Computing zeta functions in families of C,
curves using deformation

Wouter Castryck?, Hendrik Hubrechts'*, and Frederik Vercauteren?*

! Department of Mathematics, University of Leuven,
Celestijnenlaan 200B, B-3001 Leuven-Heverlee, Belgium
hendrik.hubrechts@wis.kuleuven.be
2 Department of Electrical Engineering, University of Leuven
Kasteelpark Arenberg 10, B-3001 Leuven-Heverlee, Belgium
firstname.lastname@esat.kuleuven.be

Abstract. We apply deformation theory to compute zeta functions in
a family of C, curves over a finite field of small characteristic. The
method combines Denef and Vercauteren’s extension of Kedlaya’s algo-
rithm to Cy,p curves with Hubrechts’ recent work on point counting on
hyperelliptic curves using deformation. As a result, it is now possible
to generate C,, curves suitable for use in cryptography in a matter of
minutes.

1 Introduction

The development of algorithms that compute the Hasse-Weil zeta function of a
curve over a finite field has witnessed several revolutions in the past 20 years,
partly motivated by applications in cryptography. The first was the Schoof-
Elkies-Atkin algorithm [16] to compute the number of points on an elliptic curve
over a finite field. Although this algorithm readily generalises to higher genus,
it is not really practical except in the genus 2 case for moderately sized finite
fields [6]. The second revolution was the canonical lift approach introduced by
Satoh [15] and reinterpreted by Mestre [14] using the AGM. Extensions and
improvements of this algorithm (an overview is given in [2]) resulted in very
efficient point counting methods for ordinary elliptic and hyperelliptic curves
over finite fields of small characteristic. The third revolution was the p-adic
cohomological approach introduced by Kedlaya [9] and Lauder and Wan [11].
Although the resulting algorithms are polynomial time for fixed characteristic,
they are only practical for hyperelliptic curves. Finally, the fourth revolution
consists of two components, deformation and fibration, and was introduced by
Lauder [12, 13] to compute the zeta function of higher dimensional hypersurfaces.

Despite the efforts of many researchers, the ultimate goal of having a set of
algorithms that can handle any given curve of genus g over any finite field F,
where ¢9 is limited to having several hundred bits, is still far off. In fact, up
to the time of writing, only the case of elliptic curves (both in large and small
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characteristic) and the case of hyperelliptic and superelliptic [5] curves in small
characteristic have a satisfactory solution.

Although tiny steps towards tackling the large characteristic case have been
made [4], handling all curves over finite fields of small characteristic looks much
more feasible. In the latter case, there has been partial progress to include Cl  [3]
and non-degenerate curves [1], but these algorithms are not sufficiently practical.
Although the approach is similar to Kedlaya’s algorithm for hyperelliptic curves,
these algorithms use a different Frobenius lifting technique, which makes them
slow.

The goal of this paper is to remedy this situation by taking a totally differ-
ent approach based on deformation theory. Although this theory was primarily
introduced for high dimensional hypersurfaces, Hubrechts [8, 7] showed it to be
efficient in the hyperelliptic case.

The advantage of using deformation for the broader classes of C,;, non-
degenerate or even more general curves is twofold: firstly, it avoids the explicit
computation of the Frobenius lift that makes the algorithms in [3] and [1] slow
and secondly, the core of the algorithms, i.e. solving a p-adic differential equation,
is always the same. Only the computation of the so-called connection matrix dif-
fers for each class of curves, but is in itself a much easier problem than developing
an efficient differential reduction method as needed in Kedlaya’s approach.

In this paper we present a detailed version of this method for C,; curves,
which should readily extend to non-degenerate curves. Our algorithm is used
in two applications: firstly, given a random C,; curve over a finite field F,,
compute its zeta function and secondly, given a finite field F,, generate Cy
curves whose Jacobian has nearly prime order for use in cryptography. The
speed-up over known techniques for the second application is remarkable: after
a precomputation, computing the zeta function of each member of a family with
a Jacobian of 160-bit order only takes a few seconds. As a result, generating
cryptographically useful C, ; curves now is feasible in a matter of minutes.

The remainder of this paper is organised as follows: Section 2 reviews p-adic
cohomology and deformation for general curves and Section 3 covers the neces-
sary background on C,; curves. Section 4 studies relative Monsky-Washnitzer
cohomology for a family of C,; curves, resulting in a practical algorithm de-
scribed and analysed in Section 5. Finally, Section 6 reports on a preliminary
Magma implementation of this algorithm.

2 p-Adic cohomology and deformation

Throughout this section, the survey paper on Monsky-Washnitzer cohomology
by van der Put [17] and the AWS 2007 lecture notes by Kedlaya [10, Chapter 3]
are implicit references.

2.1 Zeta functions and cohomology.

Let I, be a finite field of characteristic p with ¢ elements. The zeta function of a
polynomial C(x,y) € Fy[z,y] defining a non-singular affine curve is determined



by the action of the Frobenius endomorphism F, : A — A : a — a? on a
certain cohomology space H iy (A/Q,). Here A denotes F,[x,y]/(C(x,y)) and
Hi,w(A/Q,) is constructed as follows. Let Q, be an unramified extension of
the field of p-adic numbers Q,, with valuation ring Z, and residue field F,. Let
C(z,y) € Zy[z,y] be such that it reduces to C(x,y) mod p and consider the
Z4-algebra

Zo(,y)'

(Clz,y))

where Z,(z,y)T is the weak completion of Z,[x,y]. It consists of power series
Y aixy? € Zy[[x,y]] for which there is a p €]0,1] such that laijl, Jpiti =0
as i+j — o0o. The idea behind this convergence condition is that Z,(z, y)T should
be closed under integration. Let D*(AT) be the universal module of differentials
on AT over Z, and let d : AT — D1(AT) be the usual exterior derivation. Then
Hi,w(A/Q,) is defined as

Al =

DY(AT)
d(AT)
which turns out to be the right object for the following theorem to hold.

®Zq Qq7

Theorem 1 (Monsky, Washnitzer). There exists a Z,-algebra endomorphism
Fy: AT — A' that lifts F, in the sense that Fqom = mo F,, where m: AT — A
is reduction mod p. For any such lift, the induced map F : DY(A") — D(AT) s
well-defined modulo d(A") and acts on Hipy (A/Qy) as an invertible Q,-vector
space morphism, which does not depend on the choice of Fy. Moreover, the zeta
function of C is given by

_ * —1 1 A

2.2 Relative cohomology

Let C(xz,y,t) € F,[t][z,y] define a family of smooth curves over an open dense
subset Spec S of the affine t-line. Thus S = F,[t,7(t)~!] for some nonzero 7(t) €
F,[t]. Write A = S[z,y]/(C(x,y,t)) and, for every f, € F, where 7(¢) does not
vanish, write Az for A/(t — %), the coordinate ring of the fiber at fy. Then
the aim of relative cohomology is to describe how the action of Frobenius on
H} (A3, /Qq) alters as o varies. Let C(x,y,t) € Zg[t][z,y] and r(t) € Zqg][t]
be such that they reduce mod p to C(z,y,t) and 7(t) respectively. Define ST =
Zy(t,r(t) 1T = Z,(t, 2)T/(27(t) — 1) along with the ST-module

ZQ<t7 r(t)_la T, y>T
(C(z,y,1))

Al =

(the weak completion being realised as in the bivariate case). Note that there is a
well-defined p-adic valuation on ST and A'. Let D}(AT) be the universal module
of differentials on A" over ST and let d; : AT — D}(AT) be the corresponding



exterior derivation. Thus in all this, ¢ is left constant. Write S(&q = of ®z, Qq-

Then our object of interest is the S&q—module

— D}(Af
H}WW(A/L%) = df((AT)) ®z, Qq-

As above, one can show that there exists a Z,-algebra endomorphism F, on Af
that lifts the Frobenius action F, on A. Moreover, one can realise that F,(t) = ¢4
(we will illustrate this in Section 4 in our specific families of C,; curves). The
induced map F; on Hy,y, (A/ S&q) is well-defined, though in general it is not an
S(&q—module endomorphism.

Let o € F, be a non-zero of 7(t) and let g € Z, be its Teichmiiller lift, i.e.
the unique root of X? — X € Z,[X] that reduces to ty mod p. Then one sees
that H},yy, (4, /Q,) can be identified with H}y, (A4/S, )/ (t — o), and that F;
induces a well-defined map on H},y, (Az, /Qq) which exactly matches with the
Frobenius action described in Theorem 1.

In summary, the action of Frobenius on a single fiber can be obtained from
the relative Frobenius action by substituting for ¢ a suitable Teichmiiller repre-
sentative. So one could think of the relative Frobenius action as an interpolation
of the Frobenius actions on all fibers in the family.

2.3 The Gauss-Manin connection

In addition to the notation from above, we introduce D'(AT), denoting the
module of differentials on AT over Z, (so t is no longer left constant), and
D2(A") = A®D(A"), denoting the corresponding module of 2-forms. Let d
be the usual exterior derivation, both on Af and D!(A"), giving rise to the
Monsky-Washnitzer complex

0— AT % DY(AN) % D2(AT) -0

of the surface Spec A over F,. Note that we have a natural surjective morphism
DY(A") — D} (A%) : dt — 0, thus we can identify D}(A") with D*(A")/(dt).



Definition 1. The Gauss-Manin connection
Vi Hyy (A/S),) = Hypw(A/S],) s w = V(w)

is constructed as follows. For large enough e € N, let p°w be represented by a
1-form @ € DY(A") and take its exterior derivative d(@) € D*(A"), which one
can always write as @ A dt for some $ € DY(AT). Reduce @ modulo (dt) to end
up in D} (AT). Then reduce modulo d;(A") and tensor with p~¢, so that one ends

up in H}V[W(Z/S(&q): this is V(w).

We leave it to the reader to show that the above is well-defined, i.e. V(w) does
not depend on the choice of e, w and p. Remark that the above construction
does not result in a geometric connection in the usual sense of the word, in which
case V should take values in H}WW(Z/S(T@(I) ® Dl(Séq). But for our purposes, we

prefer to think of the Gauss-Manin connection as mapping H3 . (A/ S&q) into
itself. Then the following observation is the key towards deformation theory.
Theorem 2. One has Vo Fy = qti=t oFy oV, where qt?~! denotes the corre-
sponding multiplication map on H}VIW(Z/S&).
Proof. (sketch only) This follows from the commutativity of the diagram of Z,-
module morphisms

D(Af) -4 D2(At)

L7 L7
DY(AT) -L Dp2(Al).

2.4 Deformation.

Suppose that Hi,y (A/ S(&q) is finitely generated and free over STq, having a

basis that for any #o € F, for which 7(%y) # 0, reduces mod (¢ — o) to a basis of
H}MW(Z;O /Qq). Here, to is the Teichmiiller lift of %y. In Section 4 we will prove
this assumption for our concrete families of C, ; curves.

Let s1,...,84 be an S&q—basis of H}VIW(Z/S@) andlet F' = (F; ;),G = (G ;)

be (d x d)-matrices with entries in S(&q such that

d d
]—';(s]) = ZFi,jSia V(S]) = ZGi,jSi
=1 =1

for 5 = 1,...,d. Then the quasi-commutativity of the Gauss-Manin connection
with the Frobenius action gives rise to a first-order differential equation

G~F7%F:qtq*1~F~G(tq).

This allows one to compute F from an initial value. Typically, this is the matrix
of Frobenius acting on Hy,y, (Ag, /Qq) = Hy (A/Saq)/(t —tp) for some ‘easy’



fiber Spec A7 . When expressed with respect to the basis s1(fo), ..., sa(fo) of
H}, v (A, /Qq), this exactly matches with F(fg). If n = log, ¢ is large, a sub-
stantial speed-up in the algorithms can be achieved by working with the matrix
F, of the p'" power Frobenius ), : A — Z suitably acting on H} (Z/ST L)

and then reconstructing F' as F” F" -FJ-F,. Here o : SJr — ST maps
t to tP, acts on Q by Frobenlus substltutlon and extends by hnearlty and con-
tinuity. Furthermore, F}, can be computed from an initial F,,(fy) as the solution
to the differential equation

d

G-F, - dt

— " F, - GO(8). (1)

3 Generalities on C,; curves

3.1 Definition and first properties.

Let a and b be coprime integers > 2 and let k£ be any field. An algebraic curve
C/k is said to be C, if it admits a non-singular affine ‘Weierstrass model’

C(x,y) = y* + cpox’ + Z ci vy’ € klx,y] (cp0 #0). (2)
ait+bj<ab

Such a model has a unique, generally singular point at infinity. One can prove
that this point is dominated by a single place P on the non-singular model,
and the pole divisors of x and y are aP and bP respectively. Since a and b are
coprime, this allows us to determine the pole divisor of any function f(z,y) in
the affine coordinate ring A = k[z,y]|/(C). Indeed, using C'(z,y) = 0 one can

write
a—1deg,

=> Z fige'y’,

7j=0 =0

in which no two monomials have the same pole order at P. Hence —ordp(f) =
max{ai +bj|i =0,...,deg, f; 7 =0,...,a—1, fi ; # 0}, and the Weierstrass
semigroup

{—ordp(f)|f € K(C)\{0}} CN

of P equals aN+bN. From the Riemann-Roch theorem it follows that the geomet-
ric genus of C' equals g = (a—1)(b—1)/2. Hyperelliptic curves of genus g having
a rational Weierstrass point are C3 2441, and are therefore special instances of
Cq,p curves.

Let A C R? be the convex hull of (0,0), (b,0) and (0,a). It contains (and
generically equals) the Newton polytope of C(z,y). Then the following property
is a key feature of C, ; curves. One can copy the proof of [3, Lemma 1], replacing
F, and Z, with k and R respectively.

Lemma 1 (Effective Nullstellensatz). Let R be a discrete valuation ring or

a field with maximal ideal m. Let C(x,y) € %[m,y] define a Cqp curve. Let



C(z,y) € R[z,y] be such that it reduces to C(z,y) mod m and such that it is
again supported on A. Then there exist polynomials «, 3,7 € Rlx,y] that are
supported on 24, such that 1 = aC + C, +~vCy. In particular, if C(z,y) was
chosen to be monic in y, it defines a Cqp curve over the fraction field of R.

Here C, (resp. Cy) denotes 0C/0x (resp. 0C/dy).

3.2 Cohomology.

Write A = klz, y]/(C) and suppose first that char(k) = 0. Then in [3], it is shown
that
{z"y*dx|r=0,...,0—-2;s=1,...,a—1} (3)

is a basis for the k-vector space H},»(A/k) = D*(A)/d(A). The proof moreover
gives an explicit procedure to express a differential form w € D*(A) in terms of
this basis: using C'(z,y) = 0 and the exactness of forms of the type d(z"y*), one
immediately sees that H%,R(A/k) is generated by z"y*dx for 0 < s < a. These
generators are totally ordered by —ordp and as long as r > b — 1, each of them
can be rewritten in terms of forms x"y®dx having strictly smaller pole order.
This is because

wrs ="~ Vysd0 —d | 27071 e Y+ Z Jeij aty*t
’ a+s = s+
ai+bj<ab
is exact, and after expanding and reducing mod C(z,y) one can check that its
pole order is determined by the term Ax"y*dx, where

A= <b+(rb+1)ais> cho 7 0.

Therefore, subtracting w, s/ from z"y*dz reduces the pole order. Continuing
in this way will reduce everything onto the basis.

Next, suppose that k = Fy. Let C(z,y) € Z4[z,y] be monic in y and sup-
ported on A, such that it reduces to C(x,y) mod p. Let A' be the weak comple-
tion of A = Zglz,y]/ (C). Then from [3, Lemma 4], it follows that the canonical
map

~ 1A 105t
Hpp(A/Qy) = Z(%) ®Q, — Himw(A/Q,) = Z(;))

® Qq

is an isomorphism, more precisely the above reduction process converges. Since
C is Cyp by Lemma 1, the set given in (3) is a Qg -basis for H},; (A/Qy).
3.3 Families of C, ; curves.

Let k be any field. Let C(xz,y,t) € k[t][x,y] be supported on A and suppose
that the coefficient of y® is 1. Let ¢ 0(t) € k[t] be the coefficient of 2°. Denote



the monic polynomial generating the k[t]-ideal (C, Cy, Cy) Nk[t] by f(t) and let
t(t) = cpo(t)f(t). One can then check that for any ¢y € k, C(z,y,t0) € k[z, 9]
defines a Cyp, curve (in Weierstrass form) if and only if t(¢g) # 0. We will say
that C(z,y,t) defines a (one-dimensional) family of Cop curves if t(t) # 0; the
polynomial t(t) will be referred to as the resultant of the family. Any C(z,y,t)
defining a family of Cy ; curves gives rise to a flat family of smooth curves

k[t y]

) — Spec k[t v(t)71].

Spec

A condition equivalent to v(¢) # 0 is: C(x,y,t) defines a C, p curve over the

function field k(). Indeed, consider the system of equations C' = C, = C, =

zt(t) — 1, where z is a new variable. It has no solutions over k, and therefore
there are polynomials «, 3,7, € k[z,y, z,t] for which

1=aC+ pC, +~vCy + 6(2x(t) — 1).
If ¢(¢) # 0, we can replace z by 1/t(t), to get an expansion
1=d'C+pCr+7'Cy, o, 0,7 €k(t)[r,y]- (4)

Together with ¢, o(t) # 0 this implies that C(z,y,t) indeed defines a C,; curve
over k(t). Conversely, for any expansion (4), f(¢) must divide the least common
multiple of the denominators appearing in o', 5’ and 7' and can therefore not
be zero. Together with ¢ (t) # 0 this gives v(t) # 0.

The above observation allows us to bound the degree of the resultant.

Lemma 2. Let C(z,y,t) define a family of Cyp curves and let v(t) € k[t] be its
resultant. Then degt(t) < (99 +6(a+b) — 1)deg, C.

Proof. Let a, 8,7 € k(t)[z,y] be as in the effective Nullstellensatz (Lemma 1)
applied over k(t). The coefficients of «, 8 and + can be obtained by solving a
system of #(3A N Z?%) equations in 3#(2A N Z?) unknowns. Both numbers are
bounded by 99 + 6(a + b) — 2. Now by Cramer’s theorem, the denominators of
a, (3 and v can be chosen to be the determinant d(t) of some fixed minor matrix
of our system; since d(t) contains f(t) as a factor, deg f(¢) is clearly bounded
by (99 + 6(a + b) — 2) deg, C. Together with degcp o(t) < deg, C, this gives the
desired result.

Lemma 3. Let R be a discrete valuation ring with maximal ideal m and suppose
that C(z,y,t) € (R/m)[t][x,y] defines a family of Coyp curves. Let C(z,y,t) €
R[t][z,y] be supported on A, such that it reduces to C(z,y,t) mod m and such
that the coefficient of y* is 1. Then C(z,y,t) defines a family of Cqp curves
(over the fraction field K of R).

Proof. This follows from Lemma 1, when applied over the discrete valuation
ring R[t]mp[y, i-e. the subring of K'(t) consisting of rational functions that can
be written as a quotient of two integral polynomials whose denominator does
not reduce to zero modulo m.



4 Relative MW cohomology of a family of C, curves

Let C(x,y,t) € F,[t][z,y] define a family of C, , curves. Let C(z, y,t) € Z,[t][z, y]
lift C(x,y,t) such that it is monic in y and again supported on A. By Lemma 3,
C(xz,y,t) defines a family of C, 4 curves over Q,.

Instead of the resultant v(¢) of C(z,y,t), we will work with a possibly larger
polynomial r(t) = ¢, 0(t)d(t), where d(t) is obtained as in the proof of Lemma 2
by linear algebra over the discrete valuation ring Z,[t],z, ;) (see also the proof of
Lemma 3). In particular, d(¢) has p-adic valuation 0 and there exists a completely
integral Nullstellensatz expansion

r(t) = aC + pC; +~C, (5)

where a, 3 and v are supported (in z and y) on 2A and where degr(t), deg, «
deg, 0 and deg, v are bounded by (99 + 6(a + b) — 1)7, with 7 := deg, C(z, y,t).

Let 7(t) be the reduction modulo p. Since (5) is integral, it follows that
C(x,y,t) defines a family of smooth curves over Spec F,[t,7(t) "], so the theory
explained in Section 2 applies. We inherit the notation introduced there, where
for simplicity we drop the lower indices from d; and D;. Below, we give a basis
for Hi v (A/ S(éq) and discuss the action of Frobenius on it. We will intensively
make use of [1] and [3], so the proof-verifying reader should take these references
at hand. The following lemma is easily proved.

Lemma 4. Let f(t,2) € S&q have p-adic valuation v. There is only a finite

number of Teichmiiller elements tq in Zq for which both r(to) # 0 and the p-adic
valuation of f(to,r(to)™1) is > v.

Lemma 5. Let r,s € N with 0 < s < a. Then in DY(A"), a"y*dz can be
rewritten as

a—1b—2 a—1r+b+1
E i ;(t, 2)x'y dx +d g E Bi,j(t,z)x )
j=11i=0 =0 =0

where

1. oy and B, ; are polynomial expressions of degree < (ar+b)(9g+7a+6b—1)T
int, and of degree < ar +b in z;

2. pTay; and p™ B ;i are integral, with m = [log,((r + 1)a + sb)| + 4(a —
1)b[log,(2a —1)].

Proof. One can follow the procedure described in Section 3.2. The factor 1/cp o()
that is introduced in each reduction step can be rewritten as (t( % which is a

polynomial expression of degree at most (99+6(a+b)—2)7in ¢ and of degree 1 in
z. The o j(t, z) are obtained by subsequently (i) expanding z"y*dx — wy s/ A(t)
and (i) consecutively substituting y* — C(xz,y,t) for y* until only monomial



forms of the type z'y/dr with j < a remain, so that one can start over again.
The corresponding operations to compute the §; ;(t, z) are (i) computing

r—(b—1) a a+s + Z jCi,j (t) xistrj

a—i—sy s+7

X
ai+bj<ab

and (i) substituting y* — C'(z, y, t) for y* until only monomial forms of the type
x'y’ with j < a remain. Since there are at most ar+bs—a(b—2)—b(a—1) < ar+b
reduction steps, the degree bounds follow.
The r+b+1 bound on the degree in x in the d(. .. )-part follows from the fact
that all terms that are introduced have pole order < (r — (b —1))a + (2a — 1)b.
The bound on the p-adic valuations follows from the above lemma, together
with [3, Lemma 4].

Corollary 1. {z"y*dz|r=0,...,0—2; s=1,...,a—1} is an S(&q -module basis
of HJI\/IW(Z/S(&Q)'

Proof. Linear independence follows from the corresponding statement in the
absolute case. To see that it is a generating set, note that the above lemma
implies the convergence of the reduction process described in Section 3.2.

Next, we determine the action of the p*" power Frobenius on this basis. To
this end, we construct a Z,-algebra endomorphism F, : At — A (along with
explicit bounds on its rate of convergence) that lifts A — A : @ ~— a”. The
concrete aim is to find polynomials 05,0, € Zg[z,y,t,2] and overconvergent
series W, Z € pZy(x,y,t,2)! such that

x—P(1+ 5, W)
y —yP(1+0,W)
t — tP

2= 2P+ 7

Fp:

(acting on Z, by Frobenius substitution o) extends by linearity and continuity
to a well-defined map A" — AT, i.e. modulo the relations C(x,y,t) = 0 and
r(t)z—1 = 0. Using Newton iteration, the latter relation allows one to determine
Z, which should satisfy 77 (tP)(2? + Z) — 1 = 0. As we are not interested in its
rate of convergence, we move on to the determination of W.

The former relation implies that W should satisfy

H(W) = C (2P (1 + 6,W), yP (1 + 6,W), %) = 0

over AT, We try to find 6, and 0y such that this equation can be solved using
Newton iteration, starting from the approximate solution W = 0. From (5) it
follows that

1 =zaC + z8C, + z7vCy — (r(t)z — 1),



so we can take §, = zPBP and ¢, = 2P+P: indeed, then H(W) = 0 satisfies the
initial conditions for Newton iteration over Af. To find a unique representative
however, we will instead solve

H(W) = HW) — CP + (1P2F — 1 — 2PaPCP)W = 0,

for which these conditions are satisfied over the base ring Z,(z,y, t, z)T.
If we expand H(W) = . hWF, one verifies that the polynomials h €
Zg|z, y][t][2] are supported on

(2k + 1)pA x (xk + 7)p[0,1] x kp[0,1] C R*

where x = max{deg, o, deg, 3,deg, v} < (99 + 6(a + b) — 1)7. This is contained
in (k+1)pA; ., where A; , = 2A x [0, x] % [0, 1]. Proceeding as in [1], we finally
find that 1+ §,W mod p™,1 + 6,W mod p" are supported on 5p(N + 1)4; .,
for any N € N.

Lemma 6. Let F,(t,z) be a matriz of the induced action of F,, on H sy (Z/S&q),
with respect to the basis {x"y*dx|r =0,...,0—=2; s=1,...,a—1}. Then for any
N € N we can represent any entry of F,(t,z) modulo pV as a polynomial of de-
gree < Tp(a+b)(ab+1)(N+0+1)kT int and of degree < Tp(a+b)(ab+1)(N+6+1)
in z. Here k = 9g 4+ Ta + 6b — 1 and 6 is the smallest positive integer satisfying
0 > log, (8pab(a + b)(N + 60 + 1)) + 4ablog,(2a).

Proof. Write p = p(1 + 5(a+b— 2)(N + 6 + 1)). Then one can check that
the differential form x'y’dx is mapped to an expression zP~!fdz, where f is
supported modulo pN*+¢ on pA, . (use that (i,4,0,0) € A;, and that i +j+1 <
a-+b—2). Rewrite the polynomial 27~! f mod p™V*? as Zj;& S o fii(t, 2)ztyd
by subsequently substituting y* — C(z,y,t) for y*. Since there are less than au
substitution steps, this adds at most a7y to the degree in t. Therefore deg, f; ; <
xp +atp = xTp and deg, f;; < p. By pole order arguments, one finds r <
p — 1+ bu. Following Lemma 5, this reduces further to

a—1b—2

xP~ fde = Z Z [t )"y da,

j=114=0

where the congruence is valid modulo p” since the valuations of the denomina-
tors introduced during reduction are bounded by

llog, ((p+ bp)a + (a — 1)b)| 4+ 4(a — 1)b|log,,(2a — 1)] < 6.
Moreover, deg, f; ; < a(p—1)+(ab+1)u+b and deg, f; ; < (a(p—1)+(ab+1)u+
b)k7. One can verify that a(p—1)+ (ab+ 1)p+b < Tp(a+b)(ab+1)(N+6+1).

5 Our deformation algorithm

We follow the strategy explained in Section 2.4, applied to families of the type
considered in Section 4. In this, we aim for two applications: (i) computing the



zeta function of a given C, ;, curve over a given finite field F,, and (%) generating
Cq,p curves having an (almost) prime order Jacobian over a given finite field F,
for given a and b.

As for (i), let Ci(z,y) € F,lz, y] be the C, , curve of interest and let C(,y)
be a C,;, curve defined over the prime subfield F,. E.g. one can take Cq(z,y) =

y® — ¥ + p(z,y) where p(x,y) = 1 if pta,b, and p(x,y) = y resp. ¢(z,y) = =
if p | @ resp. p | b. Then our family of interest is C(z,y,t) = tCy(z,y) + (1 —
t)Co(z,y) and the goal is to compute F,(1) from F,(0) by solving equation (1).

In (ii), we take a ‘random’ family C(z,y,t) € F,[t][z,y] and compute F,(t)
from F,(0) by solving equation (1). Afterwards, we substitute various Teichmiiller
elements #y € Z, until we find a curve with an (almost) prime order Jacobian.
We remark that some special families are unsuited for this application, such as
the supersingular family y* = 2® + tx with ¢ € F, and ¢ = 3 mod 4.

First we compute the polynomial r(¢) as explained in the beginning of Sec-
tion 4. Note that 7(t) contains the actual resultant as an in general non-trivial
factor, so it may accidentally happen that e.g. 7(0) = 0 or 7(1) = 0. We will
assume that this is not the case, i.e. all fibers of interest correspond to non-roots
of 7(t).

Before describing the main steps of the algorithm we define several constants.
As before, 7 = deg, C(x,y,t), and we define p := degr(t), so that p = O(g7).
We will (see [3]) have to compute both F,(¢) and F,(1) modulo p™ with

m = [logp <2 (29) qg/z)—‘ + (g + 1)nglog, a.
g

Let o := (29 — 1)glogpa + ¢ and v := 2¢? log, a + g, and choose ¢ and « as
in Lemma 6, where the accuracy N is now equal to m. Now we define M :=
p(a +b)(ab+ 1)(m + 60 + 1) and ¢ := k7 M + pM + 1. The matrices F,(0) and
G will be computed with p-adic accuracy ¢ := m + (5y + 1)[log, £] + 12a and
all computations are modulo t¢.

5.1 Step I: Computing F,(0)

In all instances, we can reduce to the case where the 0-fiber Cy(z,y) is defined
over the prime subfield F,. Computing the Frobenius matrix of such a curve is
of course easier, but note that we need the Frobenius matrix F,(0) up to a much
higher precision than required for computing the zeta function of C(z,y).

Currently, we use two very basic methods. The first method consists of com-
puting F,(0) using the C,p-algorithm described in [3]. For the basic forms of
the O-fiber suggested above, the action of Frobenius has much nicer properties
than in the general case, thereby circumventing the problem we originally set
out to solve. The second method is more efficient and relies on the extension
of Kedlaya’s algorithm to superelliptic curves [5]. Note that all basic forms sug-
gested in application (i) above fall in the category of superelliptic curves, so the
algorithm of [5] applies. However, the basis used in [5] is different from ours, so
we need to apply a basis transformation obtained by reducing our basis onto the
basis of [5] using the reduction procedure given there.



5.2 Step II: Computing G

To compute the Gauss-Manin connection V, we simply apply Definition 1. For
each basis differential z'y/dx withi =0,...,b—2and j = 1,...,a—1, we rewrite
d(z'yIdz) as ¢; ; A dt to obtain V(z'y/dz) = ¢; ;.

Define 3 = §/r(t) and ' = ~/r(t) with §8,v as in Equation (5), i.e. 1 =
B'Cy ++'Cy mod C(t), then a short computation shows that

d(z'y dz) = 2y ~H(B'Cy ++/Cy)dy A dx = ' jy? (7 dx — B'dy)Cy A dt .

So all that remains to do is to apply the reduction formulae given in Section 3.2
to ztjy? = (v'dx — B'dy)Cy, the result of which gives a column of G.

Note that z'jy/~!(y'dz — 3'dy)C} can be rewritten as h; jdx where h; ; is
supported (in z and y) on 4A. So the pole order is at most 4ab and we can write
hi ; in terms of xkyf with 0 < ¢ < a and 0 < k < 4b. From Lemma 5 it follows
that the entries of G are of degree < (4ab+ b)(9g + Ta + 6b — 1)7 in ¢ and of
degree < 4ab + b in z. The p-adic valuations of the denominators are O(g).

5.3 Step III: Solving the differential equation

We first reformulate the differential equation in a way that ensures that the
coeflicients as well as the solution modulo p™ of the equation are all polynomials,
rather than just rational functions or power series in ¢. From Lemma 6 above, it
follows that K (t) := r(¢t)™ - F,(t) mod p™ has polynomial entries of degree less
than ¢. Let dg(t) € Z4[t] be a factor of some power of r(t) such that dg(t)G(¢)
consists of polynomials. As follows from the end of Section 5.2, we can take
deg dg(t) = O(g°7). Rewriting equation (1) using K (t) gives

dK (t) dr(t)

0% (8 1060) - K@) + K@) (067 07) = 0. )

After multiplying this equation with dg (¢)dZ (t?) we find an equation of the form
A% B+ AKX + Y KB, where A(t) := r(t)dg(t), B(t) := dg(t?),

dr(t)

X(t) := ptP~1dZ(tP)G°(t?) and Y (t) := —Mdg(t) i

—r()da(t)G(?),

all consisting of polynomials of degree bounded by O(g?7). In [7, Theorem 2], it is
explained how to solve this equation for K (t) with precision (p™,t*) respectively
K(1) mod p™, given that the initial precision p°® is large enough. From [3] it
follows that ord,(K(t)) > —glog, a, and as shown in [8, Lemma 18] this implies
that ord,(K~*(t)) > —a. Let C(t) = Y, Cit* and D(t) = >, D;t* be matrices
in Qg[[t]]?9*?9 that satisfy A%< +YC =0, C(0) = I, and 2B + DX = 0,
D(0) = I respectively. Denote with C! and D/ the respective coefficients of ¢’ in
C(t)~! and D(t)~!. As shown in [8, Proposition 20] for C(t) and C(t)~! and in
[7, Section 3.2] for D(t) and D(¢)~! we then have that

ord,(C;), ord,(C}), ordy,(D;), ord, (D;) > —v - [log, (i 4 1)] — 2a.



These properties, together with straightforward estimates on the valuation of A,
A~! B, B~!, X and Y, guarantee that working modulo p® suffices for finding
the correct result modulo p™ as proved in [7, Theorem 2].

For application (#) we now have to compute the Teichmiiller lift {o and
compute F,(fg) = K(io)r(to)~™. Application (i) requires us only to compute
F,(1) = K(1)r(1)~™. As final steps the calculation of the ¢'" power Frobenius
and the characteristic polynomial of Frobenius are needed, but for this we can
refer to Steps 9 and 10 of the algorithm in [1]. The loss of precision in these steps
is easily seen to be at most (g + 1)nglog, a, where n = log,, ¢, so that working
modulo p™ guarantees correctness of the zeta function modulo p to the power

log 2(29) q9/?) |. The latter precision allows us to determine the zeta function
P 9

correctly, as follows from the Weil conjectures, see [3, Section 4].

5.4 Complexity analysis

We will throughout suppose that asymptotically fast arithmetic is used [18]. We

see that m = O(g?nloga) and € = O(g?n). From the analysis in [3] it is clear

that Step I requires both time and space O(g®n?). For Step II and application

(#i) we need to reduce 2g basis elements (each one requiring O(g) steps) and

the objects have size O(gre), whence working over the prime field requires time

O(g°nT). In the situation of application (i) this step needs time O(g°n?7).
Next we need an estimate on

¢ :=max{deg A + deg B,deg A + deg X + 1,degY + deg B + 1}.

From the estimates in Step II we see that ¢ = O(g?7). Now Theorem 2 from
[7] shows that the computation of F,(t) requires time O(((g“c) = O(¢g°T“n?7?)
(with w as an exponent for matrix multiplication, e.g. w = 2.376 [18]) and space
O(lg?e) = O(g°n?7). Note that in the estimates in [7] we have to take n = 1 as
we are working over the field Q.

For application (i) the time requirements are O(£¢g“ne) = O(g°T“n?r?) and
we need O(Cg?ne) = O(g%n?7) space. Finally for the computation of the matrix
of the ¢'" power Frobenius and the zeta function we can follow [1], needing
O((n + g)n?g®) time and O(n%g®) space. Taking the maximum over all these
steps gives the following result for the respective applications:

(i) time O(g*t*“n372) and space O(¢°n27),

(i) time O(g°T“n?72) and space O(gon27).

The complexity in g seems bad but in all concrete examples, multiplication
with p©U°g9) suffices to make the matrices of the p' as well as the ¢'" power
Frobenius integral. If we take this into account, we can remove at least a factor g2.
Moreover, the implementation results below show that the algorithm performs
quite well for relatively high genera.

We note that for the second application, where we compute zeta functions
within families defined over the prime field, it is possible to achieve a time
complexity of O(n?9%67) (where g is fixed) by computing a suitable defining
polynomial for Q,. For more details we refer to Section 6.3 of [8].



6 Preliminary implementation results

In this section, we briefly report on some experiments with application (i),
i.e. with families defined over prime fields, using the computer algebra system
Magma V2.13-14 running on a Pentium IV 2.4 GHz. From a cryptographic
viewpoint, the goal is a curve whose Jacobian order has a prime factor > 2160,
We can achieve this by trying many curves over a suitable field and verifying
whether this condition holds. A consequence is that if we fix a family and vary
the parameter in a field F,, we can consider Steps I, II and the computation of
K(t) in Step IIT as precomputation. The results of our experiments are given
in Table 1. For Step I, we used the algorithm described in [5] in the column
‘G.-G.’, and the algorithm presented in [3] in the column ‘D.-V.". The column
‘Precomp.” accounts for the precomputations other than F,(0), and ‘t/c’ gives
the time required for each curve after these precomputations.

Table 1. Running times (in seconds) and memory usage to compute the zeta function
of a fiber in a family over a prime field

Equation C(X,Y,t) Fpn| 9|G.-G.| D.-V.|Precomp.| t/c|Memory
V34 X4+ X 4+ X34 ¢(XY? 4 1)|2°]3| 6.83] 46.38 379|12.31| 59 MB
Y34+ X5+ X2+t +1 2131 4111.81(261.37 27| 6.94| 43 MB
Y4+ X+ Y + (XY +1) 2276 10.96| 10.45 1080|57.52| 126 MB
Y3+ X7+ 1+tX'Y 220181 2.29| 37.56 25| 7.6/ 60 MB
Y3 - X4 4V +tXY 33713| 2.86| 4.77 10(10.63| 46 MB
Y34+ (t+2)X5+(t+1)Y +¢ 32914| 4.30] 6.22 11| 2.42| 28 MB
Y* - X° 4tXY +tY —1 3%116| 1.64| 21.83 876(77.30/ 102 MB
Y3 - X*+tX%2 4+t -1 52313] 0.75| 7.82 4.5 1.27| 69 MB
Y4— X5 X —t(X+Y) 52|16 9.76| 7.14 4260|77.21|290 MB

These results have to be compared with [3], where, for curves comparable to
the first line in this table, each curve required 5000 to 7000 seconds of computing
time (albeit on a somewhat slower AMD XP 1700+) and 130 to 147 MB of
memory.
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