume that u = Ra for some  RE^. 
Let x, y be defined by 

dx = A(t )xdr+B(t )dw+G(t )u( t )d t ;  x(ro) = xo 

dy = C( t )x  dt + D( t )  dw ; Y(t0) = 0 

and Z ( t ) :  = b{x(t)ly,-}. Then Z ( t )  = B{x(t)laf-} = b{x(t) ly,- ,  uf-} and Z satisfies 

dZ = A(r)Zdt+L(t ) (dy-C(t )Zdr)+G(r)u(t )dr;  Z( to)  = mo. 

Proof 

That giving yf-, a,-, or (y,-, u,-) is equivalent has been argued earlier to be a conse- 
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quence of R E W ,  and that f satisfies the stochastic differential equation follows from 
the proof of Theorem 1. 

Lemma 3 

Let u and f be as in Lemma 2. Then 

(u ( t )  - N(t)x(  t))TR( t )  (u( t )  - N(t)x( t ) )  dt 

( U( t )  - N( t)f(t))TR(r) (u( t) - N ( t ) f ( r ) )  dt 

NT( r)l(t)N( t)R( t )  dt  

Proof 

This follows from the fact that u ( t ) - N ( t ) x ( t )  = u ( t ) - N ( t ) f ( t ) - N ( r )  ( x ( t ) - f ( r ) )  an 
the orthogonality of (u(t),  a(?)) and e(r ) :  = x ( t ) - f ( t ) .  

Proof of Theorem 4 

Let F E F ,  y = ( I + H F ) - ' a  and u = F ( I +  H F ) - ' u .  Then, by Lemmas 1, 2, 3, 

f r n ~ K ( t o ) r n o  t 

t l  

K( ?,)no + j [ BT( r)K( t)B( 1 )  + NT( r ) l (  t)N( t)R( t ) ]  dt 
10 

The first term is the only one in this expression which depends on the control law F. 
It is nonnegative and the control law advertised in the statement of Theorem 4 is 
admissible and makes this term vanish. Hence the result. The alternative expression 
of the minimal cost is easily verified by manipulating the Riccati equations which 
are in the game. 

Recapitulating, the full LQG problem as we have established it here in Sections 
8 and 9 consists in the minimization of a quadratic cost for a linear system in the 
presence of Gaussian disturbances. Its solution uses the Kalman filter in that it first 
processes the observations to construct an optimal least squares estimate of the state. 
This optimal estimate is then the input to a linear memoryless law which produces 
the desired optimal control. This linear memoryless law is in fact the same as the 
optimal memoryless state feedback control law for the deterministic system (obtained 
by ignoring the noise terms in the system) and considering the same cost. The structure 
of this optimal feedback control law is shown in Fig. 2. 
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L 

Comments 

t 

Fig. 2. The Optimal LQG Controller. 

11. The solution to the stochastic control problem works recursively and thus there 
is an automatic updating of the past information which is relevant for control in the 
future. In implementing the controller or for simulation it is also here more conve- 
nient to use the form explained in Comment 5. Also, as in Comment 8, one may use 
a combination of deterministic and stochastic realization theory to obtain a optimal 
recursive stochastic controller for a stochastic system given in input/output form. 
12. I t  is possible to give also a steady state version of the stochastic control problem 
treated in Theorem 4, by letting to + - 00, t ,  + + 00, and considering constant 
matrices A, B, G, C, D,  R, S, and Q. We refer the reader to the literature for this [5,9]. 
Of course, it is this steady state version which should be of most use in applications. 
13. LQ (and probably also LGQ) problems do have some bearing on optimal control 
of nonlinear systems with non-quadratic cost, in the sense that they give a handle on 
how to compute the linear part of the control law linearized around an operating 
point. Another way of saying this is that LQ problems stand to nonlinear non- 
quadratic optimal control problems as linear maps and systems stands to nonlinear 
maps and systems. 
14. The solution to the stochastic control problem given in Theorem 4 has a number 
of interesting features: 

(i) the optimal controller uses at time t from the available data y,- only 9(t). Thus 
it is as if the estimation problem works independently of the fact that there is a 
control problem at hand: one may estimate x ( t )  (in a least squares conditional 
mean fashion) without having to consider the exact nature of the cost function. 
This property is called the separation principle. Why it holds is not that surprising 
if one realizes it to be generally true that the optimal stochastic control will be 
a memoryless function of the conditional density of the state given the past 
observation and the past input. The linearity and Gaussianess then take care of 
the fact that this conditional density is completely specified by its mean (and its 
covariance, but this is independent of the observations!). 
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(ii) Assume that we were allowed to observed the whole state x instead of only y .  
Then (essentially as a consequence of Theorem 4) the optimal control would be 
given by the memoryless state feedback control law u* = N ( t ) x .  This optimal 
control law is thus identical to the case treated in Theorem 4 with 9 replaced by x. 

(iii) Assume that the outcome o of the chance variable is known (imagine that a spy 
has told us the state of nature). Then the dynamical system under consideration 
becomes essentially a deterministic system with a control input and a “disturb- 
ance” input depending on o. We could now minimize the cost by choosing the 
control input. Obviously this (open-loop) optimal control function at time t ,  
u:(t), will depend on o - in fact - it will be a function of x,(f,) and wJ7) for 
to < z < t ,  : hence also of the disturbance beyond time t .  In the actual situation 
at hand we have to base the control u,(t) on the observation y,- (or, equivalently, 
on 4,- or (itt-, y;)) which only gives us partial information about the outcome 
o of the state of nature. Now, the beauty of the LQG case is that it is then optimal 
to take as optimal control at time t ,  &‘{u*(t)la,-} which is of course the same as 
8{u’(t) ly,-}  and thus defines a feedback control law y,- -+ u(t). 

Property (ii) is usually called certainty equivalence but we feel that property (iii) 
is a more basic form of this idea. The idea behind this terminology is the following: 
in order to get around the problem that our observations are incomplete we simply 
estimate the variables which we would have liked to, but couldn’t, observe. In  other 
words we do as if our estimates were exact. 

10 Conclusions 

We have attempted to give in this paper an exposition of the main ideas in Kalman 
filtering and in least squares optimal control. No attempt has been made to give 
complete details in the proofs and obviously many important aspects and generaliza- 
tions or special cases have not and could not be considered. The main ideas are the 
following: in a dynamic filtering problem it is very important to obtain a filter 
algorithm which works recursively, i.e., where the information in the past observation, 
which is relevant for the future estimation, is automatically extracted, stored, and 
updated. The Kalman filter presents such ad algorithm. The possibility of obtaining 
this algorithm is very much tied up with the fact that the random processes involved 
are described by stochastic (diffusion type) differential equation. However, even if 
one does not start with such a model, it may be possible to put the process in this 
form by means of a so-called stochastic state space realization (or representation) 
algorithm. Finally, with the Kalman filter at hand it becomes possible to solve the 
linear quadratic Gaussian stochastic optimal control problem since the optimal feed- 
back control in this situation is given by the optimal control law when the state could 
be measured but in which the estimated state is substituted for the state (the separa- 
tion and the certainty equivalence principle). The Kalman filter then tells us how to 
obtain this estimated state. 

37 



In judging the contribution of Kalman filtering versus classical Wiener-Kolmo- 
gorov filtering one could state that the Kalman filter is in principle applicable to 
another class of problems (since finite dimensionality does not appear in the formula- 
tion of Wiener-Kolmogorov filters). However when it comes to providing workable 
algorithms or treating non-stationary problems the Kalman filter provides by far the 
better approach. At the risk of oversimplification one could claim that everything 
the Wiener filter does, the Kalman filter does better and that it does also more. How- 
ever, one the other side one should not overestimate the use of the Kalman filter: it 
provides an entirely Bayesian approach to a class of estimation problems and it does 
not address directly the problem of parameter estimation or identification which in 
applications may very well be even more important problems. 

It should be clear that the underlying theme in this theory, as we see it, is the 
concept of state which plays such a crucial and beautiful role in modern system 
theory. Eventhough the relevant fundamental theory is much more developed for 
deterministic systems than it is for stochastic systems one already sees a clear connec- 
tion with the notion of sufficient statistic and of general Markov processes. We feel 
that (in addition to the important computational algorithmic software implications 
which recursiveness has to offer) this circle of ideas lies at the basis of much of the 
theory and offers a common starting framework for the study of dynamic phenomena 
in control theory, computer science (automata theory), operations research, statistics, 
and probability theory. (It is our opinion in fact that the notion of state as formalized 
in system theory is of great and penetrating scientific and practical significance and 
that for example the second law of thermodynamics cannot be stated clearly without 
an abstract version of that concept at hand). 

A final point is that the least squares quadratic Gaussian optimal control theory 
presented in Sections 8 and 9 yields one of the explicitely solvable statistical decision 
problems and as such it could sometimes offer a usable alternative to the finite state 
case which occupies most of the attention in Markov programming in operations 
research. 
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