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Abstract 

A generalization of the tangential Nevanlinnna inter- 
polation problem is studied from a behavioral point of 
view. Necessary and sufficient conditions for its solv- 
ability and a characterization of all its solutions are 
derived. These results are obtained by associating to 
the interpolation data a behavior that enjoys a special 
structure. 

1 Introduction 

Let N distinct points X i  in the open right-half complex 
plane be given together with N subspaces Vi c Cq. 

Assume that there exist nonzero integers m and p with 
p + m = q,  such that Ici :=dim(Vi) 5 m, 1 5 i 5 N ,  
and 

We call a subspace Vi satisfying property (1) a contrac- 
t ive subspace. 

Consider now the following problem: given the N pairs 
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(Xi, V i ) ,  find a polynomial p x m matrix U and a non- 
singular p x p polynomial matrix Y such that 

(a )  U and Y are left coprime; 

(b )  ( U ( & )  -Y(Xi)) v = 0 VV E Vi,  1 5 i 5 N ;  

(c) IIu-lyIIH, < 1. 

We will call this the subspace Nevanlinna interpolation 
problem (SNIP in the following), and a pair (U, Y )  sat- 
isfying (a) - (c )  above will be called a solution to the 
SNIP. 

The SNIP is a generalization of the tangential Nevan- 
l inna interpolation problem with simple multiplicities, 
stated as follows: given N distinct points X i  in the open 
right-half plane and N complex vectors ( ui yi )T  with 
ui E C", yi E C P ,  1 5 i 5 N ,  find a p x m rational 
matrix G such that G(Xi)ui = yi, 1 5 i 5 N ,  and 
IlGllH, < 1. 

The literature on Nevanlinna-type interpolation prob- 
lems is vast. For the scalar case (m = p = 1 and 
Ici = 1 for i E E),  necessary and sufficient conditions 
for solvability and an iterative algorithm for the com- 
putation of a solution have been stated in 19, lo]; the 
tangential version of the problem was first solved in [4]. 
Many different methods of solution have been devised; 
we refer the reader to the monograph [2], which gives 
a thorough exposition of interpolation theory for ratio- 
nal matrix functions and a copious list of references. 



One reason why Nevanlinna-type interpolation prob- 
lems have been investigated is that they are connected 
with system-, circuit- and control-theoretic issues as 
interpolation with positive-real functions [16], model 
approximation [ 5 ] ,  electrical power transfer [7], robust 
stabilization [8] ,  and model matching in the Ha-norm 
[31. 

In this note we deal with the SNIP from a behavioral 
point of view. We give necessary and sufficient condi- 
tions for its solvability and we characterize all its solu- 
tions. The concept of most powerful unfalsified model, 
developed in [ll], will be instrumental in this. In order 
to  make the paper as self-contained as possible, in sec- 
tion 2 we illustrate this notion, restricting our exposi- 
tion to the bare essentials; further details can be found 
in [ll]. In section 3 necessary and sufficient conditions 
for the existence of a solution to the SNIP are stated, 
while in section 4 a characterization of all solutions to  
the SNIP is given. 

We use the following notation. Given a set X,  2x de- 
notes the power set of X. N, R and C denote the sets 
of natural, of real and of complex numbers, respec- 
tively. C+ denotes the open right-half of the complex 
plane and CO+ the closed right-half plane. Given n E N, 
E denotes the set {i E N I 1 5 i 5 n}. is the set 
of all maps from R to  Cq. C"(R, Cq) denotes the set 
of infinitely differentiable q-valued complex functions. 
11.112 denotes the 2-norm; Il.llm and I I . I I H , ,  respectively, 
the 00- and the Ha-norms. expx : R + C is defined as 
expx ( t )  := ext.  A linear, shift-invariant, differential be- 
havior with infinitely differentiable q-dimensional com- 
plex trajectories is a subset 23 C C"(R,CQ) enjoy- 
ing the following property: there exists a constant- 
coefficient polynomial matrix R with q columns such 
that B = { w  E C"(R,CQ)l R ( 3 ) w  = 0). The set 
of all such linear, shift-invariant, differential behav- 
iors with infinitely differentiable q-dimensional com- 
plex trajectories will be denoted as L(R, Cy). The set 
of polynomials with complex coefficients in the inde- 
terminate J is denoted by C[J], and the set of poly- 
nomial q1 x q2 matrices with complex coefficients in 
the indeterminate is denoted by CQlxq2[J]. The map 
* : Cq1xq2[J] -+ CQZxq1 [J] is defined as follows. Let 
R ( J )  = xi=, RiJi; then R*(J)  := E",=, ET(-c)', or, 
more compactly, R*([) = R T ( - [ ) ,  with - complex con- 
jugate. Jkl,k2 E C(k1+k2)x(k1 x k 2 )  denotes the signature 

2 The most powerful unfalsified model 

The notion of most powerful unfalsified model has been 
introduced in [ll] in the context of exact modeling 
of time series. Let wi : R + CQ, i E S ,  be given 

(continuous-time) time series. For the purposes of 
this paper, we assume that wi E C"(R,Cy) for ev- 
ery i E S. Let M C 2(C')R be a class of models, 
the choice of which reflects the assumptions that the 
modeler wishes to make on the structure of the phe- 
nomenon that produced the wi's; for example, if mod- 
els described by linear constant-coefficient differential 
equations are sought, then M = L(R,CQ). B E M is 
an unfalsified model for the data set {wi}iEs if wi E 23 
V i E S. For many choices of M an unfalsified model 
for {wi ) iEs  always exists: for example, if M = 2(C4)R,  
one can tgke as model for the wi's the behavior con- 
sisting of all complex q-dimensional trajectories. Such 
a model is, however, of little practical use: it is unfalsi- 
fied not only by the data, but by any set of trajectories. 
In this sense, a good model is a behavior which is un- 
falsified by the data and which explains as little else 
as possible. We formalize this intuitive notion as fol- 
lows. We call B* the most powerful unfalsified model 
(MPUM) in M for {wi}iEs if wi E B* V i E S, and 
{wi E B', V i E 2 and B' E M }  + {B. B'}. Note 
that the MPUM need not exist; however, for many in- 
teresting choices of M the MPUM exists and is unique; 
an instance of this is M = L(R, Cy). 

Let us now turn to the SNIP and its connections with 
behavioral modeling. We associate with each pair 
(Xi, V i )  the subspace 

We introduce now the dual subspace of Viexpxi. In 
order to  do this, let us first define as 

Ilk := {W E Cm+' I WTJw = 0 V w E V i } ,  (3) 

where here and in the rest of the paper J := Jm,p. It 
can be easily proved that if Vi is contractive, then V: 
is uniquely defined. 

We define the dual subspace of Viexpx, as 

Define also the data set D as 

(4) 

As we will see in section 3 and in section 4, the MPUM 
for 27 in the model class C(R,CY) is instrumental in 
stating necessary and sufficient conditions for the solv- 
ability of the SNIP and for characterizing all its so- 
lutions. We now describe the main features of this 
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MPUM and we illustrate an algorithm to compute a 
kernel representation for it. 

A polynomial exponential time series is a trajectory of 
the form 

The problem of computing the MPUM in &(R, Cq) for 
a set of polynomial exponential trajectories has been 
considered in [l]; in the following we summarize those 
results which are more relevant to the SNIP. It can be 
proved ([l], p. 1787) that in the case of polynomial 
exponential time series the MPUM is an autonomous 
(i.e. finite-dimensional) behavior, and therefore can be 
represented in kernel form by a nonsingular polynomial 
matrix R; the dimension of the MPUM equals the de- 
gree of the determinant of R. It can be proved (see [l], 
p. 1789) that this determinant has all its roots at the 
characteristic frequencies Xi.  To illustrate how the mul- 
tiplicity of X i  as a root of det(R) depends on the trajec- 
tories wi to be modeled, we consider the case of interest 
to us in which the Xi’s are distinct and the MPUM for 
the set {wij = vij expx, I j E & and i E E }  is sought. 
Let V, := (vi1 vik, ); it can be shown (see [l], 
p. 1788) that the dimension of the MPUM in this case 
equals Egl Rank(l4). 

. . . 

In [13] a recursive procedure for computing a MPUM 
in &(R, 0) for a finite set of polynomial-exponential 
data has been given. We now illustrate it for the data 
set { v i e m i  l i e s .  

Define the 0-th step model as MO(<) := I,, and the i- 
th  step model as Mi(,.$) := Ei(c)Mi-~(<),  i E s, where 

represents a MPUM for the i-th error trajectory 

set consisting of only one trajectory vexpx can be com- 
puted as 4 d  - XI,. It can be shown (see [13], p. 
289) that M s  represents the MPUM for {viexpx,}iGs. 
In section 3 we will use a modification of this procedure 
to state an algorithm for computing a special represen- 
tation of the MPUM for ’D. 

~i := M (  ?)viexppxi. d Note that the MPUM for a data 

l l 4 l z  dt 

3 Necessary and sufficient conditions for the 
solvability of the SNIP 

In this section we state two necessary and sufficient 
conditions for the existence of a solution to the SNIP. 
The first condition is analogous to the classical one, 

Note that ’D defined in ( 5 )  consists of linear com- 
binations of polynomial exponential trajectories with 
q = l , i E N .  
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namely the positive definiteness of the Pick matrix as- 
sociated with the data (see [2], p. 387, for the case 
ki = 1 for i E E). The second one is new, and relates 
the SNIP to special representations of the MPUM of 
the data set ’D defined in ( 5 ) .  

Before stating the main result of this section, let us 
introduce the Pick matrix of the data (Xi, V i ) i E g .  As- 
sume that a full column rank matrix V, E C Q x k i  is 
given such that Im(V,)=Vi, for every i E N. We will 
call the Hermitian (E:, ki) x (E:, Ici) matrix 

(7) 

the Pick matrix of the data. Note that T{vijiEE de- 
pends on the particular basis matrices % chosen, but 
that its positive definiteness depends only on the sub- 
spaces Vi. 

We are now ready to state the main result of this sec- 
tion. 

Theorem 3.1 The following three statements are 
equivalent: 

1 .  The Hermitian matrix T{vi)iEv is positive definite; 

2. The MPUM for ’D has a kernel representation in- 
duced by  a matrix of the form 

-D* N* ” = (  Q -p) 

where D E Cmxm[(], N E Cpxm[c], Q E Cpxm[[], 
P E CPxP[<] satisfy the following properties: 

(a )  D and P are nonsingular; 
(b) QD-PN=O; 
(c) P is Hurwitz; 
( d )  RJR* = pp* J = R* J R  with p E C[[] a Hur- 

witz polynomial; 

( e )  IIP-lQII~, < 1; 
(f) IIN*P-lIIH, .= 1; 

3. There exists a solution to the SNIP. 

Remark 3.1 It can be shown that the following is an 
algorithm for computing a solution to the SNIP. 

Input: Xi E C+, Vi subspace of Cq, i E a; assume 
is a full column rank ma- that Vi is contractive, 

trix such that ImVi = Vi,  and T{viltEN - > 0 

Output: (U, Y )  solution to the SNIP 



0 Ro = I*; 
0 v; = R&l(Ak)Vk 

Ek = (t + X k ) I q  - VLT$AlvLTJ 

* ( &  -P)=(Opxm 1 p ) R ~  
0 Compute left coprime (U, Y )  such that Y-'U = 

P-lQ 

This procedure can be considered as the behav- 
ioral counterpart of the classical Nevanlinna recursive 
scheme for computing a solution to the scalar Nevan- 
linna interpolation problem (see [6], p. 165). 

Remark 3.2 The structure of the representation (8) 
of the MPUM for V is close to that of the J-contractive 
rational matrix 0 at the core of the classical approach 
to  metric interpolation problems (see [2], p. 386). To 
illustrate this relationship, we will consider the tangen- 
tial Nevanlinna interpolation problem (ki = 1 for every 
i E E). In this case the 0 matrix is a q x q rational 
matrix such that 

( a )  0 is analytic in CO+; 

R of the MPUM for 23 satisfying (2a) - (2f) of Theo- 
rem 3.1 such that every entry is a polynomial of degree 
lower than or equal to q. 

Consider now the rational matrix 

(9) 

we now show that it satisfies ( a )  - (d) above. Observe 
that each entry of (9) is a proper rational function with 
denominator flEl (c  + x z ) q  and therefore is analytic in 
CO+. The representation for the MPUM satisfies ( 2 4  
of Theorem 3.1; from this it follows quite straightfor- 
wardly that OJO = J for every point in C?. Ob- 
serve also that Ker(O(X,)) = Ker(R(X,)) = V, i E N. 

zeros are the Xz's, each of multiplicity one. 

Finally, note that det(O) = n,=, N ( E - x  ( E + x : ) ,  1 whose only 

4 Characterization of all solutions to the SNIP 

We now provide a characterization of all solutions to  
the SNIP in terms of a representation (8) of the MPUM 
for D satisfying (2a)  - ( 2 f )  of Theorem 3.1. 

(b) @*J@ = J on the imaginary =is, and @*J@ 5 J Theorem 4.1 Let a kernel representation of the 
MPUM f o r  V be given as in Theorem 3.1. Then on C+; 

(d )  X i  is a zero of multiplicity one for det(0) for every 

i E N. F ( U  - Y ) = ( r I  -+) 

We will show how to compute a rational matrix satis- 
fying (a )  - (d) above from a particular representation 
of the MPUM for D. Observe that since dim(Vi) = 1 
i E iV, there follows dim(V:) = q -  1, and therefore the 
determinant of any kernel representation of the MPUM 
for V equals nL,(t + J[,)q-'(t - At ) .  We now show 
that there exists a representation R of the MPUM for 
23 that satisfies (2a)  - (2f) of Theorem 3.1 and is row 
proper. In fact, for N = 1, a representation for the 
MPUM is given by equation (8), with leading row 
efficient matrix equal to the identity. Assume now that 
for j E N - 1 there exists a representation RJ of the 
MPUM for the first j subspaces and their duals, satis- 
fying (2a) - (2f) of Theorem 3.1 and with leading row 
coefficient matrix equal to  I q .  A representation of the 
MPUM for N subspaces is obtained by premultiplying 
R N - ~  by a representation EN of the MPUM for the 
N-th error subspace and its dual. This representation 
EN can be chosen to have leading row coefficient ma- 
trix equal to  the identity. It is easy to  see that the 
leading row coefficient matrix of E N R N - ~  is also the 
identity. This implies that there exists a representation 

Remark 4.1 The characterization (10) of all solutions 
to  the SNIP bears close resemblance to the characteri- 
zation of the solutions to the tangential Nevanlinna in- 
terpolation problem given in the linear fractional trans- 
formation setting (see [2], p. 386). We will not go into 
the details in this note. 

Remark 4.2 The Proofs of T h ~ ~ e m  3.1 and of T h o -  
rem 4.1 rely heavily on the Calculus of quadratic differ- 
ential f". developed in [14] and on the related con- 
cepts. We will not go into the details in this note; 
however, we point out that quadratic differential forms 
have many other interesting applications in stability 
theory, optimal control, ffa-control (see [14, 151). 

5 Conclusions 

The main results of this paper are Theorem 3.1 and 
Theorem 4.1, that use the MPUM to provide a behav- 
ioral point of view on the solvability of the SNIP and 
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on the characterization of all its solutions. This inter- 
pretation allows to compute a solution to  the SNIP by 
recursively computing the MPUM of a set of data with 
a special structure. 

[16] D.C. Youla, and M. Saito, Interpolation with 
positive-real functions, Journal of the Franklin Insti- 
tute 284 (1967) 77-108.. 
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