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1 Introduction 

In the behavioural approach to systems theory, 
one describes behaviours as solutions of high 
order differential equations [5]. This behaviour 
is then identified with the system, emphasiz- 
ing the fact that different sets of differential 
equations could still describe the same system 
whereas the behaviour is an invariant of the 
system. It is convinient to think of these sys- 
tems of differential equations in terms of ma- 
trices over polynomial rings. It has been shown 
that certain algebraic objects (namely mod- 
ules) can be uniquely identified with a given 
behaviour [2, 3, 61. System theoretic properties 
of a behaviour, like controllability and auton- 
omy can then be shown as properties of this 
behaviour. In this paper, this behavioural ap- 
proach to N-D systems is introduced, so that 
these concepts can then be made use of in the 
companion paper [4] which extends the the- 
ory of storage functions and dissipation to N- 
D systems. In this paper, we also introduce 
the concept of observability. It is shown that 
only certain controllable N-D behaviours have 
an observable image representation. 
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2 Elimination Theorem 

The most natural way a behaviour '23 is ex- 
pressed is in terms of the manifest variables 
and some latent variables (which invariably 
crop up during modelling). So a behaviour '23 
is defined as 

d d 
dx dx 

such that R( -)w = M (  -)C} 

where w represent the manifest variables and 
C represent the latent variables. Such repre- 
sentations are called mixed or hybrid represen- 
tations. By -& we mean a partial differential 
operator in n-indeterminates. Special cases of 
a mixed representation go under the names of 
kernel representation (when M ( d )  = 0) and 
image representation (when R( 9 is the iden- 
tity operator). Define as the full behaviour Bf, 
the behaviour 

d d 
dx dx 

R(-)w = M(-) t}  

Thus the behaviour '23 is a projection of the 
full behaviour '23235 to the space of manifest vari- 
ables. 
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In the l-D case, it  has been shown that every 
mixed representation, has a kernel representa- 
tion expressed solely in terms of the manifest 
variables [ 5 ] .  This procedure to obtain a kernel 
representation from a mixed representation is 
called elimination, since it results in the elim- 
ination of latent variables. It has been shown 
(in [2, 31 and elsewhere) that such an Elimina- 
tion Theorem exists for the N-D case as well. 
This is an easy consequence of the “fundamen- 
tal principle” of Ehrenpries and Palamodov [l]. 

Proposition 1 (Elimination Theorem) 
A behaviour 23 given by a mixed representa- 
tion of the form R(2)w = M($) !  can al- 
ways be expressed in kernel representation, i.e. 
R/(-g)W = 0. 

Thus in principle (but not in algorithms), it is 
enough to consider just kernel representations 
for a given behaviour. We now give a procedure 
to obtain a kernel representation from a given 
mixed representation. This procedure (with 
minor variations) have been shown in various 
papers [2, 31. Note that we can identify partial 
differential operators with polynomials in sev- 
eral indeterminates. We denote by A the ring 
of poynomials in n-indeterminates t1, . . . , tn. 
Thus a partial differential operator 

d 
dx 

R(-) : CW(R”,RQ) + cw(Rn,Rp) 

can be written as a matrix R E d P x q ,  by identi- 
fying G, a . . . , & with ( 1 , .  . . , cn. Throughout 

the paper, we would use the polynomial ma- 
trix for the operator to which it is identified. 
We also let < denote (rl, . . . , &). It has been 
shown that given a behaviour 23 in the kernel 
representation, (i.e. 23 := kerR($)), this be- 
haviour can be identified with the submodule 
R of AQ generated by the rows of the polyno- 
mial matrix R(<) [3]. 

Definition 2 Given a matrix M(<),  we call 
the matrix E(<) a maximal left annhilator 
(MLA)  of M(E) ix given any matrix L(<) such 

that L(E)M(<) = 0,  then L(<) can be written as 
L(<) = L’(<)E(<) where L’(<) is a polynomial 
matrix. 

Given a behaviour 23 in mixed representation 
R($,w = M($)! ,  we first find a MLA E ( [ )  
of the matrix Ad(<). Here the matrix M(<)  is 
obtained from the operator M ( d )  by substi- 
tuting <I,. . . , <,, for G, a . . . , dXrespectively. 

Let RI(<) = E(<)R(<). Then this RI(<) gives 
a kernel representation for the given behaviour 
!B. 

3 Controllable Systems 

We now look at a special class of behaviours, 
called controllable behaviours. 

Definition 3 ([3]) Let 23 be some given be- 
haviour. Then 23 is said to  be controllable if 
for any two elements w1 and w2 in 23, and for  
any two open subsets U1 and U2 of R” such that 
their closures are disjoint (i.e. U1 n U2 = 8), 
there exists an element w in B which coincides 
with w1 on U1 and with wg on U,. 

The above definition means that the action of 
w coincides with that of w1 on test functions 
whose supports lie in Ul and with the action 
of w2 on test functions whose supports lie in 
U,. Intuitively, one can think of the trajec- 
tory w E 23 as patching up the trajectories w1 
over Ul with w2 over U2. For the l-D case, 
if we choose the open sets to be (-m,tl) and 
(t2,m) with tl < 0 < t 2 ,  then we can inter- 
pret this patching up property to  mean that 
any “past” trajectory can be steered to any 
desirable “future” trajectory. This intuitively 
suggests that one has the power to  control the 
trajectories of the behaviour, by steering any 
admissible trajectory to any other admissible 
trajectory. 

The controllable behaviours have several equiv- 
alent characterizations. 
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Theorem 4 Let 23 be a given behaviour and 
let R be the submodule of AQ that is uniquely 
identified with it. Then the following are equiv- 
alent 

1. 23 is controllable. 

2. 23 has an image representation. 

3. The module dQ/R is torsion free. 

kernel representation of 23 with R1 acting on 
the variables w1 and R2 acting on the variables 
w2. Let R2 be the submodule of d q 2  gener- 
ated by  the rows of RS. Then the following are 
equivalent 

1. w2 is observable from 201. 

3. For all X E U?, R2(X) has full column 
rank. 

4 Observability 

Observability is the property of systems that 
have two kinds of variables - the first set of 
variables are the observed set of variables and 
the second set of variables are the ones deduced 
from the observed variables. So observability is 
not an intrinsic property of a given behaviour. 
One has to be given a partition of the variables 
in the behaviour into two classes before one 
can say whether in the behaviour one class of 
variables can be deduced from the other class 
that was observed. 

Definition 5 Let 23 be a behaviour and let 
w = (w1,wz) be a partition of the variables 
in '13. Then 202 is said to be observable 
from w1 in 23 i f  given any two trajectories 
(wi, w;), (w:, w!-J E 23 such that wi = w:, then 
w; = WE. 

In other words, we can uniquely identify the w2 
part of a trajectory w E 23, once we know w1. 
Consider the projections of the behaviour '13 to 
the two sets of variables w1 and w2 and denote 
these projected trajectory sets as '131 and 232 
respectively. Then there is an injective map 
from to B2 if and only if w2 is observable 
from wl. 

Theorem 6 Let 23 be a behaviour and let w = 
(w1, wg) be a partitioning of the variables in B. 
Let the matrices R1 E d g x Q 1  and R2 E d g x Q z  

be such that the matrix R = [RlRz] gives a 

4. there exists a matrix E E AQZxg such that 
ER2 = I where I is the identity matrix. 

Rom the condition 4 of the above theorem, 
we can easily see that the matrix F(E) = 
E(t)R1(<) defines a map F(-&), which pro- 
duces the w2-part of a trajectory w E 23, given 
the wl-part of the trajectory. 

In many applications of control theory, it is im- 
portant to deduce some latent variables from 
the manifest variables. In such a case, we start 
from a mixed representation of the given be- 
haviour 23 along with the latent variables we 
are interested in. Then we can apply the ob- 
servability conditions mentioned above on the 
full behaviour 23f, with the partitioning of the 
variables into manifest and latent variables. So 
the question of deducing the latent variables is 
the same as asking if the latent variables are 
observable from the manifest ones in the full 
behaviour 23235. 

As mentioned earlier, every controllable be- 
haviour has an image representation. Given 
a controllable behaviour 23 in its image rep- 
resentation, we can look at the full behaviour 
of this image representation. There are several 
questions dealing with storage functions and 
dissipation of systems which are closely related 
to the observability of these latent variables of 
an image representation. We now characterize, 
the controllable systems which have an observ- 
able image representation [4]. 
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Proposition 7 Let 23 be a controllable be- 
haviour and let R c AQ be the associated sub- 
module. Then 23 has an observable image rep- 
resentation i f  and only if R is a direct sum- 
mand of AQ. 

R is a direct summand of AQ means that 
there exists some other submodule N such that 
AQ = R @ N. For 1-D systems, the ring A is a 
principal ideal domain and so it can be shown 
that every controllable behaviour 23 would be 
given by a submodule R which is a direct sum- 
mand. Hence every controllable 1-D behaviour 
has an observable image representation. In the 
N-D case, this is not true. So there is a sub- 
class of controllable behaviours which have an 
observable image representation. We will call 
such behaviours strongly controllable. 

5 Autonomous Systems 

Any two trajectories in a controllable be- 
haviour can be patched up and so we have 
“control” over the trajectories. In 1-D system 
theory, there are a group of systems over which 
we have no “control” at all, in the sense that 
any trajectory in the behaviour is uniquely de- 
fined by specifying its value and the values of 
a finite number of its derivatives (i.e. a finite 
amount of data). These systems are called au- 
tonomous systems. In order to  extend this no- 
tion of autonomous behaviours, we introduce 
certain well known facts from algebra. 

Given a matrix R with entries from the ring A, 
look at the ideal generated by the determinants 
of all i x i minors of R. This ideal is called 
the i-th determinant ideal of R. The variety 
associated to this ideal is known as the i-th 
determinant variety of R. 

Lemma 8 Let R be a submodule of AQ. Let 
RI and R2 be two matrices whose rows gener- 
ate R. Then for  every i, the i-th determinant 
ideals of RI and Rz are identical, and therefore 
their i- th determinant varieties coincide. 

We now define 

Definition 9 Let R be any submodule of Aq. 
Define the characteristic ideal of R to be the 
q-th determinant ideal of any matrix represen- 
tation of R. The variety of this ideal ( i n  U?) 
is  called the characteristic variety of R. W e  
denote the characteristic ideal (characteristic 
variety) of R by I(R)(V(R)). 

In case of 1-D systems, the characteristic va- 
riety of an autonomous system is discrete set 
of points whereas the characteristic variety of 
a system which is not autonomous is all of C. 
The generalization of this property of 1-D sys- 
tems which are not autonomous is used to de- 
fine autonomy in N-D systems. 

Definition 10 ([3]) Let 23 be a behaviour as- 
sociated to submodule R of Aq, Then 23 is said 
to  be autonomous i f  the Characteristic variety 
of R is  not all of U? (i.e. its q-th determinant 
ideal is not the zero ideal). 

All controllable behaviours have image repre- 
sentations. This means that one is free to 
choose the latent variables in order to  obtain 
some trajectory in the given controllable be- 
haviour. There are behaviours which are not 
controllable, that still display this freedom to 
choose a trajectory. This freedom to choose 
can be formalized. 

Definition 11 
Given any subset ( w i l l .  . . , wik) of the manifest 
variables of a given behaviour 23 consider the 
projection of the trajectories of the behaviour 
23 onto this subset of variables. Then this sub- 
set of variables is called free if the projection is 
equal to  Cw(R“, Rk). The cardinality of a max- 
imal subset of the manifest variables which are 
free would be called the number of free variables 
of a given behaviour and denoted by m(23). 

Autonomous behaviours can be characterized 
by several equivalent conditions. 
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Theorem 12 Let 23 be a behaviours and let 
R E A"Q give a kernel representation of the 
behaviour. Let R be the submodule of AQ gen- 
erated by  the rows of R. Then the following are 
equivalent 

1. 

2. 

3. 

4. 

5. 

6. 

23 is autonomous. 

23 has no free variables. 

The matrix R(X) has full column rank fo r  
some X E C?. 

The module AQIR is a torsion module. 

nonzero w E 23 cannot vanish outside a 
compact subset of Rn . 

23 contains no nontrivial controllable 
sub- behaviours. 

Note that the autonomous N-D systems are not 
finite-dimensional (unlike the l-D autonomous 
systems). The subclass of autonomous N- 
D systems that have the finite-dimensionality 
property are called strongly autonomous. 

In this paper, various important concepts in 
systems and control theory like controllability, 
observability and autonomy have been defined 
for N-D systems from a behavioural viewpoint. 
Characterization of these properties and con- 
ditions to check these properties for any given 
behaviour have been listed out. These concepts 
would be made used in the companion paper 
to define storage functions and dissipation for 
N-D systems. 
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