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ABSTRACT

We present a method for estimating the global uncertainty of epipolar geometry with applications to autonomous
vehicle navigation. Such uncertainty information is necessary for making informed decisions regarding the confi-
dence of a motion estimate, since we must otherwise accept the estimate without any knowledge of the probability
that the estimate is in error. For example, we may wish to fuse visual estimates with information from GPS
and inertial sensors, but without uncertainty information, we have no principled way to do so. Ideally, we would
perform a full search over the 7-dimensional space of fundamental matrices to yield an estimate and its related
uncertainty. However, searching this space is computationally infeasible. As a compromise between fully repre-
senting posterior likelihood over this space and producing a single estimate, we represent the uncertainty over the
space of translation directions in a calibrated framework. In contrast to finding a single estimate, representing
the posterior likelihood is always a well-posed problem, albeit an often computationally challenging one. Given
the posterior likelihood, we derive a confidence interval around the motion estimate. We verify the correctness of
the confidence interval using synthetic data and show examples of uncertainty estimates using vehicle-mounted
camera sequences.
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1. INTRODUCTION

Estimation of the relative orientation between two images is an extensively researched subject in computer vision.
Many methods have been proposed and the state of the art is now quite elaborate and mature. In our view, the
main requirements on an estimation method are that it

e Is accurate (both locally and globally)

e Is robust

e Is computationally efficient

e Can exploit all constraints, exact and approximate

e Gives a truthful uncertainty estimate (local and global)

It is widely accepted that accuracy is best achieved with iterative refinement, called bundle adjustment,' ac-
cording to a cost function that is derived from a realistic model of the problem. However, bundle adjustment is
dependent on an initial starting point and only achieves what we refer to as local accuracy, which is the ability
to precisely pinpoint a local minimum of the cost function. Perhaps even more important and challenging in
computer vision is to, insofar as possible, achieve global accuracy, which is the ability to reliably locate the global
minimum of the cost function.

Robustness is achieved by using an appropriate data model that includes data distortions and outliers. Com-
putational efficiency is always desirable, although the requirements are more stringent in some applications than
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others. It is likewise desirable to use all available constraints, such as camera calibration information.

Gauging the uncertainty is important, since without a notion of how likely it is that the estimate at hand is
in error, it is very hard to take any useful action based upon it. It is best-practice to gauge local uncertainty
around an estimate by analyzing the local shape of the cost function around the minimum. However, such an
uncertainty measure only makes sense if the global minimum was truly found. Moreover, it assumes that the
cost function is unimodal and nicely behaved. This is seldom the case. Due to outliers, noise, the nonlinear
nature of the problem, planar scenes and small translation, the cost function may lack a clear global minimum
or have several throughs of complicated shape.

Therefore, to assess global uncertainty, an estimation method should ideally provide a representation of the
posterior probability distribution over all the regions of parameter space where the probability is significant.

For strong data, producing a single estimate is possible. However, there will always be situations with
ambiguous data, in which obtaining a single estimate is essentially an ill-posed problem. On the other hand,
provided we have selected an appropriate data model, representing the posterior distribution is always a well-
posed problem. Representing the posterior may be computationally difficult, but it is well-posed for any input
data.

2. PRELIMINARIES
2.1. The Bayesian Paradigm
According to Bayes’ rule, the posterior probability p(w|d) for the world state w given the data d is

_ pldwp(w)
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If we accept the Bayesian paradigm and the model embodied in the world parameterization w, prior probability
p(w) and data likelihood p(d|w), this governs how the prior probability p(w) should be updated into posterior
probability p(w|d) in response to the data. The normalization factor p(d) can be expanded into the integral

(1)

p(d) = / p(d]w)p(w)duw. (2)

Working numerically, it is straightforward to normalize any distribution in this manner. We will therefore
suppress the scale factor and write Bayes’ rule as

p(wld) « p(djw)p(w), (3)

where o« denotes equality up to a scale factor independent of w. Our goal is to compute a representation of
the posterior probability p(w|d) over all world states w that is as truthful as possible. If we can derive an
accurate representation of the data likelihood p(d|w) it can be converted into a representation of the posterior
by multiplying with the prior. The representation of the posterior can then support any inferences we wish to
make based on the data.

2.2. Data Fusion

If there are several data sources with conditionally independent data likelihoods p(dy|w), ..., p(d,|w) Bayes’ rule

generalizes to
n

plawld) o p(w) [ p(difw). (4)
i=1
Each data source contributes a factor p(d;|w). Computing the factor p(d;|w) separately for each data source and
then computing the posterior through Equation 4 is called weakly coupled data fusion.? One can also leverage the
values of one factor to compute the representation of another more efficiently. This can be done in a sequential
or iterative fasion and is called strongly coupled data fusion.



2.3. Decision Theory

We choose a function I(D, w) that represents the loss of making the decision D when the true state of the world
is w. The conditional risk r(D|d) of making the decision D given the data d is

r(D|d) = /Z(D,w)p(w|d)dw. (5)

We wish to minimize it in order to make the optimal decision

arg min

DC’Pt (d) = D

r(D|d). (6)

If we accept the loss function (D, w), this is the best decision we can make and 7(Dop: (d)|d) is the expected loss
associated with making it.

2.4. Epipolar Geometry

Image points are represented by homogeneous 3-vectors x and z’ in the first and second view, respectively. World
points are represented by homogeneous 4-vectors X. A perspective view is represented by a 3 x 4 camera matrix
P indicating the image projection x ~ PX, where ~ denotes equality up to scale. A view with a finite projection
centre can be factored into P = K [R | t], where K is a 3 X 3 upper triangular calibration matrix holding the
intrinsic parameters and R is a rotation matrix. Let the camera matrices for the two views be Kj [I | 0] and
P = K5 [R|t]. Let [t],, denote the skew symmetric matrix

0  —t3 to
tle=1] ts 0 —t (7)
“ty t; O

so that [t], =t x « for all . Then the fundamental matrix is
F=K,"[t], RK" (8)
The fundamental matrix encodes the well known coplanarity, or epipolar constraint
2’ Fx = 0. 9)

If K; and K5 are known, the cameras are said to be calibrated. In this case, we can always assume that the
image points « and 2’ have been premultiplied by K7 L and K5 1 respectively, so that the epipolar constraint
simplifies to

@' TEx =0, (10)

where the matrix F = [t], R is called the essential matrix. Any rank-2 matrix is a possible fundamental matrix.
An essential matrix has the additional property that the two non-zero singular values are equal. This leads to
the following important cubic constraints on the essential matrix, adapted from:3¢

THEOREM 2.1. A real non-zero 3 X 3 matriz E is an essential matriz if and only if it satisfies the equation

1
EE"E — §trace(EET)E =0. (11)



3. MOTIVATION AND APPROACH

Ideally, we would like to evaluate the data likelihood p(d|w) for all possible world states w to derive our repre-
sentation for the posterior distribution. However, it is impractical to perform full search over a high-dimensional
space (in this case five or more dimensions). Such a complete representation would also be unmanageable for
the module that needs to use the results for inferencing. Instead, we need to rely on the fact that if the data is
to be useful in decision making, it should concentrate the posterior probability mass to a limited region. We can
then exploit this property by finding a way to traverse only the significant mass using importance sampling.”?
The spread of the posterior may be characterized using its entropy

H= f/p(w|d) log p(wl|d)dw. (12)

Clearly, if the posterior was nearly uniform over a high-dimensional space, we would have a highly difficult
computational problem without a very useful answer. In this case, the goal is for the representation to capture
that the entropy is high, indicating the data may not be useful.

To reach an efficient representation of the likelihood, we will rely on the following observation: If we know the
translation direction (epipole in the first image), finding the remaining parameters of the fundamental matrix
is typically stable, even for problems that are otherwise degenerate. This typically holds in both calibrated
and uncalibrated situations. On the other hand, it is quite common to encounter situations where finding the
translation direction is difficult even given the correct rotation. If the translation magnitude is small compared
to the distance to the scene seen in the images, any translation direction will seem to fit the data. Another
situation where any translation direction is possible is with a planar scene in the uncalibrated setting. The
homography induced by the plane can be adjoined with any epipole in the first image, as long as the epipole in
the second image is chosen such that the epipoles correspond by the homography. With known calibration, the
ambiguity with a planar scene is reduced from two degrees of freedom to a two-fold ambiguity, with only the
true motion and a false solution corresponding to reflection of one of the camera centres across the plane. The
planar scene is an example of a so-called critical surface. More generally, the critical surfaces are ruled quadrics
through the two projection centres. If the scene and camera configuration is critical, there are multiple solutions
for the camera motion. If the configuration is close to critical, the solution is unstable. It is also common with
bas-relief ambiguity, where it is hard to disambiguate translation from rotation.

The above examples will defeat any solver that insists on selecting a unique solution. Note however that in
all of the above examples, if we know the translation direction, the rotation (or in the uncalibrated case the
five remaining parameters of the fundamental matrix) is still well determined. This can in fact be put in more
rigorous terms:

THEOREM 3.1. If the epipole in the first image is known, the remaining parameters of the fundamental matriz
are uniquely determined unless all the points from the point correspondences lie on a conic in the first image.

Proof: If one of the point correspondences include the epipole in the first image, the epipole in the second
image is immediately determined by that point correspondence, and the epipolar line homography is then also
uniquely determined since the points in the second image can not lie on two lines through the epipole (if they
did, they would form a degenerate conic). Hence, we can assume that no point in the first image coincides with
the epipole. Then, the cross-ratios based at the epipole in the first image, formed by any quadruplet of points
from the point correspondences, can be uniquely measured. According to classical theory, these cross-ratios have
to be identical in both images.'® Moreover, it follows from Steiner’s theorem'® that the cross-ratios uniquely
determine the epipole in the second image unless the epipole and the points are all conconic in the second image.
Again, the epipolar line homography is uniquely determined since the points would otherwise form a line pair in
the second image. O

Note that for instability to occur, the points have to be close to a conic in the image. This is much more
uncommon than for the points to be close to a critical surface in space, which can occur even with point corre-
spondences that are dense in the images. If a conic can be fit to all the image points, we are in a situation where



the correspondence extraction has almost completely broken down, perhaps due to motion blur, textureless scene
structure or other adverse conditions. In such cases, the likelihood will be very flat over all fundamental matrices
and hence both hard and meaningless to represent in full. Moreover, the translation direction will also be highly
uncertain. Hence, if a representation indexed by translation direction is used, the uncertainty will manifest itself
in a flat distribution over translation direction. The weakness of the data will therefore be recognized even with
the limited representation.

Thus, in summary, it is natural and powerful to represent the likelihood with an explicit representation
indexed by the translation direction (epipole in the first image).

The usefulness of treating the translation and rotation differently has been understood by many authors
and exploited in different ways, see for example.'?1° Tt is also closely related to the high popularity of the
plane-plus-parallax approach,'®2° where one relies on the existence of a dominant homography and solves for
that in order to guide the search for the translation direction.

Quite often, an even stronger assumption than ours has been used in the literature, namely that the parame-
ters of the fundamental matrix apart from the epipole can be uniquely determined without specifying the epipole.
Note that this means assuming that the rotation is separable from the translation, which is not always the case
in practical situations. For example, with bas-relief ambiguity, it is not possible to determine rotation reliably
without assuming that the translation is known. Also, in cases with strong parallax, there is not necessarily a
dominant homography, or at the very least the homography may need to be refined in a manner that depends
on the translation direction.

4. DATA-DRIVEN SAMPLING

As argued above, we can not search the likelihood over the whole parameter space. One approach to searching
the likelihood in a selective manner is through some Markov Chain Monte Carlo Method (MCMC). A Markov
chain is then used to stocastically traverse the parameter space. Transitions from the current state are randomly
proposed. Typically, the proposal distribution falls off gradually with distance according to some topology around
the current state. The chain prefers transitions to higher likelihood states, but does not necessarily get stuck
in local maxima, since transitions to lower likelihoods are also often accepted. The transition probabilities are
constructed so that at steady state the probability of the state equals the likelihood. Intuitively, the Markov chain
is constructed to explore the significant regions of parameter space. However, it accomplishes this by probing
the likelihood locally in all the dimensions of the parameter space, which can be prohibitively slow. Moreover,
efficiency is dependent on the significant regions being relatively well connected. If there are disconnected modes
in the posterior with very low likelihoods in between, the expected time before the chain transitions between
modes is very long.

The generality of the approach is part of the problem. Using a raw local proposal density does not fully
exploit the structure of the problem at hand. Several authors have noted that it can be much more efficient to
search the parameter space with data-driven hypothesis generators.?’?2? In particular for geometric problems,
there is a very strong structure that can be exploited to efficiently construct a sample set that includes samples
close to the true solution. The geometric structure is in fact so strong that it is not necessary to depend on
a current state. Instead, a global indication of the significant regions of parameter space can potentially be
achived. This can be thought of as using data-driven heuristics to derive a density for importance sampling.?

We will use hypothesis generation in a similar manner as in RANSAC,?* where minimal samples of corre-
spondences are randomly chosen from the whole set of correspondences. A minimal sample contains the smallest
number of data points that will determine the geometric relation up to a finite number of solutions. The sam-
ples are made minimal to minimize the risk of including devastating outliers. In this case, a minimal sample
contains seven correspondences for the fundamental matrix and five for the essential matrix. We refer to this as
fully data-driven sampling, since the correspondences ideally should determine the fundamental matrix. We will
also use partially data-driven sampling, where for a given translation direction, we take samples containing the
smallest number of correspondences that will determine the remaining parameters of the fundamental matrix up
to a finite number of solutions. The samples contain five correspondences to determine the fundamental matrix



in the uncalibrated case and three correspondences to determine the essential matrix given translation direction
in the calibrated case.

The partially data-driven sampling is closely related to the work of.?* There, partial samples are taken. Each

partial sample leaves a number of degrees of freedom manifested as a set of possible parameter values. Votes
are cast for all the possible parameter values in a manner similar to a Hough-transform. What we do here is
slightly different. Independent partial samples are used for each translation direction. We argue that this is
more powerful. The reason is that if all the samples for the correct translation direction contain outliers, there
is some hope that some other sample with a similar translation direction is correct and produces a satisfactory
solution. Independent samples for each translation direction minimizes the risk that all relevant samples are
contaminated. It therefore achieves a higher redundance with the same number of likelihood evaluations.

Note that in the above taxonomy of fully and partially data-driven sampling, using a least-squares method
over all the correspondences can be thought of as taking a single over-constrained sample.

5. REPRESENTATION

If we can derive an accurate representation of the data likelihood p(d|w) it can be converted into a represen-
tation of the posterior by multiplying with the prior. The representation of the posterior can then support any
inferences we wish to make based on the data.

We consider the world state w to be represented by the fundamental matrix F’ and the data d to be represented
by all the point correspondences, denoted by X. Bayes’ rule then becomes

P(F[X) o< p(X|F)p(F). (13)

We store the hypotheses for the fundamental matrix in a two-dimensional array indexed by epipole in the
first image. Our goal is to find the best fundamental matrix hypothesis for each cell of the array and the integral
likelihood in each cell. Let Q(e) denote the set of all fundamental matrices with the epipole e in the first image.
The desired output from our approach is

arg mazx

Fole) = 312 00 p(XIF) (14)

and
o= | o PXIEE (15)

for all values of the epipole e. The latter can be computed by a Laplace approximation around the former.

Along the lines of our above motivation, it is assumed that the likelihood p(X|F') has a unique narrow peak
in Q(e). By assuming that the prior p(F') is smooth in comparison to the extent of the peak, the user of the
output can make the approximation

p(elX)m/FeQ( gJ(XIF)p(F)dF ~ p(Fopt(e))f (e). (16)

In a similar manner, most inferences that one may wish to make based on the data has to do with an integral of
some function g(F') times the posterior likelihood. Such integrals

// g(F)p(F|X)dFde (17)
e JFeQ(e)

can be approximated as
J. 9(Fopt(€))p(Fopt (€)) f (e)de

J.p(Fopt(€)) f (e)de




The advantage is that the inferences can be made outside the relative orientation module with any choice of
prior p(F) using only Fypi(e), f(e) and easy two-dimensional integrals.

If this can be done efficiently and reliably, inferences can be made in an application-dependent manner based
on the resulting representation, without major alterations to the core of the computer vision algorithm.

5.1. Prior Likelihood

In the simplest case, the prior likelihood p(F") is set to uniform. In some cases we may have more prior information.
For example, if we are calibrating a stereo-head, we typically have approximate knowledge of the location of the
epipole and also of the relative rotation. We may also work in the uncalibrated setting, but use the prior to put
approximate constraints on the calibration.

5.2. Posterior Likelihood

We use a Sampson approximation (see®%):

(x'TFx)2

/
F)=
o ) = e (P + & PR+ (0T )

(19)

where the homogeneous coordinates for the points are assumed to be normalized such that their last coordinates
are one. It approximates the squared sum of magnitudes of the smallest perturbation required to bring the
image point correspondence x « 7’ into agreement with the epipolar geometry described by the fundamental
matrix (2’7 Fo = 0). This approximation has been found superior to symmetric epipolar distance and other
approximations of similar computational complexity.

We model our data likelihood as
N NF
p(X|F) o< (] o?(0® + s(ai, f, F) ™), (20)
i=1

where o is a scale parameter, which we typically set to one pixel of a CIF image (352 x 288), N is the number
of point correspondences, and 0 < k < 1. We determine the value of k£ experimentally in section 7.4. We have
also tried the standard way of assuming that the reprojection errors are conditionally independent given the
world configuration (k = 0), dogmatically leading to a product of many independent factors, where each factor
is related to a single point correspondence. However, we have found that although this produces sensible peak
locations of the likelihood, it leads to an unrealistically rapid fall-off around the likelihood peak, resembling a
delta-function and not a realistic model of any practical situation.

6. HYPOTHESIS GENERATORS

The hypothesis generators we use in our experiments are:
e 5-Point (Calibrated)

e 7-Point (Uncalibrated)

8-Point (Uncalibrated)

3-Point+Epipole (Calibrated)

5-Point+Epipole (Uncalibrated)

For fully data-driven sampling in the calibrated case, we use the 5-point method (5pt).2” In the uncalibrated
case, we use the 7-point (7pt) method and the 8-point (8pt) method.?

The 3-point+epipole (3pt+e) and 5-point+epipole (5pt+e) methods are partially data-driven generators.
The former was presented in.!? It uses the point constraints and the known epipole to restrict the essential



matrix to a 3-dimensional linear space. The calibration constraints are then added, leading to two conics that
are intersected, which yields four solutions. This method can be carried out extremely fast in closed form. The
latter is related to a classical result, which is that given five point correspondences, the epipoles correspond by a
fifth-degree Cremona mapping, also discussed in.?® This method gives a unique solution. It can for example be
implemented by stacking linear constraints from the point correspondences and the known epipole into an 8x9
matrix, subsequently extracting the unique nullvector.

7. EXPERIMENTS

7.1. Construction of the Likelihood Image

To determine the uncertainty of an estimated epipole, we first computed a quantized posterior likelihood over a
hemisphere of epipoles. The sign of the epipole can only be determined using cheirality,?®> which we do not enforce.
We mapped the hemisphere onto a 300x300 image. In each cell, we computed the optimal fundamental matrix
with translation direction in the cell. In the cases of the partially data-driven methods, we deterministically
sampled the translation direction over all quantized translations. In the fully data-driven methods, the translation
direction was determined by the generated hypothesis. We sampled the entire epipolar space, or about 70000
cells, in multiple random samples per cell, using random sets of point correspondences for each sample. In the
partially data-driven methods, a small perturbation in the translation was added within each cell to more fully
represent possible fundamental matrices.

We explored the likelihood images for both synthetic and real data. In the synthetic case, images with
known relative orientation were created with a scene volume of random points. The image points were then
perturbed with Gaussian noise equivalent to one pixel of a CIF image. Finally, outliers were simulated by
uniformly scattering a percentage of the image points in one image. For real data, we tracked Harris corners,
using normalized correlation for matching. The camera was calibrated in order to compare calibrated and
uncalibrated methods.

7.2. Convergence of the Likelihood

We investigated how quickly each method converges to the likelihood over the entire hemisphere. A straightfor-
ward measure of the error in the estimated likelihood is given by

error = /(p(e) — p(e))de, (21)

where p is the true likelihood and p is the estimated likelihood. Ideally, a full search over the space of fundamental
matrices would be used to create p. Since this is infeasible, we approximated the true likelihood as the maximum
found using all five tested methods in an extremely long computation. The final image, shown on the top left of
Figure 1, was created with 1000 samples per cell, or about 7 x 107 samples per method.

Figure 1. Posterior likelihood images of a scene. From left to right: true likelihood; 3pt+e method; 5pt-+e method; 5pt
method; 7pt method; 8pt method. Note that using the calibrated methods results in a much more constrained probability
mass.
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Figure 2. Comparison of convergence rates for the various hypothesis generation methods. Hypothesis generation times
are not taken into account.
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Figure 3. Examples of confidence intervals in an image sequence with a leftward translation. From left to right and top
to bottom, the respective probability masses within each circled confidence interval are: 0.865, 0.567, 0.204, 0.065.

7.2.1. Comparison of Partially and Fully Data-Driven Methods

We compared the methods by examining the rate of convergence to the likelihood. Since the uncalibrated methods
create hypotheses from the space of fundamental matrices, while the calibrated methods generate hypotheses
from the more restricted space of essential matrices, the uncalibrated methods uncover a greater probability
mass. Because we calibrated the image points, the true solution is an essential matrix, so the mass uncovered
by the uncalibrated methods may be overestimated.

We sampled with all methods simultaneously and recorded the errors. Because several methods produce
multiple solutions, it was important to ensure that the methods had equivalent numbers of samples. For the
3pt+e and Tpt methods, we disambiguated the solutions by scoring one additional point correspondence and
choosing the hypothesis with the highest single point likelihood. For the 5pt method, which may produce up to 10
real solutions representing extra potentially valid solutions such as planar ambiguities, we stored the hypotheses
and computed the likelihood of one hypothesis per sampling round.

As seen in Figure 2, the fully data-driven uncalibrated methods explore the greatest probability mass early in
the computation, while the 5pt+e method slowly converges to the same value. The calibrated methods converge
to a different posterior likelihood, although the fully data-driven method again converges faster than the partially
data-driven method.

7.3. Estimation of Confidence Intervals

Once we have the posterior likelihood, we create confidence intervals by finding the global maximum in the
posterior likelihood and measuring the fraction of the probability mass that lies within a certain distance of the
maximum. That is, we start from a maximal acceptable distance, which then in turn determines the confidence
level. Typically, we used a distance of 5 degrees on the sphere. Figure 3 shows examples of confidence intervals in
likelihood images. The top two images represent cases with many inlier point correspondences. The bottom left
image represents a case with relatively few correspondences and low stability. The bottom right image represents
a case that has a critically small number of correspondences. However, these deficiencies are apparent in the
representation, due to the small probability mass within the confidence intervals.
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Figure 4. Cumulative distribution functions of confidence levels for varying values of k. Note that £ = 0.5 most closely
matches a uniform random variable.

7.4. Verification of Confidence Interval

If we construct confidence intervals and collect statistics on the confidence level needed to capture the true epipole,
this confidence level should ideally be a uniformily distributed random variable. To explore the sensitivity of
our confidence intervals to discrepencies between the assumed data model and the actual data model, we use
synthetic data along with our cost function, and measure the deviation from uniform distribution. A synthetic
scene with 30% outliers and a known epipole was created.

A 100x100 likelihood image was created using 10 samples per cell for the 5pt+e method, and the probability
mass required to capture the true epipole was recorded. This was repeated 500 times, and the cumulative distri-
bution function of the mass fractions was plotted. A sublinear cdf indicates overconfidence, while a superlinear
cdf indicates underconfidence.

We found the best value for k from Equation (20) to be approximately 1/2. As seen in Figure 4, this achieves
a balance in the confidence estimates, while k£ = 1 leads to underconfidence and k = 0 to overconfidence, with a
highly peaked likelihood.

7.5. Application for Vehicle-Mounted Cameras

We now motivate the use of global uncertainty via a structure from motion problem. Specifically, we want to
estimate the motion of a vehicle using a rigidly attached camera, which we perform as in.2° In some cases, such
as largely planar scenes, this task becomes difficult, as multiple hypotheses may fit the epipolar geometry. If an
incorrect hypothesis is chosen, the estimated motion can break and lead to an incorrect state from which the
motion estimate is unlikely to recover. The posterior likelihood and associated uncertainty provide a powerful
tool for both understanding the behavior of the system and avoiding incorrect states. Figure 5 shows a correct
reconstruction of the motion from a sideways-mounted camera. The image on the left shows one of the source
images with feature tracks. As expected, most of the probability mass is contained within the confidence interval.
Figure 6 shows an example of what can go wrong. The motion should be sideways, as in the previous case, but
instead the estimate is of an unstable backwards motion. The likelihood image immediately gives a hint as
to what happened: although there are hypotheses in the correct direction, these are widely distributed, and
there are larger local peaks in the forward/backward directions. However, the uncertainty reflects the weakness,
possibly allowing us to avoid a bad motion either by skipping the frame or relying more heavily on other motion
estimators, e.g. from global positioning or inertial data, if available.

8. CONCLUSION

We have presented a framework for epipolar geometry estimation that draws upon both multiple view geometry
and statistics. The central theme is to derive a representation that faithfully represents the posterior likelihood
globally. This is accomplished with a representation parameterized by epipole location in the first image. We
have explored the efficiency of various fully and partially data-driven hypothesis generators in deriving the



Figure 5. Example of a case with a correct motion estimate. The confidence interval encapsulates 55% of the probability
mass.

Figure 6. Example of a planar case with an incorrect motion estimate. Although the true motion is approximately
the same as in Figure 5, there is a local peak in the probability mass, leading to a roughly backwards motion estimate.
However, the weakness of the estimate is correctly reflected by the uncertainty, as the probability mass lying within the
confidence interval is only 0.06.

representation. We have presented experiments with confidence regions derived from our representation and we
have experimentally validated the confidence regions through experiments with synthetic data. This was done
by investigating the distribution of the confidence level needed to capture the true epipole in the confidence
region, which should ideally be a uniformly distributed random variable. Finally, we have shown on real data
how the uncertainty representation helps us accomplish tasks that are otherwise difficult, such as determining
the validity of a motion estimate.
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