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Abstract: Mechanical applications often require a high control frequency to cope with fast dynamics.
The control frequency of a nonlinear model predictive controller depends strongly on the symbolic
complexity of the equations modeling the system. The symbolic complexity of the model equations
for multi-body mechanical systems can often be dramatically reduced by using representations based on
non-minimal coordinates, which result in index-3 differential-algebraic equations (DAEs). This paper
proposes a general procedure to efficiently treat multi-body mechanical systems in the context of MHE
& NMPC using non-minimal coordinate representations, and provides the resulting computational times
that can be achieved on a tethered airplane system using code generation.

Keywords: real-time NMPC & MHE, multi-body mechanical systems, high-index DAE, code
generation.

1. INTRODUCTION

Nonlinear Model Predictive Control (NMPC) is an ideal frame-
work when dealing with the control of nonlinear, constrained
systems. Many mechanical applications involve nonlinear dy-
namics and impose constraints on the state and input of the
system, and can therefore benefit from NMPC. Mechanical
applications, however, often involve fast dynamics, and require
fast updates of the control inputs. Because NMPC requires
that an Optimal Control Problem (OCP) is repeatedly solved
online, the computational burden of computing updates of the
control inputs is relatively high, often making the use of real-
time NMPC for mechanical applications difficult.

The computational burden of NMPC schemes is strongly re-
lated to the symbolic complexity of the model equations of
the system. For multi-body systems, the symbolic complexity
of the model equations can be extremely high if minimal co-
ordinates (Shabana, 2005) are used, hence resulting in NMPC
schemes that are too slow for a real-time implementation. When
modeled in non-minimal coordinates, however, the dynamics of
multi-body systems can often be represented by model equa-
tions having a low symbolic complexity, hence reducing the
computational time required for the NMPC scheme.

Non-minimal coordinates yield model equations in the form
of index-3 DAEs, where the constraints represent the links
between the various bodies. In the context of optimal control,
high-index DAEs are best treated using index-reduction tech-
niques (Pantelides et al., 1994), where the constraints are differ-
entiated with respect to time so as to obtain index-1 DAEs with
associated consistency conditions. The index-reduced DAEs
describing the dynamics of multi-body systems usually retain
a very reasonable symbolic complexity. This paper proposes to

develop the index-1 DAEs directly from the set of Lagrange
functions (Papastavridis, 2002) and algebraic constraints de-
scribing the multi-body systems.

Mechanical and airborne applications often require the descrip-
tion of 6 degrees-of-freedom (6DOF) trajectories, and there-
fore require non-singular parametrizations of the SO(3) spe-
cial orthogonal Lie group (Joshi, 1997). The most popular
non-singular parametrization of SO(3) is based on the four-
dimensional unitary quaternion vector. In the context of opti-
mal control, however, early results suggest that the rotationless
formulation of the SO(3) representation can be better suited
because it reduces the non-linearity of the model equations. The
rotationless formulation, however, requires a larger number of
states than a quaternion-based parametrization. This paper pro-
poses a systematic projection technique to reduce the number
of states that need to be integrated in the MHE and NMPC
schemes.

In the context of optimal control, the consistency conditions
arising from the index reduction of DAEs are typically treated
as constraints in the initial condition of the OCP, while the
remaining degrees of freedom in the initial conditions are
fixed by additional constraints arising from the operational
conditions of the system. In the context of NMPC however,
the OCP is repeatedly solved based on the latest state estimate,
which fixes all the initial conditions. To tackle this issue, this
paper proposes to perform the state estimation based on Moving
Horizon Estimation (MHE), where the consistency conditions
for the NMPC can be naturally enforced as terminal constraints
in the MHE.

In a real-time scenario, the solutions of the MHE and NMPC are
typically updated to a limited degree of accuracy. In the context
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of the Real-time Iteration (RTI) scheme (Diehl, 2002; Diehl
et al., 2005) the solutions are updated using a single Newton
step, and the MHE and NMPC provide possibly infeasible solu-
tions. As a result, the consistency conditions are enforced up to
a limited accuracy by the MHE, and the NMPC is provided with
inconsistent state estimates. This paper proposes a Baumgarte
stabilization technique (Baumgarte, 1972), a stabilization of the
orthonormality of the rotation matrices, and a formal study of
the impact of infeasible state estimation on the control inputs
provided by the NMPC.

This paper is organized as follows. Section 2 proposes a general
procedure to develop the index-1 DAE equations describing
multi-body mechanical systems based on Lagrange mechan-
ics, 6DOF trajectories, presents the Baumgarte stabilization of
the consistency conditions, and a stabilization of the orthonor-
mality of the SO(3) parametrization. Section 4 presents the
combination of MHE and NMPC in the context of multi-body
mechanical systems, and a formal study of the response of the
NMPC to inconsistent state estimation. Section 5 proposes a
simple illustrative example based on an inverted pendulum.
Section 6 applies the proposed control scheme to a simulated
tethered plane, and provides the execution times achieved using
code-generated MHE & NMPC.

2. MODELLING OF MULTI-BODY SYSTEMS FOR NMPC

This section describes the structures of the differential-algebraic
model equations resulting from multi-body modeling of me-
chanical system. The key idea of multi-body modeling is that
the system is described as N independent bodies, with inde-
pendent set of generalized coordinates, which are linked by
algebraic constraints.

2.1 Multi-body modeling based on DAEs

Consider N bodies described by independent generalized coor-
dinates vectors qi ∈ R

ni , i = 1, ...,N, and having independent
kinetic and potential energy functions Ti(qi, q̇i) and Vi(qi) re-
spectively, where:

Ti(qi, q̇i) =
1

2
q̇T

i Mi(qi)q̇i.

The Lagrange function Li associated to body i is given by:

Li(qi, q̇i) = Ti(qi, q̇i)−Vi(qi), i = 1, ...,N.

The consistency of the multi-body representation is ensured by
the set of M algebraic constraints c ∈ R

m:

c(q1, ...,qN) = 0,

which are typically sparse couplings, i.e. in most cases each
function c j ∈ R is a link between two bodies k and l only, and
c j = c j(qk,ql) (see Figure 1 for a schematic).

The resulting constrained Lagrange function Lc for the multi-
body system reads:

L
c(q, q̇,µ) = L(q, q̇,µ)− µT c(q),

L(q, q̇,µ) =
N

∑
i=1

Li(qi, q̇i), (1)

where qT =
[

qT
1 ... qT

N

]

, and µ ∈R
m is the vector of Lagrange

multipliers associated to the constraints c(q). The model equa-
tions are given by the index-3 DAEs:

Body 1

L (q  ,q  )1 1

Body 2

L (q  ,q  )2 2

Body 3

L (q  ,q  )3 3

Body 4

L (q  ,q  )4 4

c (q  ,q  )
1 2

c (q  ,q  )2 3

c (q  ,q  )2 4

1

2

3

1 2

3

4

Fig. 1. Illustration of the architecture of multi-body modelling.

d

dt
∇q̇L(q, q̇,µ)−∇qL(q, q̇,µ)+∇qc(q)µ = Fq,

c(q) = 0, (2)

where ∇AL =
[

∂L
∂Ai j

]

i j
for L ∈ R. Vector Fq ∈ R∑N

i=1 ni is

the vector of generalized forces (Shabana, 2005) associated
to the vector of generalized coordinates q. In general, Fq =
Fq(q, q̇,u), where u is the set of control inputs of the system.

2.2 Index reduction for multi-body models

In the context of optimal control, the treatment of high-index
DAEs is based on index reduction. The index-reduction of (2)
is obtained by differentiating the algebraic constraints c(q) until
their dependence on the algebraic state µ appears explicitly.
The DAE (2) can then be written as the index-1 DAE, with
consistency conditions:

d

dt
∇q̇L(q, q̇,µ)−∇qL(q, q̇,µ)+∇qc(q)µ = Fq, (3)

c̈(q, q̇, q̈,Fq,µ) = 0,

c(q(t0)) = 0, ċ(q(t0), q̇(t0)) = ∇qc(q(t0))
T q̇(t0) = 0,

where t0 is the initial time, and ∇ac =
[

∂c j

∂ai

]

i j
for c ∈ R

m.

Because the algebraic states µ enter linearly in the Lagrange
function L, it can be verified that DAE (3) takes the form:

M(q)

[

q̈
µ

]

= G(X ,Fq), C(X(t0)) = 0, (4)

where XT =
[

qT q̇T
]

,

M(q) =

[

M(q) ∇qc(q)
∇qc(q)T 0

]

, C(X) =

[

c(q)
∇qc(q)T q̇

]

,

G(X ,Fq) =







F +∇qL−
∂ 2L

∂ q̇∂q
q̇

−
d

dt
(∇qc) q̇






,

and M(q) is block diagonal with the blocks Mi(qi), i = 1, ...,N.
If matrix M(q) is full-rank, then DAE (4) admits a unique
solution and can be written as an ODE:

[

Ẋ
µ

]

=

[

q̇

M(q)−1G(X ,Fq)

]

, (5)

with consistency conditions C(X(t0)) = 0. Though ODEs are
often preferred over DAEs, the symbolic expressions appearing
in matrix M(q)−1 can be extremely intricate, hence it is often
preferable to treat the model equations in their index-1 DAE
form (4), which usually have a much lower symbolic complex-
ity.
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2.3 Baumgarte stabilization

The main drawback of treating the high-index DAE (2) in
its index-reduced form (4) is that the constraints c(q(t)) and
ċ(X(t)) tend to drift away from zero when integrated nu-
merically (Schulz et al., 1998). Moreover, for large inte-
gration times, slight violations of the consistency conditions
C(X(t0)) = 0 result in large violations of the constraints
c(q(t)) = 0 and ċ(X(t)) = 0. This section discusses a well-
known a technique to avoid such difficulties.

The second-order time derivative of c(X(t)), i.e. c̈(X(t)), is set
to zero by the model equations (4), hence ∀X(t0),F

q(.) the time
evolution of C(X(t)) is trivially given by :

d

dt
C(X(t)) = γC(X(t)), with γ =

[

0 I
0 0

]

. (6)

The time evolution of C(X(t)) is unstable. If the consistency

conditions C(X(t0)) = C(X̂(t0)) = 0 are enforced with a suffi-
ciently high accuracy, the instability of C(X(t)) is usually not
a problem for simulating the model equations over reasonably
short integration times. However, because the consistency con-
ditions C(X̂(t0)) = 0 are enforced by the MHE scheme (9),
which may provide state estimate having a residual error, it can
be preferable to stabilize the dynamics of C(X(t)).

The stabilization of C(X(t)) can be easily achieved using
Baumgarte stabilization, where γ is modified so as to have only
negative eigenvalues. A common choice of γ is to set all its
eigenvalues at eig(γ) =−p, i.e.:

γ =

[

0 I

−p2I −2pI

]

,

The stable dynamics of C(X(t)) are then enforced via
c̈(X(t), Ẋ(t)):

c̈(X(t), Ẋ(t))+ 2pċ(X(t))+ p2c(X(t)) = 0,

which results in the following modification of function G(X ,F)
in (4):

G(X ,F) =







F +∇qL
f −

∂ 2
L

f

∂ q̇∂q
q̇

−p2c− 2pċ−
d

dt
(∇qc) q̇






.

3. PARAMETRIZATION OF SO(3)

This section presents the rotationless formulation (Betsch and
Steinmann, 2001; Kraus et al., 2001; Jalón, 2007) of the SO(3)
representation with a reduction of the number of states and a
stabilization of the orthonormality conditions.

Defining the rotation matrix R ∈ R
3×3 as a set of generalized

coordinates, the dynamics of R and orthonormality conditions
are given by:

Ṙ = RΩ,
(

RT R− I
)

t=t0
= 0,

where Ω = ω× ∈ so(3) is the skew-symmetric matrix generated
by the angular velocity vector ω between the inertial reference
frame and the body reference frame, given in the body frame.
Operator (.)× : R3 → so(3) generates the skew matrix corre-

sponding to a vector in R
3.

The advantage of using a full parametrization of the rotation
matrix R is that the rotation of a vector between the inertial
reference frame and the body reference frame becomes a linear

operation with respect to the elements of R, while it is a non-
linear operation with respect to the quaternion vector if using a
quaternion-based parameterization.

3.1 State reduction for the full SO(3) parametrization

Using a full parametrization of SO(3), the constrained La-
grange function of a body moving in space is given by:

L
c =

1

2
ωT Jω +

1

2
mṗT ṗ−V− tr

(

Z(RT R− I)
)

−νT c(p,R),

where J ∈ R
3×3 is the fixed matrix representation of the body

inertial tensor in its own reference frame, m the body mass,
p and ṗ the position and velocity of the body center of mass.
Matrix Z ∈ S

3 is the symmetric matrix of Lagrange multipliers
associated to the orthonormality constraints RT R− I = 0, and
tr(.) the trace operator. Constraint c(p,R) links the orientation
R and the position p of the body, and has the associated vector
of Lagrange multipliers ν . The time-derivatives Ṙ∈R

3×3 of the
generalized coordinates R ∈ R

3×3 appear only implicitly in the
Lagrange function Lc through ω . The dynamics of the 6DOF
body are given by:

d

dt
∇ ṗL

c −∇pL
c = F,

d

dt
∇ṘL

c −∇RL
c = FR, (7)

where FR ∈ R
3×3 is the matrix of generalized forces associated

to the generalized coordinates R, and F ∈ R
3 the force applied

to the body center of mass given in the inertial reference frame.
Dynamic equations (7) have 24 state variables: p, ṗ,R, and Ṙ.
The following proposition shows that the dynamics (7) can
be written in a reduced form, similar to the standard Newton
equations.

Proposition 1. Defining the linear operator P : R3×3 → R
3 as

P(A) = U
(

RT A
)

where U is the ”unskew” operator:

U

([

a11 a12 a13

a21 a22 a23

a31 a32 a33

])

=
1

2

[

a32 − a23

a13 − a31

a21 − a12

]

,

the dynamics (7) are equivalent to:

mp̈+∇p

(

V+νT c
)

= F,

Jω̇ +ω × Jω + 2P
(

∇R(V+νT c)
)

= T,

Ṙ = RΩ, c(p,R) = 0, (8)

where T ∈ R
3 is the moment vector applied to the body, given

in the body reference frame.

Proof: the gradient of the orthonormality constraints reads:

∇Rtr
(

Z(RT R− I)
)

= R
(

Z +ZT
)

.

Because RT ∇Rtr
(

Z(RT R− I)
)

= RT R
(

Z+ZT
)

=
(

Z +ZT
)

is

symmetric, it follows that U
(

∇Rtr
(

Z(RT R− I)
))

= 0. More-

over, P(Ṙ) = U(RT RΩ) = ω , so that:

1

2
ωT Jω =

1

2
P(Ṙ)T JP(Ṙ),

and the following equality holds:

2P

(

d

dt
∇Ṙ

(

1

2
ωT Jω

)

−∇R

(

1

2
ωT Jω

))

= Jω̇ +ω × Jω .

As a result, the projection of the rotational dynamics in (7)
through the operator P reads:
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Jω̇ +ω × Jω + 2P
(

∇R(V+νT c)
)

= 2P(FR).

The virtual work δW resulting from a compatible infinitesimal
perturbation δR of R under the generalized force FR is given
by δW = tr

(

δRT FR

)

. Perturbation δR is given by δR = Rδ s×

where δ s ∈ R
3 is the equivalent infinitesimal rotation vector.

The virtual work δW is also given by δW = 〈δ s,T 〉. It follows
that ∀δ s:

〈δ s,T 〉= tr
(

δRT FR

)

= tr
(

δ sT
×RT FR

)

= 2〈δ s,P(FR)〉,

hence 2P(FR) = T , and the rotational dynamics in (8) follow.
The translational dynamics in (8) follow directly from (7).

�

Note that the index-3 DAE (8) can be reduced to an index-
1 DAE of the form (4) (see Subsection 6.1). The dynamics
resulting from the full parametrization of SO(3) in the form
(8) require 18 state variables: p, ṗ,R, and ω . In contrast, a
quaternion-based parametrization requires a minimum of 13
state variables, and a singular parametrization of SO(3) such
as Euler angles requires 12 state variables.

3.2 Stabilization of the orthonormality condition

As previously observed in Section 2.3 in the context of index-
reduced DAEs, the rotation matrix R(t) can drift away from
orthonormality because of numerical errors in the integra-
tor, and because of violations of the consistency conditions
(

RT R− I
)

t=t0
= 0.

This issue can be tackled by stabilizing the constraint
(

R(t)T R(t)− I
)

= 0. Since RΩ ∈ TSO(3)(R), ∀Ω ∈ so(3), it
follows that:

RΞ ∈ T⊥
SO(3)(R), ∀ Ξ ∈ S

3,

where TSO(3)(R) and T⊥
SO(3)(R) are respectively the tangent and

orthogonal spaces to SO(3) at R where orthogonality is w.r.t. the
matrix inner product given by the trace of the matrix product.
As a consequence the dynamics:

Ṙ = R(Ω+Ξ),

include the direction RΞ ∈ T⊥
SO(3)(R), orthogonal to TSO(3)(R).

By choosing Ξ = γ
2

(

(

RT R
)−1

− I

)

∈ S
3, it can be verified that:

d

dt

(

RT R− I
)

=−γ
(

RT R− I
)

.

and the orthonormality condition is stabilized for any γ > 0.

4. NMPC WITH HIGH-INDEX DAE

When performing NMPC based on a model using non-minimal
coordinates, consistent initial conditions satisfying C(X(t0)) =
0, are required so that the simulations of the model equations
are physically meaningful. It is proposed in this paper to com-
pute the state estimation X̂(t0) based on MHE, using the same
model as for the NMPC, and to enforce the consistency con-
ditions C(X̂(t0)) = 0 of the state estimation as terminal con-
straints in the MHE. This principle is presented next. Without
loss of generality, it is assumed here that the reference point for
the NMPC is the origin.

MHE: the state estimation
(

X̂(t0), µ̂(.)
)

is obtained by solv-
ing:

[

X̂(.)
µ̂(.)

]

= arg min
u(.),X(.),µ(.)

1

2
{(X − X̄)

T
Σ−1

E (X − X̄)}t=t0−TE

+
1

2

∫ t0

t0−TE

(

‖y(X)− ȳ‖2
QE

+‖u− ū‖2
RE

)

dt,

s.t. M(q)

[

q̈
µ

]

= G(X ,Fq), t ∈ [t0 −TE, t0] ,

C(X(t0)) = 0, h(q, q̇,µ ,Fq,u)≤ 0, (9)

where y(X) is the system output function and ȳ the correspond-
ing set of measurements, X̄ is the state estimation obtained for
time t0−TE by using the time-varying Kalman filter on the mea-
surement vanishing from the estimation horizon (Haverbekes,
2011), and ΣE the corresponding covariance matrix. Because
the consistency conditions are enforced at final time t0 in the
MHE scheme, a stabilization of the constraints is not desirable.

NMPC: the control input uc(.) is obtained by solving:

uc(.) = arg min
u(.),X(.),µ(.)

1

2

(

XT SX
)

t=t0+TP

+
1

2

∫ t0+TP

t0

(

XT QX + uT Ru
)

dt,

s.t. M(q)

[

q̈
µ

]

= G(X ,Fq), t ∈ [t0, t0 +TP] ,

X(t0) = X̂(t0), h(q, q̇,µ ,Fq,u)≤ 0, (10)

using p ≥ 0.

If the MHE problem (9) is solved perfectly, then the NMPC
(10) is provided with consistent initial conditions. In practice,
however, solving problems (9) and (10) to a high level of accu-
racy often requires a prohibitive computational time, especially
for fast mechanical applications. In the RTI framework, at every
sampling time both the state estimation and the control inputs
are updated by performing a single, full Newton step based
on the latest measurements, hence providing fast but possibly
infeasible solutions. The next subsection studies the impact of
a violation of the consistency conditions on the solution uc(.)
of the NMPC.

4.1 Effect of inconsistent state estimates

The following proposition states that for an appropriate choice
of weights Q and S, in a neighborhood of the reference point
(0,0), the solution uc(.) of the NMPC is insensitive to a viola-
tion of the consistency conditions C(X(t0)) = 0.

Proposition 2. Let [Γ Γ⊥] be an orthonormal basis ofRn where
Γ is an orthonormal basis of the space TQ(0) tangent to the
manifold Q= {X |C(X) = 0} at X = 0, and Γ⊥ is an orthonor-

mal basis of the subspace spanned by 1 ∇C(0). Suppose that
ΓT QΓ⊥ = 0 and ΓT SΓ⊥ = 0, then the NMPC scheme is in-
sensitive to an inconsistent perturbation of the state estimation
δ X̂(t0) in a neighborhood of the reference X = 0.

Proof: defining Ẋ = f (X ,u) the solution to the ODE system
(5), at the solution X∗ = 0, u∗ = 0, λ ∗ = 0 of problem (10), the
first-order variation of the Necessary Conditions of Optimality
(NCO) (Bryson and Ho, 1975) due to δ X̂(t0) are given by:

1 in the following, ∇C(X) is defined as ∇C(X) = ∇XC(X).
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δ Ẋ = fX δX , δX(t0) = δ X̂(t0),

δ λ̇ =−QδX − f T
X δλ , δλ (t0 +TP) = SδX(t0 +TP),

δHu = f T
u δλ , (11)

where fX = ∂ f (X ,u)
∂X

∣

∣

∣

X=0,u=0
and fu =

∂ f (X ,u)
∂u

∣

∣

∣

X=0,u=0
.

Since f (X ,u) ∈ TQ(X)⊥∇C(X), ∀X ∈ Q, it follows that
∇C(X)T f (X ,u) = 0, ∀X ∈ M. Because Γ(X) is a basis for
TQ(X), the following equality holds:

∂

∂X

(

∇C(X)T f (X ,u)
)

Γ(X) = 0, ∀X ∈ Q.

Since f (0,0) = 0, it follows that:

∇C(0)T f T
X Γ = 0 and ΓT fX ∇C(0) = 0.

Because Γ⊥ is a basis for the subspace spanned by ∇C(0), the
following equalities hold:

ΓT fX Γ⊥ = 0, ΓT
⊥ f T

X Γ = 0. (12)

From (6), it follows that

d

dt
C(X(t))T = f (X ,u)T ∇C(X) =C(X)T γT , ∀X ,u,

therefore

∂

∂u

(

f (X ,u)T ∇C(X)
)

=
∂ f (X ,u)

∂u

T

∇C(X) = 0, ∀X ,u.

Since ∇C(0) spans the same subspace as Γ⊥, then f T
u Γ⊥ = 0.

Defining the decomposition of δX , δλ :

δX = ΓδX0 +Γ⊥δX⊥, δλ = Γδλ0 +Γ⊥δλ⊥,

from (11), it follows that

δHu = f T
u δλ = f T

u (Γδλ0 +Γ⊥δλ⊥) = f T
u Γδλ0.

If ΓT QΓ⊥ = 0 and ΓT SΓ⊥ = 0, then the dynamics of δX0 and
δλ0 are given by:

δ Ẋ0 = ΓT fX ΓδX0, δX0(t0) = ΓT δ X̂(t0),

δ λ̇0 =−ΓT QΓδX0 −ΓT f T
X Γδλ0,

δλ0(t0 +T ) = ΓT SΓδX0(t0 +TP).

If δ X̂(t0) belongs to the space spanned by ∇C(0), i.e. δ X̂(t0) =
Γ⊥ξ for some ξ ∈ R

2m, then δX0(t0) = 0 and δX0(t0 + τ) =
0,∀τ ∈ [0,TP]. It follows that δλ0(t0 +τ) = 0,∀τ ∈ [0,TP]. As a

result, for any perturbation δ X̂(t0) in the subspace spanned by
∇C(0), the variation of the first-order variation of the NCO is
null, i.e. δHu = 0, and the solution to the OCP underlying the
NMPC is insensitive to δ X̂(t0).

�

Since the subspace spanned by ∇C(X) can change significantly
as X moves away from the reference point X = 0, using weight-
ing matrices Q and S satisfying the properties JT QJ⊥ = 0
and JT SJ⊥ = 0 may result in poor performance of the NMPC
scheme when X is far from its reference. To tackle that issue, a
least-square projection of X can be used:

Φ(X) =argmin
Xp

‖Xp −X‖2,

s.t. C(X)+∇C(X)(Xp −X) = 0,

and the NMPC cost function modified to:

1

2

(

XT SX
)

t=t0+TP
+

1

2

∫ t0+TP

t0

(

Φ(X)T QΦ(X)+ uT Ru
)

dt.

(13)

w

(x,y)
m

L

ex

ey

O
F

mc

Fig. 2. Pendulum schematic, with coordinate system.

Table 1. Model parameters

Parameter Value Unit

m 1 (kg)
mc 1 (kg)
L 1 (m)

p 5 (s−1)

In practice, the benefit of satisfying the conditions JT QJ⊥ = 0
and JT SJ⊥ = 0 and the necessity to introduce the modified
NMPC cost function (13) ought to be evaluated case by case.

5. EXAMPLE: INVERTED PENDULUM

The first illustrative example is a simulated inverted pendulum.
See Figure 2 for an illustration.

5.1 Model equation & control scheme

The generalized coordinates are q = [x y w]T . The Lagrange
function and constraint read:

L=
1

2
m
(

ẋ2 + ẏ2
)

+
1

2
mcẇ2 −mgy+νc,

c =
1

2

(

(x−w)2 + y2 −L2
)

= 0,

where m and mc are the masses of the pendulum and the chariot
respectively, L is the pendulum length, F the force applied to
the chariot, and ν the Lagrange multiplier ν ∈ R. It follows
that:

ċ = ẏy+(ẇ− ẋ)(w− x),

M=







m 0 0 x−w
0 m 0 y
0 0 mc w− x

x−w y w− x 0






,

G =







0
−mg

F

−p2c− 2pċ− ẏ2 − (ẇ− ẋ)2






, C =

[

c
ċ

]

.

The force applied to the chariot F is the control input. The
measured states are the system positions, i.e. y = [x y w]. The
weighting matrices were chosen as:

Q = diag([ 1 0 1 1 0 1 ]) , R = 10−6,

QE = diag([ 1 1 1 ]) , RE = 0.1, TE = 0,

so as to respect the conditions of Proposition 2. Matrices
QE and RE were chosen so as to match the covariance of
the measurement noise and the control input disturbance. The
model parameters are listed in Table 1.

5.2 Solution approach & Software

The NMPC and MHE problems were repeatedly solved using
the software toolkit ACADO (Houska et al., 2011a,b), using
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Fig. 3. Consistency of the MPC predicted state at final time,
i.e. C(X(t0 +TP)), with p = 0s−1 (circles) and p = 5s−1

(dots), for a prediction horizon TP = 2s.
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Fig. 4. Inverted pendulum, states trajectories (solid line), mea-
sured states (dots) and MHE estimates (circles).

the RTI scheme. A piecewise-constant parametrization of the
control input was used, with 20 elements of uniform duration
Te = 0.1s. The chosen NMPC prediction horizon and MHE
estimation horizon were both set to 2s. The OCP is discretized
using a multiple-shooting method (Bock and Plitt, 1984). The
system dynamics are discretized over the shooting intervals via
the BDF integration method.

5.3 MHE+NMPC

The control scheme proposed in Section 4 was applied to
the control of the inverted pendulum. White Gaussian noise
was added to all measurements y = [x y w] with a standard
deviation σM = 1 cm, and a white Gaussian perturbation was
added to the actuator force F , with a standard deviation σF =
0.1 N. The resulting state trajectories are displayed in Figure
4.The choice of pole was p = 5s−1.

6. EXAMPLE: FAST TETHERED AIRCRAFT

The second illustrative example is a tethered plane attached to
a rotating carousel. This mechanical system is related to one
of the concepts for the startup of a particular class of Airborne
Wind Energy systems (Diehl and Houska, 2009).

6.1 Model equation

The position is described through a set of cartesian coordinates
{x,y,z} relative to the rotating reference frame eT , attached to
the carousel arm tip. The reference frame E is attached to the
plane and the change of reference frame E → eT is obtained
by the rotation matrix R = [e1 e2 e3]. Note that, as opposed to
(Gros et al., 2012), in this paper we use a full parametrization

of R. Let PE = [x y z]T , PT = [rT 0 0]T , with rT the arm
length and Rδ the matrix defined by a vertical rotation of the
carousel by an angle δ . Using P = Rδ

(

PE +PT

)

, the kinetic
and potential energy functions associated to the airfoil read:

TA =
1

2
mAṖT Ṗ+

1

2
ωT JAω , VA = mAgz,

The Lagrangian associated to the translational dynamics of the
system reads:

L= TA +TT −VA −VT +νc, c =
1

2

(

PT
∆ P∆ − r2

)

,

where r is the tether length. Note that the tether kinetic and
potential energy has been neglected in this model.

The anchor point on the plane does not coincide with the center
of mass and its distance from the arm tip is given by P∆ = PE +

RPE
A , where PE

A = [0 0 zA]
T

. Note that, if the offset zA is zero

then the constraint c is a function of the position PE only.

As the carousel inertia is much bigger than the plane inertia,
we can assume a direct control of the second time derivative of
W = [r δ ]T . The dynamics of the tethered plane are given by:

M





P̈
ω̇
ν



= G, G =

[

F −∇P (VA +VT)
T −ω × JAω

−c̈0

]

,

M=





mI3 0 ∇Pc
0 JA 2P(∇Rc)

(∇Pc)T
2P(∇Rc)T

0



 , (14)

Ṙ = RΩ−Rδ Ṙδ R,

where F and T are respectively the aerodynamic forces and
torques (Gros et al., 2012), which yield strong nonlinearities
in the model equations. The angular velocity matrix Ω is given
by Ω = ω× and c̈ is given by:

ċ = tr
(

∇RcT RΩ
)

+ 〈∇Pc, Ṗ〉+ 〈∇W c,Ẇ 〉,

c̈ = tr
(

∇RċT RΩ
)

+ 〈∇Pċ, Ṗ〉+ 〈∇W ċ,Ẇ 〉+ 〈∇Ẇ ċ,Ẅ 〉.

The model has 22 states and 4 inputs, the parameters can be
found in (Gros et al., 2012). In this paper we assume that
the measurements available for the MHE are raw data from
two cameras and IMU data. The MHE formulation therefore
includes a model of the cameras in its output function.

6.2 Solution approach & Software

The same algorithms and softwares as in Section 5 were used.
The prediction horizon was set to 0.5 s, while the estimation
horizon was set to 1 s. In both cases a piecewise-constant
parametrization of the control input was used with uniform
duration Te = 0.1 s, resulting in 5 elements for the NMPC and
10 elements for the MHE. The system dynamics are discretized
over the shooting intervals via the BDF integration method.

The tuning of the weighting matrices is not trivial and has
a significant impact on the performance of the control loop.
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Fig. 5. Plane trajectory P(t) (thick line), MHE estimated po-
sition (circles) and carousel arm tip (dot). After 6 s the
setpoint is moved from z = 0 m to z = 0.3 m

Matrices QE and RE were chosen so as to match the covariance
of the measurement noise and control input disturbance. The
NMPC weights were chosen as:

Q = diag( [0.25, 0.25, 0.25, 0.25, 0.25, 0.25,

1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,

10−6, 10−6, 25, 25 ] ),

R = diag( [10−6, 1, 1 ] ).

Note that the units of the weights are defined consistently with
the variables they correspond to, so as to yield a dimensionless
cost.

6.3 Simulation results

The simulations have been run with 2 m/s side wind. The
MHE manages to provide accurate estimates of the wind speed,
which are used in the NMPC scheme. The carousel angle and
rotational velocity, the tether length and velocity as well as the
aileron and elevator angles are assumed to be perfectly known.
White Gaussian noise was added to all other measurements,
with a standard deviation σ = µmax

40
, where µmax is the sensor

full scale.

The simulated model assumes an offset zA = 0 and fixed tether
length r = 1.2 m. The resulting trajectory is displayed in Figure
5. A cyclic oscillation can be observed in the airplane trajec-
tory, which results from the cyclical side-wind perturbation.
Throughout the MHE+NMPC control loop, the initial condi-
tions provided by the MHE respect the consistency conditions
associated to the tether constraints and the orthonormality con-
ditions up to a limited degree of accuracy (see Figure 6) without
impacting the performance of the control loop.

6.4 Computational speed

In order to assess the computation times of the RTI applied
to the proposed methods and models, a set of off-line simu-
lations has been performed using the automatic code gener-
ation module of the ACADO toolkit (Houska et al., 2011b;
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Fig. 6. Consistency of the MHE estimated state, i.e. C(t0)
(circles, top) and ċ(t0) (dots, top), ‖R(t0)

T R(t0)− I)‖∞

(circles, bottom) at every step of the MHE.

Ferreau, 2011). During the code-generation process, the ex-
ported code is tailored to the specific problem, implementing
only the absolutely essential algorithmic components. Problem-
specific properties such as dimensions and sparsity patterns
are exploited to avoid unnecessary computations. The auto-
generated code was compiled and tested on a 3 GHz Intel
Q9650 based desktop computer running a 64-bit version of
the Ubuntu Linux 10.10, using the Clang compiler version 3.1.
In both cases, the execution times were measured with Linux
function clock_gettime(), which yields accuracy in the
nanosecond range.

Simulation results with the auto-generated NMPC and MHE
are presented in Table 2. The worst-case time observed for one
RTI of the NMPC is less than 2 ms and less than 5 ms for the
MHE. In a typical control cycle, once the measurements are
available, the execution of the estimation phase of the MHE
is triggered, followed by the execution of the feedback phase
of the NMPC. As a result, the update of the control policy is
available 1.11 ms after the acquisition of the measurements.

Table 2. Worst case execution times of the auto-
generated MHE & NMPC.

MHE

Preparation phase 3.78 ms

Estimation phase 0.67 ms

Overall execution time 4.45 ms

MPC

Preparation phase 1.13 ms

Feedback phase 0.44 ms

Overall execution time 1.57 ms

7. CONCLUSION & FUTURE WORK

This paper has studied an efficient formulation of multi-body
mechanical systems for NMPC. Using non-minimal coordi-
nates and constrained Lagrange mechanics, the symbolic com-
plexity of the model equations for multi-body systems can be
dramatically reduced, yielding index-3 DAEs, which can be
systematically reduced to index-1 DAEs with a reasonable in-
crease of the symbolic complexity. This paper proposes to treat
the consistency conditions arising from the index reduction as

IFAC NMPC'12
Noordwijkerhout, NL. August 23-27, 2012

92



terminal constraints in the MHE scheme used to provide state
estimation to the NMPC.

Multi-body systems often require the description of 6DOF
trajectories, where orientations have to be described using the
SO(3) special orthogonal Lie group. This paper proposes to use
the rotationless formulation so as to reduce the nonlinearity of
the model dynamics, and proposes a projection of the resulting
Lagrange equations so as to reduce the number of states that
need to be integrated in the MHE and NMPC schemes.

In a real-time scenario, because the solutions to the MHE are
not iterated to full convergence, violations of the consistency
conditions can occur. This paper proposes to treat such viola-
tions through Baumgarte and SO(3) stabilization, and proposes
a formal study of the effect of violations of the consistency
conditions on the control input provided by the NMPC.

The results presented in this paper are currently tested on an
experimental setup of a tethered plane. Experimental results
will be presented in future publications.
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