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Abstract. In this note we report on the computation of discrete loga-
rithms in Fp18 with p = 370801 using a simple Magma implementation
of the algorithm described in [2], which itself is based almost entirely on
work by Gaudry [1].

1 Introduction

As described in [4] the subgroup of F×p18 where the DLOG is hardest, is given by
the subgroup of order Φ18(p) with Φk(x) ∈ Z[x] the k-th cyclotomic polynomial.
Note that this subgroup coincides with the Fp-rational points on the torus T18

as described in [5]. Furthermore, it is easy to see that T18(Fp) ' T6(Fp3), so the
algorithm described in [2] applies.

2 Field Definition

Let p = 370801, then Φ18(p) = 2599234005750250987747421240792401 is a 112-
bit prime. Furthermore, the smallest finite field in which T18(Fp) embeds is Fp18

and q = p18 has 334 bits or 101 digits.
The field Fp18 was constructed in three steps:

1. Fp3 ' Fp[t]/(t3 − 2)
2. Fp6 ' Fp3 [x]/(x2 − 11)
3. Fp18 ' Fp6 [y]/(y3 − t)

We then obtained a rational parametrisation for T6 as described in [5][Section
5.1], which in our case is given by:

ψ :A2(Fp3)→ T6(Fp3) :

(v1, v2) 7→
u1(v1, v2) + u2(v1, v2)y + u3(v1, v2)y2 + w(v1, v2)x
u1(v1, v2) + u2(v1, v2)y + u3(v1, v2)y2 − w(v1, v2)x



with

u1(v1, v2) = 370795t v1v2 + 35491t2 v1 + 35491t2 v2 + 370795

u2(v1, v2) = 35491t2 v2
1 + 370789 v1 + 35491t

u3(v1, v2) = 35491t2 v2
2 + 370789 v2 + 35491t

w(v1, v2) = 370795t v1v2 + 6

As generator for T18(Fp) we chose

g =((99533t2 + 77764t+ 258735)x+ (16278t2 + 107405t+ 42651))y2

+ ((63204t2 + 318389t+ 102595)x+ (221686t2 + 22009t+ 297817))y

+ (119543t2 + 276536t+ 129496)x+ 178376t2 + 21131t+ 333010 .

3 Computing DLOGs

The algorithm used is described in detail in [2] so we will not repeat it here.
The factor basis we chose consists of elements of the form ψ(α, 0) with α ∈ Fp.
For random k ∈ Z/(Φ18(p)Z) we then tried to write gk as product of 6 distinct
elements in the factorbase. If gk indeed decomposes as gk =

∏6
i=1 ψ(αi, 0), we

obtain the relation
6∑

i=1

logg(ψ(αi, 0)) = k .

As shown in [2] the probability to obtain a single relation is 1/6! = 1/720,
which implies that on average we find a new relation every 720 trials.

Once we have generated more than p relations, we can solve for the correct
DLOGs using linear algebra modulo Φ18(p).

To obtain the DLOG of a random element h ∈ T18(Fp), we simply generate
random powers hk and try to decompose this over the factor base. Again, we
expect to need about 720 trials to succeed. Once the DLOGs of the factor base
elements are computed, computing an individual DLOG is therefore extremely
fast.

4 Experimental Data

4.1 Relation Collection

The relations were generated by the second author using a simple Magma pro-
gram that implements the algorithm described in [2]. Since this process is triv-
ially parallelizable, the relation collection phase was distributed over 10 AMD’s
Athlon(TM) XP 2000+ running Debian Linux 2.4.22. After slightly less than
one week of computation, we obtained 411719 relations. The total CPU time
spent on the relation collection is about 600 MIPSY. Note that the sieving step
of the GNFS to compute DLOGs in Fp with p a 100-digit prime as reported by
Joux and Lercier [3] took about 300 MIPSY.
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4.2 Linear Algebra

The linear algebra problem was solved by the first author on a unique 1.15 GHz
16-processor HP AlphaServer GS1280 computer.

In order to find the fastest way to solve this type of problem, we considered
three matrices:

– the matrix without SGE, that is 385005× 370004 with 2310030 entries
– the matrix after a normal SGE, that is 183619×182618 with 3862117 entries
– the matrix after a heavy SGE, that is 128684×127683 with 17760811 entries

Then the time needed with 1, 2, 4, 8 or 16 processors was measured.

Table 1. Timings (hours) on 1.15 GHz 16-processors HP AlphaServer GS1280 com-
puter

SGE 1 proc 2 proc 4 proc 8 proc 16 proc

none 166h 140h 84h 41h 30h
normal 56h 45h 24h 13h 11h
heavy 75h 60h 30h 15h 12h

The speedup obtained after increasing the number of processors is not very
good. This is mainly because the matrix is very sparse and the modulus is also
rather small. Therefore the amount of communication is quite high.

4.3 Individual Discrete Logarithms

Our experiments show that the probability of obtaining a relation is in fact
somewhat higher than the expected 1/720, namely 1/710. The time taken for
one decomposition trial was about 198 ms. Therefore, the total average time to
compute the DLOG of a random element of T18(Fp) is only 14 seconds, which is
very fast compared to the timings obtained by GNFS.

5 Future Work

It is clear that many improvements are possible, mainly in the decomposition
phase. Indeed, for each decomposition trial we need to solve a system of non-
linear equations using Gröbner basis techniques. Currently, the algorithm does
not learn anything from decompositions already performed, which is clearly sub-
optimal.

In the near future we will optimise the decomposition step to take this in-
formation into account, experiment with different forms of factor bases and try
different large prime variations.
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