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Abstract. In this paper we present an extension of Kedlaya’s algo-
rithm for computing the zeta function of an Artin-Schreier curve over
a finite field F,; of characteristic 2. The algorithm has running time
O(g°T log®** ¢) and needs O(g® log® ¢) storage space for a genus g curve.
Our first implementation in MAGMA shows that one can now generate
hyperelliptic curves suitable for cryptography in reasonable time. We also
compare our algorithm with an algorithm by Lauder and Wan which has
the same time and space complexity. Furthermore, the method intro-
duced in this paper can be used for any hyperelliptic curve over a finite
field of characteristic 2.
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1 Introduction

Computing the zeta function of abelian varieties over finite fields is one of the
most important problems in computational algebraic geometry and has many
applications [24], e.g. the construction of cryptosystems based on Jacobians
of curves. The most important systems use elliptic curves as introduced by
Miller [1§] and Koblitz [13] or hyperelliptic curves which were proposed by
Koblitz [I4]. More general, but less practical systems work in the Jacobian of
superelliptic curves [9] and of Cgp curves [1].
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The problem of counting the number of points on elliptic curves over finite
fields of any characteristic can be solved in polynomial time using Schoof’s al-
gorithm [26] and its improvements due to Atkin [2] and Elkies [6]. An excellent
account of the resulting SEA-algorithm can be found in [3] and [17]. For finite
fields of small characteristic, Satoh [25] described an algorithm based on p-adic
methods which is asymptotically faster than the SEA-algorithm. Skjernaa [27]
and Fouquet, Gaudry and Harley [8] extended the algorithm to characteris-
tic 2 and Vercauteren [29] presented a memory efficient version. Recently Mestre
and Harley proposed a variant of Satoh’s algorithm based on the Arithmetic-
Geometric Mean, which has the same asymptotic behaviour as [29], but is faster
by some constant.

The equivalent problem for higher genus curves seems to be much more dif-
ficult. Pila [23] described a theoretical generalisation of Schoof’s approach, but
the algorithm is not practical, not even for genus 2 as shown by Gaudry and
Harley [I1]. An extension of Satoh’s method to higher genus curves needs the
Serre-Tate canonical lift of the Jacobian of the curve, which need not be a Ja-
cobian itself and thus is difficult to compute with. The AGM method does gen-
eralise to hyperelliptic curves, but currently only the genus 2 case is practical.

Recently Kedlaya [12] described a p-adic algorithm to compute the zeta func-
tion of hyperelliptic curves over finite fields of small odd characteristic, using the
theory of Monsky-Washnitzer cohomology. The running time of the algorithm
is O(g°t1og®"® q) for a hyperelliptic curve of genus g. The algorithm readily
generalises to superelliptic curves as shown by Gaudry and Gurel [I0]. A related
approach by Lauder and Wan [15] is based on Dwork’s proof of the rationality
of the zeta function and leads to a polynomial time algorithm for computing
the zeta function of an arbitrary variety over a finite field. Despite its polyno-
mial complexity, the algorithm in its most general form is not practical. Using
Dwork cohomology, Lauder and Wan [16] adapted their original algorithm for
the special case of Artin-Schreier curves, resulting in an O(g°*¢ log®*e q) time
algorithm.

In this paper we extend Kedlaya’s algorithm to Artin-Schreier curves defined
by an equation of the form y*> — 2™y — f(z) = 0 over some finite field F, of
characteristic 2. The resulting algorithm has running time O(g°*< log®*® ¢) and
needs O(g? log® q) storage space for a genus g curve. We have implemented our
algorithm as well as Lauder & Wan’s algorithm in the MAGMA computer algebra
system and present a comparison of the efficiency of both algorithms.

Finally we remark that using the ideas introduced in this paper, we recently
extended Kedlaya’s algorithm to all hyperelliptic curves defined over a finite
field of characteristic 2. More details can be found in the forthcoming paper [5].

The remainder of the paper is organised as follows: after recalling the for-
malism of Monsky-Washnitzer cohomology in Section [2, we show in Section 3
how to extend Kedlaya’s algorithm to the aforementioned Artin-Schreier curves.
Section 4 contains a ready to implement description of the resulting algorithm.
In Section 5, we present running times of an implementation of both algorithms
in MAGMA and compare their efficiency.
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2 Monsky-Washnitzer Cohomology

In this section we briefly recall the definition and main properties of Monsky-
Washnitzer cohomology. More details can be found in the seminal papers by
Monsky and Washnitzer [19)20121], the lectures by Monsky [22] and the survey
by van der Put [28].

Let X be a smooth affine variety over a finite field &k := F, with coordinate
ring A. Let R denote a complete discrete valuation ring with uniformizer =,
residue field R/mR = k and fraction field K of characteristic 0. Elkik [7] showed
that one can always find a smooth finitely generated R-algebra A such that
A/mA = A. To compute the zeta function of X one needs to lift the Frobenius
endomorphism F on A to the R-algebra A, but in general this is not possible.
Note that for elliptic curves, Satoh solves this problem by using the Serre-Tate
canonical lift which does admit a lift of the Frobenius endomorphism. To remedy
this difficulty one could work with the m-adic completion A% of A. But again
we run into difficulties since the de Rham cohomology of A is larger than that
of A. As an example, consider the affine line over F,, so A = R[z], then each
term in Y o0 p"aP” ~ldz is an exact differential form, but its sum is not, since
> ,aP" isnot in A®. The fundamental problem is that the series > ¢° pmaP" =1
does not converge fast enough for its integral to converge as well. Monsky and
Washnitzer solve this problem by working with a subalgebra AT of A%, whose
elements satisfy growth conditions. This dagger ring or weak completion Al is
defined as follows: write A := R[z1,...,zn]/(f1,- -, fm), then

At = R<£E1,...,CCn>T/(f17---7fm)a

where R(x1,...,2,)! consists of power series
{Zaax“ € R[[z1,...,2,]] | 3C,p e R, C > 0,0 < p < L,Va : |ay] < Cpla‘} ,

P— P— [e3 Pp— n 1
where o = (ai,...,ap), 2% = 27" - 20" and |of := Y., o;. Equivalently,
R{x1,...,2,)T can be defined as the set of overconvergent power series, i.e.

elements of R[[x1,...,x,]] which converge in a polydisc
{(z1,...,2n) € K" | |z1| < p1,-- s |zn| < pn}

with all p; > 1. The ring Af clearly satisfies AT /7 AT = A, is weakly complete, i.e.
is equal to its weak completion and is flat over R. A finitely generated algebra
which satisfies these three properties is called a lift of A. One can show that
if A is smooth and finitely generated, there always exists a lift AT of A and
that every lift of A is R-isomorphic to AT. Furthermore, let B/k be smooth and
finitely generated, with lift Bf and let g : A — B be a morphism of k-algebra’s,
then there exists an R-homomorphism G : AT — BT lifting g. The last property
implies that we can lift the g-power Frobenius from A to AT.
For AT we can define the universal module D!(AT) of differentials

ofi
oz,

DY (AN := (AT day + - + AT dxn)/(i Af(

f;
f dry + -+
=1 T

3 dzy)).
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Let Di(A") := A" D(A") be the i-th exterior product of D!(A") and denote
with d; : D*(A") — D"+1(A") the exterior differentiation. Since d; 1 o d; = 0 we
get the de Rham complex D(AT)

0 — D°(A1) &2 D1(At) & D2(AT) 22, D3(AT)..

The i-th cohomology group of D(A') is defined as H'(A/R) := Ker d;/ITm d;_;
and H'(A/K) := H'(A/R) ®p K finally defines the i-th Monsky-Washnitzer
cohomology group. One can prove that for smooth, finitely generated k-algebra’s
A the map A — H*(A/K) is well defined and functorial, which justifies the
notation. Let F be a lift of the g-power Frobenius endomorphism of A to Af, then
F induces an endomorphism F, on the cohomology groups. The main theorem
of Monsky-Washnitzer cohomology is that the H'(A/K) satisfy a Lefschetz fixed
point formula.

Theorem 1 (Lefschetz fixed point formula). Let X /F, be a smooth affine
variety of dimension n, then the number of Fq-rational points on X equals

n

S (-1 (¢"F7HHI(A/K)) -

=0

3 Cohomology of Artin-Schreier Curves over Fan

Let F, be a finite field with ¢ = 2" elements and fix an algebraic closure F,. Let
K be a degree n unramified extension of Q2 and let R be its valuation ring with
residue field R/2R = [F,. The Artin-Schreier curves we will consider are defined
by an affine equation of the form

Co7:v’—amy— f(z)=0, (1)

with 0 < m < g, f € Fy[z] monic of degree 2g + 1 and such that am)? is
non-singular. Let p : C, ( 4) — AY(F,) be the projection map on the z-axis,
then the branch locus of p is empty if and only if m = 0 and consists of the
singleton {0} if and only if m > 0. Without loss of generality we may assume
that f(0) = 0 if m > 0, i.e. that (0,0) is the unique ramification point of p.
Indeed, the isomorphism defined by « +— x and y — y + ?(0)1/2 shows that we
can replace f(z) with f(x) — f(0) + 2™ f(0)'/2, which clearly is divisible by z if
m > 0. Note that since C, 7 is non-singular we have 7 (0) #0.

Let H,,(z) be defined as HO( ):=1and H,,(x) := z form > 0, i.e. H,,(0) is
zero if and only if the point with z-coordinate 6 ramifies. Let éin,? be the curve
obtained from 6m7? by deleting the support of H,,(x). Then the coordinate ring
of T, 7 is given by A, 7 := Rl y, (Hu(2)) 1)/ (y? — ™y — T(@)).

Take any lift f € R[x] of f, with the restrictions that f should be monic and
of degree 2¢g+1 and that f(0) = 0 for m > 0. Let Ho(x) := 1 and H,,(x) := z for
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m > 0 and let C, ; be the curve obtained from Cyp, 5 : cy? —a™y — f(x) =0 by
deleting the support of H,,(z). Note that the point (0,0) still is a ramification
point on Cy, r, which explains why we need the extra restriction on f if m > 0.
The coordinate ring of C),  is A, ;= Rlz,y, (Hu(2x)) "'/ (y* — 2™y — f(x))
and there exists an involution 2 on A,, ; which sends x to x and y to —y + ™.

Let AJr s be the dagger ring of A, r. Using the equation of the curve we can
always represent elements of AJr  as a series Zl__oo(al +byy)x! with a;,b; € R.
If m = 0 then all a;, b, with [ < 0 are zero. Furthermore, the growth condition
implies that there exists some real numbers ¢ and € > 0 such that ve(a;) > €-|l|+6
and va(b) > e- |l + 1|+ 0.

Lift the p-power Frobenius & on F, to the Frobenius substitution ¢ on R. We
extend o to an endomorphism of A:rny 7 by mapping x to 2?2 and y to y°, with

(yJ)Z — 2?™y? — f(x)° =0 and y° = y* mod 2.

Using Newton iteration we can compute the solution to the above equations as
an element of the 2-adic completion of A, ¢, but it is not immediately clear
that there exists a solution in A . The existence of such a solution follows
immediately from a theorem by Bosch [4], but since we need an explicit estimate
of the rate of convergence, we prove the following lemma.

Lemma 1. For k > 1, let Wi(z,y) := ZQ:L;C ajz! + Z?:Ichk bizly € Ay
satisfy
Wi(z,y)? — 2™ Wy (x,y) — f()° =0 mod 2% and Wy,(x,y) = 3 mod 2

with aa, #0,bp, #0,a_r, #0 orb_r, #0 and such that a; = 0 or va(a;) < k
for =Ly <1< Ag and by =0 or va(by) < k for —Ly <1< By. Then the degrees
Ay, By and Ly can be bounded for k > 2 as

A <2(k—1)(deg f — 2m) + 2m,

By < 2(k —2)(deg f — 2m) + deg f —m, (2)

Ly <2(k—=1)(2m) — 2m.

Proof: An easy calculation shows that Wi(z,y) = f(z) + 2™y and
(f(@)* = f@)7) +2*"f(2) y%mf(x) + 27

x?m x2m

W2($7y) =

)

so that W5 indeed satisfies the lemma.
Newton iteration on Y? — 2?™Y — f(z)? = 0 gives

W2 — z®™ Wy, — f(x)° k We — f(z)°
) +1 = k
2W,, — x2m mod p2m

Let ag(x) = ZﬁiLk aiz!, Br(z) = Zlekak bzt such that Wy, = oy + Bry.
Note that W, = Wi_1 mod 271, so we can define

2k+1

VVk+1 L@% mod

Br(x) — Br—1(x)

2k—1 ’

a(x) — ag—1(x)
ok—1

Agp(z) = and Agp(z) ==
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for k > 1 with A, o(x) := Ag,o(z) := 0. It is clear that W}, can be written as
Wi =201 +2000+  +2" 1Ay +y (Apg + 2452+ -+ 281 A5 4) .

Plugging this into the Newton iteration gives the following equation

P Wigr= Y 2N (A Aag + (f(@) +2™y) Agidsy) — f(z)+
S

y > 2TTNAL A+ Y 2207 (AL 4 (f(x) + 2My)AP,) mod 28T
i+j—1<k+1 2(i—1)<k+1

Since deg An,; < A; and deg Ag; < B;, we get that Ay4q is less or equal than

max (degf ,i+rjn<a}§<+2(Ai +A;,B;+ Bj +deg f),

2{2;}313(214“ 2B; + deg f)) —2m.

Using the bounds given in @) for A; and B; we see that Ap41 also satisfies the
bounds ([2)). Note that we have to take into account the values for deg A, = deg f
and deg Ag, = m since these do not satisfy the bounds (), but this does not
cause any problems. A similar reasoning for Bji; and L4 shows that these
also satisfy the given bounds. 0 Remark. If we want to compute

an approximation Wy (z,y) of y° modulo 2%V for a certain precision N, then the
total degree Ax + Ly of the Laurent polynomials is bounded by 2(N — 1) deg f.

The above lemma indeed shows that we can lift the g-power Frobenius F to an
endomorphism F' on the dagger ring Ajn, i it suffices to take F' := ¢™. Before we
can actually compute the zeta function using the Lefschetz fixed point theorem,

we need to determine a basis of the K-vectorspace H 1(Zm77 /K).

We first prove that z'y dx with i = 0,...,2¢g—1, and d—f if m > 0, form a basis
for the algebraic de Rham cohomology H} (A, r/K) of Ay, p. The extra 4
for m > 0 is caused by the fact that we removed the point (0,0) from the curve
Cm, ¢ Every element of H} 5 (A, r/K) can be written as a linear combination of
differentials of the form z*y' dx, 2*y' dy with k € Z, | € N and k > 0 if m = 0.
Using the equation of the curve, we can reduce to the case [ = 0 or 1. Since
d(z*y) and d(z*y?) are exact, we conclude that HL (A, /K) is generated by
differentials of the form z'y dx with i € Z (i € N for m = 0) and dm—z if m > 0.

Rewriting the equation of the curve as (2y — 2™)? = 4f + 2*™ and differen-
tiating gives the equality (2y — 2™) d(2y — 2™) = (2f" + maz?™~1) dx. For all
k > 0 we therefore have

2R (2f + ma®™ ) (2y — ™) dx = 2F(2y — 2™)? d(2y — z™)

k
= —gxk_l(Qy — ™) dx (3)

—gxk_l(élf + 2%™)(2y — 2™) du,
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where = means equality modulo exact differentials. Thus we conclude that
[2"(2f" + ma?™ 1) + Egk=1(4f + 22™)] y dz is exact. The polynomial between
brackets has degree 2g + k and non-zero leading coefficient 2(2g + 1) + 4% # 0.
A similar argument for & = 0 shows that (2f'+ma?™~1)y dx is exact and clearly
has degree 2g in z. With these formulae we can express 2297%y dz for k > 0 as
a linear combination of x'y dr with 0 <i < 2g.

For m > 0 and k£ < 0 the formulae [3 are still valid, but now the conclusion
is that [2F(2f" + ma®™ 1) + Eah=1(4f 4+ 22™)] y do + B9 is exact for some
suitable element § € K. The Laurent polynomial between brackets has valuation
at zero k, since f(0) = 0, but f/(0) # 0. The term z* has coefficient 2f"(0)(1+2£)
which clearly is different from zero, since f/(0) # 0. Therefore we can express
all differentials of the form 2*y dz with k < 0 as a linear combination of z'y dx
fori=0,...,2g — 1 and xlfm>0.

A consequence of Lemma Bl will be that all these differential forms are lin-
ear independent and thus form a basis for the algebraic de Rham cohomology
H} g (A, t/K). To show that this is also a basis of the Monsky-Washnitzer coho-
mology H'(A f/ K), we need to bound the denominators which are introduced
during the reductlon process. Therefore we prove the following two lemmata.

Lemma 2. Let A := R[z,y]/(y* — 2™y — f(z)) and suppose that
2g—1
"y dx = Z a;x'y dz + ds, (4)
i=0
with r € N, a; € K and s € A® K. Then 2°,; € R, 255—6 € A, where
¢ =34 |logg(r+g+1)], d =1+ c+ [logy(2g+m)] and B some suitable

element in K.

Proof: The proof has two distinct parts. The first part is similar to Kedlaya’s
argument in [I2, Lemma 3], and is based on a local analysis around the point at
infinity of the curve Cy, ¢. Put t = 29 /y, then one easily verifies that

o0 oo
p=t2 (14 oyt? | y=t"2"1 1+ gt |, (5)
=1 Jj=1
with a;,3; € R. To see this, put z = 1/, rewrite the equation of the curve
Cp g as z— 297 ™ 1222941 £(1/2) = 0 and write z as a power series in ¢ using
Newton iteration. The relation () can be rewritten as
2g—1
2712 (2y — 2™) da = Z 27 a2t (2y — ™) dx + dS, (6)

with S € A® K. Considering the involution of A which sends z to z and 2y —z™
to —(2y — 2™), we see that we can write S = Zivzo Azt (2y — ™), with N big
enough and A; € K. This yields

2g—1

QCfle(Qy—xm)dm—Z 2¢ a2y —a™) dx = d <ZA:E (2y — 2™ )) (7)

=0
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In the above equation we express x and y in terms of ¢ using equalities (5). Since
iy =1t72729-1 4 ... we get 2(2y — 2™) dw = (—4t72172974 1 ...) dt, which
yields

N
> ythdt=d (Z 24,(t727297 4 ) — A, (T )) ,
=0

j=— max(2r+2g+4,69+2)

with 7; € K for all j and v; € R when j < —2(2g —1) — 29 —4 = —6g — 2.
Integrating with respect to ¢ and dividing by 2 gives

Z ,y]tjizAtm 2gl

j>— max(2r+2g+3,6g+1) =0 =0

Al 2i— 2m
S ) )

Mz

with v; € K for all j and 7; € R when j < —6g — 1. Indeed the integration
process introduces denominators which become integral after multiplication with
2Uog(2r+29+2)] — 9¢=2 if > 29 — 1. A first consequence of (§) is that 4; = 0
for all ¢ > max(r + 1,2g). We claim that (8) implies that A4, € R for all i > 2g.
Suppose the claim is false. Then let i be the largest integer with ig > 2¢g and
A;, € R. Note that —2ip —2g—1 < —6g — 1, since iy > 2g. Hence the monomials
in the left hand side of (B) with degree < —2iy — 2g — 1 have coefficients in R.
Moreover the monomials of degree < —2iy — 2g — 1, in the first sum in the right
hand side of (B) also have coefficients in R, but this is false for the monomial of
degree —2iy —2g — 1. Hence the second sum in the right hand side of (§) contains
a monomial of degree —2iy — 2g — 1 whose coeflicient is not in R. That means
that there is a maximal 47 with A;, /2 € R and —2i; — 2m < —2ip — 29 — 1.
Because of parity we have that —2¢; —2m < —2¢5 —2g — 1. Hence the right hand
side of (B) contains a monomial of degree —2i; — 2m < —2iy — 2g — 1 whose
coefficient is not in R. But this contradicts what we said about the left hand
side. This finishes the claim that A; € R for all i > 2g.

We now turn to the second part of the proof. Note that (2y — 2™)2? = v(x)
with v(z) = 4f + 2>™. Moreover, d(2y — ™) = 2;”7(";% dx, where w(z) :=
2f" +ma?m 1. We will use these formulae to deduce from () a relation which

m

does not involve y. For this purpose we multiply ([d) with 2“’ z

obtaining

2g—1

N N
2¢ " y(x) — Z 2¢ g xtu(z) = ZAiixi_lv(m) + ZA,xlw(x)
=0 i=0

=0

We rewrite this in the form

(Z 261%331') v(z) + (Z Aiil‘il> v(z) + (Z Aﬂi) w(z) = F(z), (9)
i=0 =0 =0

where

F(z) =2 a"v(zx) — Z Agiz' o(x) — Z Ax'w(z) (10)

i=2g+1 i=2g+1
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is a polynomial over R, since A; € R for all ¢ > 2g. To get rid of the disturbing
factor 2 in the definition of w(z), we consider u(z) := 3(zw(z) — mv(z)) =
zf’ —2mf. We rewrite (@) in such a way that w(z) gets replaced by u(x):

(Zg(QC Yai 1 +iA; +mA;) ) (Z 2A;x ) =zF(z), (11)

i=0

with the convention that a_; = 0. We consider ({d]) as a linear system of 4g + 2
equations in the unknowns 2°~'a;_; + i4; + mA; and 2A4; for i = 0,...,2g.
The determinant of this system is the resultant Res(v,u) of uw and v, because
degv(z) = degu(z) = 2¢ + 1. Since the leading coefficient of u is a unit, we
have Res(u,v) = unit -J[, 4o v(6), where 0 ranges over all roots of u in the
algebraic closure of K. All these roots 6 have non-negative valuation.

Suppose first that m = 0. Then Res(u, v) is a unit in R since v(0) = 4f(0)+1
is a unit for each root 6 of u. The determinant of the system being a unit, we
conclude that 24, and 2°"'a;,_; +1A4; + mA; are in R for i = 0,...,2g. Hence
2¢a; € R and 25 € A. So for m = 0 the lemma then follows directly from (@).

Suppose now that m > 1. The restrictions on f imply that f(0) = 0 and
f'(0) # 0 mod 2. Hence 0 is a common zero of v and v and Res(u,v) = 0.
From (I0) it follows that F(0) = 0, hence Ay = 0 by (@), since w(0) = 2f/(0) # 0.
We now consider (II) divided by x? as a linear system of 4g equations in the
unknowns 2 'a;_; + i4; + mA; and 24, for i = 1,...,2g. The determinant of
this system is the resultant Res(%, £). Let 6 be a root of u/x = f(x)-2mf(z)/x,
then 6 has valuation zero since f’( ) # 0 mod 2. Hence v(6) = 4f(0) + 6°™ is a
unit. Thus Res(Z, %) is a unit and both 24; and 2¢ba; 1 +iA; + mA; are in R
for i =1,...,29. We now continue as in the case m = 0. This ends the proof of
the lemma. ]

Remark. Lemma PJremains valid when we replace 220" by 32291 whenever
r > k € N. The proof is the same, except that we also have to show that A; =0
for all ¢+ < k. This follows from (]Z[) by a local analysis at a point on the curve
with x = 0.

Lemma 3. With the above notation and m > 0, suppose that

2g—1
z "y dr = Z a;xty dx + bd?x + ds, (12)
i=0

where r € N, a;,b € K and s € Ap, s ® K. Then 2°a; € R, 2°be R, 2s— B e
Ap g, with ¢ =3+ [logy(r + 1), ¢ =14 c+ [logy(29 +m)] and B € K.

Remark. Actually one can take ¢ = 3 + |logy(r — 2)| when r > 3 and ¢ = 0
when 0 < r < 2.

Proof: The proof again consists of two distinct parts. The first part is similar
to Kedlaya’s argument in [I2] Lemma 2] and is based on a local analysis around
the ramification point (0,0) on the curve. In the completion of the local ring of
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the curve at (0,0) we can write

=y + Y %y, (13)
j=3

with ; € R and ~; a unit in R. Indeed, to see this use the equation of the curve
and the conditions f(0) = 0, f/(0) # 0 mod 2, to express = as a power series
in y using Newton iteration.

Considering the involution as in the proof of Lemma [2, we can transform
relation (I2)) to the form

2g—1

2717 (2y — ™) dw—ZQC laa'(2y — 2™) do = d (ZASU (2y — 2™ )),

with NV and M large enough integers. Using the expansion at infinity given by
the formulae (B) in the proof of Lemma 2] and substituting them in the above
equation, one verifies that we can take M = 2g.

Expressing z in terms of y using (I3)) and dividing by 2 we obtain

S oAy dy =

§>—2r42

294 _
Z Ay ) —d( Y §(7§+my2”2m+“-)),
i=—N

with 77 € K for all j and v; € R when j < 0. Integrating the left hand side of
this equation with respect to y yields a series whose terms of degree < 1 have
coefficients in R. Thus the same argument as in the proof of Lemma [2 shows
that A; € R for all ¢ < 0. Moreover if r = 0, then A; = 0 when ¢ < 0. This
terminates the first part of the proof.

We still have to proof that 2¢a; € R for i = 0,...,2¢9 — 1 and that 24; € R
fori =1,...,2g. This follows by the same argument as in the second part of the
proof of Lemma 21 However, in the present situation Ay might not be zero, but
we proved already that Ay € R. Therefore we bring the terms which contain A,
to the other side in equation () from the proof of Lemma [ This then ends
the proof of Lemma [3] O

Remark. Lemma Blremains valid when we replace 379" by 3271 * whenever
r > k € N. The proof is exactly the same.

Remark. If r = 0, then in the above proof the A; are zero for all i < 0, and for
0 <i < 2g—1 the a; are completely determined by (I]) as we saw by considering
resultants. This shows that the 'y dx for i = 0,...,2¢9 — 1 and d’” are linearly
independent in Hpp(Am, /K).

Lemma 2 and [3 show that the basis for H} 5 (A, 5/ K) is a generating set for
H'(A,, 7/K), since the reduction process converges. Indeed, for apa®y € Am y
the valuation of ay, grows as a linear function of |k|, while the valuation of the
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denominators introduced during the reduction of ayz*y dx are only logarithmic
in |k|.

The Monsky-Washnitzer cohomology H (A4, m 7/ K) is the direct sum of the
r-invariant part H'(A m +/K)T on which 1 acts trivially and the z-anti invariant
part H'(A f/K) on which 2 acts by multiplication by —1. Note that d” is a

basis for the invariant part H'(4, + 7/ K )t for m > 0 and the Frobenius acts on
it by multiplication with gq. Hence for m > 0 the Lefschetz fixed point theorem
yields

#C,, 3(F ) =1+ #C,, 7(Fe)

—1+Tr (q’“F{’“\HO(ij/K)) fTr( Rk (A mf/K)>

o )
_Tf( CPCMHY (A, 7/K)T )
qu—Tr(kF “IH (A, 7/K)" )

Let ém 7 be the unique smooth projective curve birational to 6m 7> then
29
#Cp 7 (Fyp) = a" +1=Tr (P H (A, 3/K) ") =¢" + 1= al,

where «; are the eigenvalues of ¢F, ! on H'(A m.F +/K)~. By the Weil conjectures
there exists a polynomial x(t) € Z[t] of the form 29 + a1t?9™! + .-+ + agg,
whose roots ﬂl,...,ﬁgg satisfy BiBgyi = q for i = 1,...,9, |Bi] = \/q for i =

.,2g and #C’ 7(Fgr) = @ +1- Z L BF for all k > 0. This implies that
we can label the ﬁ S such that a; = 3; for i =1,...,2g. Since oyogq; = q,
the a; are also the elgenvalues of F, on H*(A T / K ) It is well known that

the zeta function Z(C ' 7/Fqit) can be written as Z(C mF/Fait) = %

Therefore, it is sufficient to compute x(t) as the characteristic polynomial of F,
on HY(A m /)7

4 Detailed Algorithm and Complexity

Using the results of the previous section, we describe an algorithm for comput-
ing the characteristic polynomial of Frobenius x(t) and the zeta function of a
smooth projective Artin-Schreier curve Cm,? of genus g over F, with ¢ = 2. We
have shown that we can compute x(t) = t?9 + a1t?9~! + - + ag, as the char-
acteristic polynomial of F, on H'(A mF +/K)~. The Weil conjectures imply that

¢ a; = a2g4—i, so it suffices to compute a1, ..., a4, and that for i =1,..., g the
a; can be bounded by

|a/74‘ < (2 >q1/2 < (29>qg/2 S 22gqg/2.
g g
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Thus to determine the zeta function, we have to compute the action of F, on a
basis of H'(A j/K) modulo 28 with B > [1og2 (2(2g9)q9/2)—‘. However, we
need to take into account the loss of precision caused by the reduction process.

Combining Lemmata 1-3 one can prove that it is sufficient to compute with
a precision N which satisfies N — 3 — |log,(2N deg f + ¢g)| > B.

Algorithms 1-3 contain a detailed description of the most important subrou-
tines of our algorithm. The function Artin_Schreier_Zeta Function essentially
computes an approximation M of the matrix through which the p-th power
Frobenius acts on a basis of H'(A m7/K)~. The function Lift_p Frobenius_y
computes a sufficiently precise approxunatlon of 7 using a Newton iteration on
the equation Y2 —22mY — f(2)° = 0 and Series_Invert computes the inverse of
an invertible element of Ajn’ 7 up to precision N. In step 4 of Algorithm 1 we call
Reduce MW_Cohomology to express a differential Gy dz with G € R[z,z~!] on a
basis of H'(4, 7/K)~. The result of this function is a polynomial S € K[z], with
deg S < 2g such that for a given precision B we have the following equivalence
modulo exact forms and invariant forms G(z,27 1)y dz ~ R(z)y dz mod 27,
where mod 2P means modulo 28(Ry dx + -+ + Rz?9~1y dz). Once we have
found the matrix M, we compute Norm(M) = M M? - - M°""" which is an ap-
proximation of the action of Frobenius on H'(A4,, /K ) Finally, we determine

its characteristic polynomial with precision {log2 (2 (Qgg) q9/ 2)-‘ and recover the

characteristic polynomial of Frobenius x(t) from the first g coefficients. Note
that M is not necessarily defined over R, so we have to increase B if necessary
to obtain the desired precision.

The complexity analysis of the algorithm is similar to Kedlaya’s algorithm
in [T2, Section 5], except that in our case the reduction takes O(g>T¢n3%¢) time
instead of O(g*ten37¢) time. A detailed complexity analysis can be found in [5],
which proves that the zeta function of a genus g Artin-Schreier curve 5m,? over
a finite field F;, with ¢ = 2" elements, can be computed deterministically in
O(g°Ten3*+¢) bit operations with space complexity O(g3n?).

5 Implementation and Numerical Results

In this section we compare the efficiency of our algorithm with an algorithm by
Lauder and Wan [I6], which also runs in O(g°T*n37¢) bit operations and needs
O(g3n3) storage space. As far as we know, Lauder & Wan’s algorithm has not
been implemented before.

Table [l presents running times of our algorithm and Lauder & Wan’s algo-
rithm for genus 2 and genus 3 Artin-Schreier curves over various finite fields of
characteristic 2 obtained on a Sun UltraSparc IIT 600 MHz running Solaris 5.8

and MAGMA V2.8-1. In these examples we have taken B = [10g2 (2 (2gg) qg/Q)—‘

and the results were verified by checking the group order of the Jacobian.
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Algorithm 1 (Artin Schreier_Zeta Function).

IN: Artin-Schreier curve 6mj over B, given by equation y*> — 2™y = f(x).

OUT: The zeta function Z(C,, 7/Fq;t).

1. Compute N € N with N — 3 — |log,(2N deg f +g)| > B;
2. f =T = J(0) +4/F(0)z™; f = R[] « f mod 2";

3. an(z), Bn(z) = Lift_p_Frobenius_y(m, f, N);
4. For ¢ =0 To 29 — 1 Do
4.1. Red;(x) = Reduce MW_Cohomology (22> "' Bn(z), m, f, B);
4.2. For j =0 To 29 — 1 Do M[j][i] = Coeff (Red;,j);
5 Normpy = MM? - ~~M"7171 mod 2B;
6. x(t) = Characteristic_Pol(Normys) mod 2B.
7. For ¢ =0 To 2 = g Do
7.1. If Coeff(x,2g — 1) > (QZg)qi/Q Then Coeff (x,2g — i) — = 27;
7.2. Coeff (y,1) = q? % Coeff(x,2g —i);

8. Return Z(émj/ﬂ?q;t) - %.

Algorithm 2 (Lift_p Frobenius_y).

IN: Artin-Schreier curve Cp, s over R and precision N.
OUT: an, By € Rlz,z™ "] with v° = an(z, 2™ ") + Bn (2,27 ")y mod 2.

1. If N =1 Then an = f(z); By = 2™;
2. Else
2.1. N' = [§];
2.2. ans, By = Lift_p_Frobenius_y(m, f(z), N');
2.3. yn,0n = Series_Invert(l — W,m,f(z),N);
2.4. un = —an + 2™ (% + 8% f(x) — f(z)°) mod 2V;
2.5. un = =By + 27 (2an Bnr + B3:2™) mod 2V ;
2.6. an = an’ + unyN + vnIn f(x) mod 2N,
2.7. Bn = Bnr + undn + vn(yn + dnz™) mod 2V ;

3. Return an, On.
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Algorithm 3 (Reduce MW_Cohomology).

IN: Artin-Schreter curve Cp, s, precision B and element G € R[ﬂc,x_l].
OUT: S € K[x], with deg S < 2g such that Sy dz ~ Gy dx mod 25.

1. Compute N € N with N — 3 — |log,(2N deg f + g)] > B;
2. D =Degree(G); V = Valuation(G); T = G;
3. For t =D To 2g By —1
8.1. P=a"9(2f +ma® ") + 222" 297 (Af + 2®™) mod 27;
3.2. T =T — (Coeff (T,i)-P)/(2(2g + 1) + 20529} mod 27;
4. For i =V To —1
41 P=2"2f + ma®™ ) + L2 T (4f + 2°™) mod 27;
4.2. T =T — (Coeff (T,i)-P)/(2(1+ %) f'(0)) mod 2";
5. Return S = T mod 25.

Table 1. Running times for genus 2 and genus 3 Artin-Schreier curves over Fan of
Denef-Vercauteren (D-V) vs. Lauder-Wan (L-W) algorithm.

Genus 2 curves Genus 3 curves
Field Size|Time D-V (s)|Time L-W (s)||Field Size|Time D-V (s)|Time L-W (s)
13 bits 2.7 6.0 11 bits 7.0 24.3
23 bits 12.9 22.9 17 bits 29.6 85.1
37 bits 93.5 141 23 bits 76.2 219
47 bits 178 259 31 bits 189 501
59 bits 347 465 41 bits 663 1231
71 bits 983 973 47 bits 1067 1773
83 bits 1207 1493 59 bits 1724 3156

6 Conclusion

We have presented an extension of Kedlaya’s algorithm to Artin-Schreier curves
over finite fields of characteristic 2. The resulting algorithm runs in O(g°+en3+¢)
bit operations and needs O(g3n?) storage space for a genus g curve over Fan.
The ideas presented in this paper can also be used to devise an algorithm for
computing the zeta function of an arbitrary hyperelliptic curve over a finite field
of characteristic 2 as shown in [5].
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