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Non-degenerate Curves (1)

I Let q = pn with p prime and let k be either Fq or Qq

I Let C be the affine curve f (x , y) = 0 with f (x , y) ∈ k [x , y ]

I Write f (x , y) =
∑

(i ,j)∈S fi ,jx iy j with fi ,j 6= 0 and S ⊂ Z2

I S is called the support of f , convex hull of S is the Newton
polygon Γ(f ) of f

Definition
f (x , y) is called non-degenerate w.r.t. its Newton polygon Γ if for
all faces σ of Γ (including Γ) and fσ =

∑

(i ,j)∈σ fi ,jx iy j

fσ,
∂fσ
∂x

and
∂fσ
∂y

have no common zero in T = (A \ {0})2 over k
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Non-degenerate Curves (2)
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Toric Varieties

I Let Co be a cone in R2

I k [Co] is k -algebra generated by x iy j with (i , j) ∈ Co
I Denote by XCo the affine toric k -variety Spec(k [Co])

Example

I Let Co =< (1, 0), (0, 1) >, then XCo = A2

I Let Co =< (1, 0), (−1, 0), (0, 1) >, then

k [Co] = k [x , y , x−1] and XCo ' A1 × (A1 \ {0})

I Let Co =< (1, 0), (0, 1), (−1, 0), (0,−1) >, then

k [Co] = k [x , y , x−1, y−1] and XCo = Spec(k [Co]) = T
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Toric Resolution

I Construct toric compactification XΓ of T associated with
Newton poloygon Γ

I Let σ be an edge of Γ and let Coσ = 〈x − p | x ∈ Γ, p ∈ σ〉
be a half-plane

I Define Uσ to be the toric variety XCoσ
' A1 × (A1 \ {0})

I XΓ is covered by Uσ for σ an edge of Γ

I Uσ1 and Uσ2 glued together along T

Lemma
XΓ \ T = ∪i=1,...,r Li with Li = XLin(σi ) ' A1 and Lin(σi) = 〈vi〉
with vi vector parallel to edge σi
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Toric Resolution

I Let C be the closure of {(x , y) ∈ T | f (x , y) = 0} in XΓ

I C is complete, non-singular curve
I Genus of C is number of integral points in interior of Γ

I C intersects each Li transversally for i = 1, . . . , r
I |Li ∩ C| = (# lattice points on σi) − 1
I Let ei be vector with integral coefficients and ⊥ σi , then

DivC(x iy j ) =
∑

k=1,...,r

(i , j) · ek (Lk ∩ C)
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Lifting Curve

I Let C : f (x , y) = 0 with f ∈ Fq[x , y ] and assume that f is
non-degenerate w.r.t. Γ(f )

I Assume that f is monic in y of degree d and commode
I Take arbitrary lift f (x , y) ∈ Zq[x , y ] with Γ(f ) = Γ(f )
I f (x , y) is again non-degenerate w.r.t. the Newton polygon Γ

I Genus g(C) = g(C) and one-to-one correspondence
between points at infinity

I Let A† be the dagger ring of A := Zq[x , y ]/(C).
I Elements of A† can be represented as

d−1
∑

l=0

+∞
∑

k=0

ak ,lx
k y l

and the valuation of ak ,l ∈ Zq grows linearly with k
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A Lift of the Frobenius Endomorphism

I The necessary conditions on the Frobenius Σ on A† are

Σ(x) ≡ xp mod p Σ(y) ≡ yp mod p CΣ(Σ(x),Σ(y)) = 0

I Main idea: lift Frobenius on x and y simultaneously such
that denominator in the Newton iteration is invertible in A†

I Let Z ∈ A† such that Σ(x) = xp + αZ and Σ(y) = yp + βZ ,

CΣ(Σ(x),Σ(y)) = CΣ(xp + αZ , yp + βZ ) = 0

and
Z ≡ 0 mod p
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A Lift of the Frobenius Endomorphism

I Let G(Z ) := CΣ(xp + αZ , yp + βZ ), then

G′(Z ) ≡ α
∂CΣ

∂x

∣

∣

(xp ,yp) + β
∂CΣ

∂y

∣

∣

(xp ,yp) + O(Z ) mod p

I G′(Z ) will be invertible in A† if G′(Z ) ≡ 1 mod p and thus

G′(Z ) ≡ α

(

∂C
∂x

)p

+ β

(

∂C
∂y

)p

≡ 1 mod p

I Since C non-singular, ∂C
∂x , ∂C

∂y and C generate unit ideal and

using Buchberger’s algorithm we compute α, β, γ ∈ A with

1 = α

(

∂C
∂x

)p

+ β

(

∂C
∂y

)p

+ γC
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A Lift of the Frobenius Endomorphism

I Convergence rate of Z =
∑d−1

l=0

∑+∞
k=0 ak ,lxk y l is given by

ordpai ,j ≥
i + (dC − d + 1)j

6p(d + 1)(dC − d + 1

with dC the total degree of C
I Proof requires linear effective Nullstellensatz: let

f0, f1, f2 ∈ k [x , y ] with support in Γ and f0, f1, f2 have no
common solution in XΓ, then ∃h0, h1, h2 with support in 2Γ

1 = h0f0 + h1f1 + h2f2
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Two Divisors and Riemann-Roch

Definition
Let DC be the divisor on C

DC := −
∑

i=1,...,r

Ni(Li ∩ C), with Ni = pi · ei

with pi any vertex on edge σi and let WC :=
∑

i=1,...r (Li ∩ C)

Theorem
The Riemann-Roch space

L(mDC) = {h ∈ k(C) | Div(h) ≥ −mDC}

is generated by x iy j with (i , j) ∈ mΓ
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From differentials to polynomials . . .

I Consider the map Λ : k(C) → Ω(C) :

h(x , y) 7→ Λ(h) = h(x , y)
dx

xyfy

with fy = ∂f/∂y
I An exact differential ω = dg is the image of

dg = gxdx+gydy = (fy gx−fx gy)
dx
fy

= xy(fy
∂

∂x
−fx

∂

∂y
)(g)

dx
xyfy

I Define D operator as

D(g) = xy(fy
∂

∂x
− fx

∂

∂y
)(g)

then dg = Λ(D(g))
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The Reduction Algorithm

I Every ω ∈ H1
DR(C) can be written as Λ(h) with h ∈ Qq[x , y ]

I Computing modulo exact differential forms then is
equivalent to computing modulo D

I For subset E ⊂ R2 define LE Qq-vectorspace of all Laurent
polynomials with support contained in E

I Let Sm := 〈x iy j | 0 ≤ i ≤ m, 0 ≤ j < d〉 ⊂ Qq[x , y ]

I Define κ ∈ N0 smallest integer such that L2Γ mod f ⊂ Sκ
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The Reduction Algorithm

Theorem
For all m ∈ N0, we have

S(1)
m ⊂ D(S(0)

m−1+κ) + L(1)(2DC)

where for a set of polynomials L ⊂ Qq[x , y ] we define

L(0) = L ∩ Zq[x , y ]

L(1) = {h ∈ L(0) | ∀P ∈ C \ A2,∀i < 0 : i |Zq Coeff(
t

dt
Λ(h), i)}

with t such that (p, t) generates local ring at P of C over Zq
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The Reduction Algorithm

I Given h(x , y) ∈ SM for some M ∈ N0

I Let ∆ = max{−ordPi
(xMy (d−1))}i for all places Pi at ∞

I Set ε =
⌈

logp(∆)
⌉

, then pεh(x , y) ∈ S(1)
M

I Compute g ∈ D(S(0)
M−1+κ

) such that h − d(g) ∈ L(1)(2DC)

I Choose as basis for H1
DR(C) a Zq-module basis of

L(0)(2DC)/(D(L(DC)) ∩ Zq[x , y ])
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Future Work . . .

I Algorithm also works for non-monic and non-commode
polynomials, really computes on torus

I Make precise complexity estimate, currently think O(g6n3),
but could be O(g5n3)

I Does algorithm generalise to higher dimensions?
I Abandon current lift of Frobenius and try Σ(x) = x p again
I Why require isomorphism of H1

DR(C) and H1
MW (C)?
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