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p-adic Numbers

p-adic Numbers

» p-adic valuation ord,(r) of r € Q is p with

r:ppu/va P7U7V€Z7 p/{/u7p/{/v

v

Non-archimedian p-adic norm |r|, = p~*
Field of p-adic numbers Qp is completion of Q w.r.t. | - |,

v

Y ap, ac{0l,....p-1}, mez
m

v

p-adic integers Zj is the ring with | - |, <1 orm > 0.
Ideal M = {x € Qp | [X|p < 1} = pZp and Zp/M = Fy.

v
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p-adic Numbers

p-adic Numbers in Practice

» Zp: for fixed absolute precision N, compute modulo pN
» Qp: write each element as p®®*)u, with uy € Zy

v

Qp: for fixed relative precision of N, ux mod pN

No rounding off errors occur unlike floating point
Loss of absolute precision on division by p
Possible loss of relative precision when subtracting
All operations asymptotically in time O(log pN)1*¢

vV v . v. v Y

For log, pN < 512, schoolbook methods suffice
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p-adic Numbers

Unramified Extensions of p-adics

v

K extension of @, of degree n with valuation ring R and
maximal ideal Mg = {x € K | [x|p <1} of R

K is called unramified iff its residue field R /Mg = Fq
K denoted with Qq and its valuation ring with Zq

v

v

v

J:Fq—>Fq:Xr—>Xp

v

Gal(Qq/Qp) =< X > generated by Frobenius substitution
Note: X is not simple p-powering !

v
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p-adic Numbers

Representation of Qq

> Let Fyq = Fpt]/(f(t)) then Qq can be constructed as

Qq = Qp[t]/(f(1)),

with f(t) any lift of f(t) to Zp|t].
» Different choices of f(t) have different advantages.
» Valuation ring Zq = Zp[t]/f(t); a € Zq represented as

n—-1
a=> at, aciz,.
i=0
» Reduction mod p™ gives (Z/p™Z)[t]/(fm(t)) with

fm(t) = f(t) mod p™



p-adic Numbers

Sparse modulus representation of Qq

> Letf(t) = S, fit' with f; € Fp and f,, = 1.
» Preserve the sparseness of f, define

n
f(t)y=>Y fit,0<f <p,fi=f modp
i=0

» Reduction mod f of a polynomial of degree < 2(n — 1)

» n(w — 1) multiplications of a Z,-element by a small integer
» nw subtractions in Zy
» w is the number of nonzero coefficients of f
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p-adic Numbers

Teichmuller Representation of Qq

> Let Fq = Fp[t]/(f(t)), then since Fq is splitting field t9 —t
we have f(t)|t9 —t

» Hensel's Lemma: let g(t) € Zq[t] with l.c. a unit and let
g(t) =r(t)s(t) mod p with , S coprime, then exist unique
r,s € Zqglt] with g(t) = r(t)s(t).

» By Hensel, exists unique f(t) € Zp[t] such that

f(t)t9t -1 and f(t)="f(t) modp

> Qq = Qp[] with f(#) = 0 and 6 is q — 1-th root of unity.
» Practice: compute f(t) mod p™ and need fast division with
remainder
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p-adic Numbers

Gaussian Normal Basis Representation of Qg

» Basis of Qq/Q is called normal if its of the form

{A(a)}/\GGaKQq/Qp)

» Gauss period of type | generated by n + 1-th root of unity
» n+ 1is prime different from p
» gcd(n/e,n) = 1, with e order of p modulon + 1

» Minimum polynomial of « is t":_lzl —th ot ot

» Redundant representation modulo t"t1 — 1 speeds up
operations
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Frobenius Substitution

Frobenius Substitution: All Moduli
> Let Zq = Zp[6] = Zp[t]/(f(t)) with f(t) = S0 fit!

ZfZ(G ) =f(X(0)).

» Compute ¥ () as zero of f(t) from £(0) = 6° modp.

> Frobenius of a = "5 af' € Qqis Z(a) = Y1 o & X ()
» Horner: O(n) multiplications = O(n(nm)+¢) time.

» Paterson-Stockmeyer: let B = [\/n| and rewrite

m/Bl B1 N
i=0 \i=0
compute X (a) using O(y/n) multiplications in Zq



Frobenius Substitution

Frobenius Substitution: Teichmuller Moduli

» f(t) is Teichmuller modulus iff f(t)[t9~1 — 1, so zero 6 of f is
g — 1-th root of unity

» As before: f(¥X(6)) =0, so ¥(0) also q — 1-th root of unity
» Since X () = #° mod p conclude that

T(6) = 6P
> Frobenius ofa = Yt aif' € Qq is
n-1 _
Y(a) = a6 modf(t).
i=0

» Reduction modulo f(t) takes at most p — 1 multiplications
over Zq
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Frobenius Substitution

Frobenius Substitution: Gaussian Normal Basis

» Gaussian Normal Basis of Type | embedded in
Zglt]/(t"* — 1)

» 6 is n + 1-th root of unity, so as before ¥(6) = 6P
» Iterated Frobenius substitution:

n n n
PR (Z ai0i> = Z a-i‘9ipk =3ap + Z &) /pk mod n+19j
i=0

i=0 =1
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Newton Lifting

Newton Lifting

» Theorem: Let g € Zq[X] and assume that a € Z satisfies

ord, (9'(a)) = k and ordy (g(a)) =n+k

for some n > k, then exists a unique root b € Zq of f with
b=a (mod p").
» ais called an approximate root of g known to precision n.
» Newton iteration: compute

g(a)
g’'(a)

then z = b (mod p?" ), g(z) = 0 (mod p?") and
oy (0'(2)) = k.
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Newton Lifting

Newton Lifting: Minimal Precision

» z has to be correct modulo p2"—k
» g’(a) mod p", so g’(a)/pX is a unit known modp"—k

» g(a) mod p?", then g(a) = 0 mod p"*+¥ and g(a)/p"**
known modp"—k

» Finally compute

a9(a)/p

g9’(a)/p*

where inversion and multiplication is computed mod p"—K

2n—k

Z=a-p mod p
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Newton Lifting

Newton Lifting: Algorithm

> If N <n Then
> Z<—a
> Else
- e[
> z — Newton iteration (g, a, k, N’)
Z—2z-— g/(z) (mod pN)
9'(z)
> Return z

Convergence is quadratic, so complexity determined by last
step only!
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Newton Lifting

Newton Lifting: Applications

v

Inverse of a € Zg, NLong(z) =az -1

z—z+2z(1-az)

v

Inverse square root of a € Zq, NLon g(z) = a%z — 1

z—z+12z(1-az?))2

v

Actually faster than square root

v

Teichmiiller lift of element & € F, unique g — 1-th root of
unity a € Zq such thata =amod p

NL on g(z) = z9 — z starting from a

v
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Newton Lifting

Twisted Newton Lifting

» Polynomial ®(X,Y) € Zq[X, Y], consider the equation
d(X, (X)) =0
» Solve from X € Fq with ®(X,¥(X)) = 0 modp.
» Assume we have x; = x modp! and define § = (x — x;)/p",
0 = (X, Z(x)) = ®(X¢ + p'ét, (Xt + p'dr))

= 00 () + P G0 b0 O+ 517 O ZOER) ) +O(p)

59 (%, T(x))Z(0) + Z2 (%, (x))6r = — 2= modp!
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Newton Lifting

Generalised Artin-Schreier Equations

v

Hilbert 90: xP — X + a = 0 has solution iff Trg, 5, () = 0.
Definition: generalised Artin-Schreier equation

v

ar(X)+bX +c=0, a,b,c € Zq,acZy .

v

Let 3 =b/aand v = c/a, then £(X) 4+ X +~v = 0.
Define £, ~; by ¥'(X) = 5 X + i, then

X =X"X) =X +m=X= "

v

Recurrence relation via
X)) = Z(Z'(X)) = Z(BX+%) = Z(6)(B1X +71)+X (%)
» Conclusion: £ = S1Z(4) and viy1 = X (5) + ()
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Newton Lifting

Lercier-Lubicz Algorithm: Gaussian Normal Basis

e Apply square and multiply with recurrence relation, i.e.

T&(X) = (¥ (X)) = Z(BX k) = ZK(B) (BeX +m )+ ()

Bk = BZ (Bc) Yok = WE(Bk) + ()
LX) = T(T(X)) = Z(BaX +72k) = Z(Bak ) (B X +71)+Z(72x)

’52k+1 = B1X(Bok)  Yok+1 = 1X(Bax) + X(y2k) ‘

¢ O(logn) iterations needed to reach ¥"(X).

¢ O(log n) multiplications and iterated Frobenius substitutions.
e Conclusion: efficient for fields with Gaussian Normal Basis.
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Newton Lifting

Lercier-Lubicz Algorithm

Ifk =1 Then
a, «— amod pN and by «— b mod pN
Else
]
ays, by, < Lercier-Lubicz (a, b, k’,N)
ay — aw XK (a) mod pN
bk — b=’ (ax) + =¥ (by:) mod pN
If k=1 (mod 2) Then
by < b X(ax) + Z(bx) mod pN
a, «— aX(ax) mod pN
Return ay, by
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Newton Lifting

Harley’s Algorithm

» ax(X)+bX 4+c=0witha,b,c € Zg, a € Zg, b € pZq.
» Algorithm computes x; modpt, and let & = (x — x;)/p"

0 =aY(x) +bx +c = aX(x + p'dt) + b(x; + p'd) +c¢
= ap'T(d;) + bp's; + (aX(x¢) + bx; + ¢) modp?

aZ(ét) + bé; +

aX(xt) + bx¢ +c¢

pt

= 0 modp"

» Basecaset =1

a¥(X)+bX+c =aXP+c=0modp = x = —(%)pn_1 modp
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Newton Lifting

Harley’s Algorithm
> If N=1 Then
> — (=7/a)"® (mod p)
> Else
- e[|
x' <—Har|ey (o, 8,7, ’)
,aX(x +f 7 mod pN-N

vV v . v. v Y

N <—Harley (a,ﬁ,’y,N N’)
X — (x’+pN'A’) mod pN

Return x
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Newton Lifting

Twisted Newton Lifting

>
| 2

>
>
>
>
|
>
|
>

IfN<k+1 Then

X «— Xp

Else

2
x" «— Twisted Newton lift (¢, Xg, N')

y’ « X(x") mod pN+k

V gb(Xl,y/) mod pN+k

Ay — 22(x’,y’) mod p’

A, — 22(x’,y’) mod pN’

§ « Artin—Schreier (Az/pX, Ay /p*, V /pN' ¢ N’ — k)
x — (x’+pN's) mod pN

N/ «— [MW

Return x
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Newton Lifting

Application Twisted Newton Lifting

» Computing the Teichmdiller lift of a € g
» Find unique g — 1-th root of unity a € Zq with a = a mod p
» As before: X(a) = aP, so solve the equation

¥(X)=XP fromX =amodp
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Newton Lifting

Teichmdller Lift of Field Polynomial

> Let Fq = Fpt]/(f(t)) and let f(t) € Zp|t] such that

f()t9"t =1 and f(t) =f(t) modp

> If £(0) = 0, then f(t) = [["=g(t — '(0)) = [T"a(t — 6P")
> Let (p be formal p-th root of unity then
p—-1
f(t?) = [T (%) ©)
i=0
» Use Newton iteration to compute f(t) as the solution of (x)
» Example p = 2: f(t2) = f(t)f(—t)
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Logarithm, Exponential, Trace and Norm

Logarithm
» p-adic logarithmic function of x € Zgq is defined by
o il (x=1)
log(x) = (-1

i=1

v

log(x) converges for ordy,(x — 1) >0
Horner: log(a) up to precision N takes O(N) multiplications
Satoh, Skjernaa, and Taguchi: ordp(apk —-1)>k

v

v

log(a) =p (Iog(apk) (mod pN+k)) (mod p)

v

a € Zq/pVZq, then aP* is well defined in Zq/pN 1k Z,
k ~ /N, then log(a) (mod pN) in O(v/N) multiplications
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Logarithm, Exponential, Trace and Norm

Exponential

» p-adic exponential function of x € Zq defined by
exp(x) = T
i=0

» Need ordy(x) > 1/(p — 1), since ordy(i!) < (i —1)/(p — 1)
» Fora e Zp, ordy(a) > 1 for p > 3 and ordy(a) > 2 for p = 2.

xp(p)*? (mod pN), forp >3,
xp(4)2/* (mod 2N), forp = 2.

exp(a)

e
exp(a)=e
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Logarithm, Exponential, Trace and Norm

Trace

» The trace of x € Qq is
Trgg/ge(X) =X + Z(X) + -+ + Z"2(x) + 2" H(x) € Qp

» Leta e @q, then Tr(@q/@p(pka) = kar@q/Qp (a)

» Assume that a is unit in Zg, and for a = 31" a;t’
d-1
Tre/q,(8) = 3 aiTrgyq, (t):
i=0

> Trg,/q,(t") fori =0,...,n — 1 using Newton's formula:

i—1

TrQq/Qp(ti) -+ ZTrQq/Qp(tiij )fdfj + ifdfi =0 (mod pN),
=1
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Logarithm, Exponential, Trace and Norm

Norm Computation

> a € Zq is close to unity, i.e. ordy(a — 1) > -1+ then
N, /g, () = exp(Trg, /g, (l0g(a)))

Resultants

»a=>1 af €Z;andletAt) = 35 at’
n—-1 n—-1
Ngq/g,(@) = [ Z'(a) = [T ACZ'(6
i=0 i=0
> If Zg = Zp[t]/(F(1)), then f(t) = [ o (t — £'(8)), thus
Naa /g, (@ HA = Regf(1),A(t))
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