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Non-degenerate Curves

Non-degenerate Curves (1)

» Let g = p" with p prime and let k be either Fq or Qq

» Let C be the affine curve f(x,y) = 0 with f(x,y) € K[x,y]

> Write f(x,y) = > jyes fijx'y! with fij # 0 and S C Z2

» S is called the support of f, convex hull of S is the Newton
polygon I'(f) of f

Definition
f(x,y) is called non-degenerate w.r.t. its Newton polygon I if for

all faces ¢ of I (including I') and f, = Z(u)@fi’jx'yl
of of
fy, —= d 2
ox an oy

have no common zero in T = (A \ {0})? over k
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Non-degenerate Curves

Non-degenerate Curves (2)




Non-degenerate Curves

Toric Varieties

» Let Co be a cone in R?
» k[Co] is k-algebra generated by x'y! with (i,j) € Co
» Denote by X, the affine toric k-variety Spec(k[Co])

Example

» Let Co =< (1,0),(0,1) >, then X¢o = A2
» Let Co =< (1,0),(—1,0),(0,1) >, then

k[Co] =k[x,y,x"!] and Xgo ~ Al x (A1) {0})
» Let Co =< (1,0),(0,1),(—1,0),(0,—1) >, then

k[Co] =k[x,y,x L,y™!] and X, = Spec(k[Co]) =T
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Non-degenerate Curves

Toric Resolution

v

Construct toric compactification X of T associated with
Newton poloygon '

v

Let o be anedgeof ' andlet Co, = (X —p |x € ,p € o)
be a half-plane

Define U, to be the toric variety Xco, ~ Al x (Al \ {0})
Xr is covered by U,, for o an edge of I’
U,, and U,, glued together along T

v

v

v

Lemma
Xr \T =Uj=1 .r L with L; = XLin(ai) ~ Al and Lin(ai) = <Vi>
with v; vector parallel to edge o
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Non-degenerate Curves

Toric Resolution

» Let C be the closure of {(x,y) € T | f(x,y) = 0} in Xr
» C is complete, non-singular curve

» Genus of C is number of integral points in interior of I
» C intersects each L; transversally fori =1,...,r

» |Li NC| = (# lattice pointson ¢;) — 1

» Let e; be vector with integral coefficients and L oy, then

Dive(x'y) = Y (i,j)-ex(Le NC)

k=1,...,r
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Non-degenerate Curves

Lifting Curve

>

vV vYyy

v

Let C : f(x,y) = 0 with f € Fq[x,y] and assume that f is
non-degenerate w.r.t. ['(f)

Assume that f is monic in y of degree d and commode
Take arbitrary lift f(x,y) € Zq[x,y] with [(f) = I(f)

f(x,y) is again non-degenerate w.r.t. the Newton polygon I'
Genus g(C) = g(C) and one-to-one correspondence
between points at infinity

Let AT be the dagger ring of A := Zq[x,y]/(C).

Elements of Af can be represented as

d—1 400

Zzak,lxkyl

1=0 k=0

and the valuation of ax | € Zq grows linearly with k
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Lifting Frobenius

A Lift of the Frobenius Endomorphism

» The necessary conditions on the Frobenius ¥ on Af are
Y(x)=xPmodp X(y)=yPmodp CX(X(x),X(y)) =0

» Main idea: lift Frobenius on x and y simultaneously such
that denominator in the Newton iteration is invertible in Af

» Let Z € Af such that ¥(x) = xP +aZ and X(y) = yP + 3Z,
CH(X(x),X(y)) = C*(x" +aZ,yP + 5Z) = 0

and
Z =0modp
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Lifting Frobenius

A Lift of the Frobenius Endomorphism
» Let G(Z) := C*(xP +aZ,yP + 3Z), then
oCc* oc*
G/(Z) = aa—x ‘(xp,yp) + ﬁW |(xp7yp) + O(Z) mod p
G'(Z) will be invertible in AT if G’(Z) = 1 mod p and thus

G'(z )_0‘<?)§(:> +ﬁ<g—§)pzlmodp

> Since C non-singular, 9, 4 and C generate unit ideal and

using Buchberger’s algorithm we compute @, 3,7 € A with

—\ P —\ P
_[oC —[0C =
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Lifting Frobenius

A Lift of the Frobenius Endomorphism

» Convergence rate of Z = Y71 5> g, xky! is given by
i +(de —d + 1)
ordpaij = 6p(d + 1)(dc —d +1

with d¢ the total degree of C

» Proof requires linear effective Nullstellensatz: let
fo,f1,f2 € k[x,y] with supportin I and fo, f1, f, have no
common solution in X, then 3hg, hq, hy with support in 2I

1 = hofo + hify + hofs
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Reduction Algorithm

Two Divisors and Riemann-Roch

Definition
Let D¢ be the divisor on C
D¢ :=— Z Ni(LinC), withN; =p;-e;
i=1,...r

with p; any vertex on edge oj and let We .= 3, (LiNC)

Theorem
The Riemann-Roch space

£(mD¢) = {h € k(C) | Div(h) > —mDc}

is generated by x'y! with (i,j) € mr
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Reduction Algorithm

From differentials to polynomials ...
» Consider the map A : k(C) — Q(C) :

dx
h(va) = A(h) - h(X7y)%
with f, = af /oy

» An exact differential w = dg is the image of

dx 0 0 dx
dg = gxdx+gydy = (fygx—fxgy)ﬁ = xy(fy a—x—fx@)(g)ﬁ
» Define D operator as
0 0
D(g) = XY(fya_X —fx @)(9)

then dg = A(D(9))
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Reduction Algorithm

The Reduction Algorithm

v

Every w € H3(C) can be written as A(h) with h € Qq[x, Y]

Computing modulo exact differential forms then is
equivalent to computing modulo D

For subset E C R? define Lg Qq-vectorspace of all Laurent
polynomials with support contained in E

Let Sy = (x'yl |0<i<m,0<j<d)cCQqlx,y]
Define k € Ng smallest integer such that Lor mod f C S,

v

v

v

v
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Reduction Algorithm

The Reduction Algorithm

Theorem
For all m € Ng, we have

st c ps®

1)+ LB (2De)

where for a set of polynomials L C Qq[x,y] we define
LO = LN Zg[x,y]
={heLl® |vP eC\A%Vi<0:ilg Coeff(dt/\(h),i)}

with t such that (p,t) generates local ring at P of C over Zq
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Reduction Algorithm

The Reduction Algorithm

v

Given h(x,y) € Sy for some M € Ny

v

Let A = max{—ordp, (xMy(d=1))}; for all places P; at oo
Sete = {Iogp(Aﬂ , then pch(x,y) € S,E,Il)

v

Compute g € D(S,S,))_HH) such that h — d(g) € £1)(2D¢)
Choose as basis for H3;(C) a Zq-module basis of

v

v

£©(2D¢)/(D(£(De)) N Zqg[x, y])

W. Castryck, J. Denef and F. Vercauteren Computing Zeta Functions of Non-degenerate Curves



Reduction Algorithm

Future Work . ..

v

Algorithm also works for non-monic and non-commode
polynomials, really computes on torus

Make precise complexity estimate, currently think O(g®n?),
but could be O(g°n?)

Does algorithm generalise to higher dimensions?
Abandon current lift of Frobenius and try ¥(x) = xP again
Why require isomorphism of H1.(C) and H},,, (C)?

v

v

v

v
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