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REPRESENTATIONS OF
SYMMETRIC LINEAR DYNAMICAL SYSTEMS*

FABIO FAGNANI! AND JAN WILLEMS?#

Abstract. The purpose of this paper is to study static symmetries in linear time-invariant dif-
ferential dynamical systems. The main result is a representation theorem which brings the symmetry
strongly into evidence. This result is then applied to a number of examples involving permutations
and rotations. We close by proving a general result on the representation of compact groups on the
ring of unimodular polynomial matrices.
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1. Introduction. Symmetry is a very appealing concept in many scientific en-
deavors. It plays a major role particularly in physics and in chemistry (for example,
in crystallography). It has also been extensively studied in the classical theory of
dynamical systems. A salient result in this area is Noether’s theorem showing the
equivalence of symmetries and conservation laws in Hamiltonian dynamics.

Also, many control problems will exhibit symmetry. For example, it is of interest
to ascertain if a platform suspended on four pivots with a 90° rotation symmetry can
be adequately stabilized by a control mechanism that also has this symmetry. Many
mechanical systems will have a rotation symmetry, and an analogous question occurs
in this case. A classical control problem that can be viewed as a symmetry question is
whether an optimal controller for a time-invariant system will itself be time-invariant.

Although some interesting work has been done on symmetry questions in control,
it is not a standard problem area. Notable contributions are the papers by Hazewinkel
and Martin [5], [6] and Martin [8] motivated by certain questions related to the stabi-
lization of linear systems by means of symmetric feedback control laws. Other places
in control where symmetry problems have been studied are [1], [4], [11]-[13]. These
authors are mainly concerned with nonlinear systems.

The purpose of the present paper is a fundamental study of symmetry in the
context of linear systems described by differential equations. We will mainly consider
representation questions. In a later paper, we plan to apply these results to control
problems. The mathematical formulation follows the setting proposed in [14]. In a
sense, the paper is a sequel to [2], where an elegant representation result has been
obtained for time-reversible systems (cf. Theorem 2). In the present paper, we will
study static symmetries and apply the representation results obtained especially to
systems that are invariant under permutations or under rotations.

In an essential way, the paper uses the theory of group representations, a rather
abstract area of mathematics whose original motivation lies very much in various
aspects of symmetry. For an introduction to the theory of group representations,
refer to [9].
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We close this introduction with a few words about notation and nomenclature.

Throughout, K will denote R or C. Some of our results will be rather different
for R and for C. K™ denotes the n-dimensional (column) vectors over K, and K" *"2
denotes the matrices over K with n; rows and ny columns. We will always consider
vectors as columns and occasionally write the n-column vector z in term of its com-

ponents as col(z1,T2,...,Z,). A composite matrix will be written as M = [M;: M),
and so forth; diag(mi, ma, ..., m,) denotes then n x n diagonal matrix with (z,)th
element m;. A similar notation will be used for block diagonal matrices. The deter-
minant of a matrix is denoted as det.

Let f: A — B. For A’ C A, the restriction of f to A’ will be denoted as f | 4.
The map that identifies an element of A’ C A with the same element in A will be
called the canonical injection. ker means kernel, and im means image. The set of
infinitely differentiable maps from A to B will be denoted as C*°(4; B).

The set of polynomial matrices over K with n; rows and my columns in the
indeterminate s will be denoted by K" *"2[s]; K**"[s] denotes the set of polynomial
matrices with n columns and any (of course, finite) number of rows. An element
R € K™*"2[g] is said to be of full row rank if it contains a nq X n; submatrix with
determinant nonzero. We will denote the set of full row rank elements of K**"[s] by
K$;"[s]; of K}2*"[2s] denotes the elements of K}"*(s] with n; rows.

Let R be a ring with an identity. An element U € R is said to be unimodular
if there exists U~! € R such that UU~! = U~U is equal to the identity. The
unimodular elements of R clearly form a multiplicative group, called the group of
units of R. The set of n X n matrices over R also forms a ring. Its group of units
will be denoted by GL(n,R). The following two examples will be very important to
us throughout the paper.

1. GL(n,K), the set of nonsingular elements of K™*";

2. GL(n,K]s]), the set of unimodular (n x n) polynomial matrices. Thus U €
K"*"[s] belongs to GL(n,K[s]) if and only if its determinant is nonzero and belongs
to K, i.e., if it is a nonzero constant.

The set of isomorphisms on the vector space V is denoted by GL(V). Thus,
by considering the matrix representation of elements of GL(K") with respect to the
standard basis, GL(K™) & GL(n,K). As such, we will not make a distinction between
these two sets and use GL(K™) even where it may be more natural to write GL(n, K).

Let M be a set. A parametrization (P,m) of M consists of a set P and a surjective
map 7w : P — M. The set P is called the parameter space. Typically, M is an abstract
set, while P consists of concrete objects (as matrices or polynomial matrices—in which
case, we refer to a matrix parametrization or a polynomial matrix parametrization
of M). Note that 7 is surjective but not necessarily bijective. If 7 is a bijection, we
will call the parametrization trim. In any case, the map m : P — M leads to the
equivalence relation F on P defined by (p1 Ep2) < (m(p1) = 7(p2)). This equivalence
relation leads to canonical forms and to invariants. A subset P, C P will be called a
canonical form for the parametrization (P, ) if n(P.) = M, i.e., if (P, 7 |p,) is also
parametrization of M. It is a trim canonical form if 7 |p,: P. — M is a bijection.

2. Differential dynamical systems. Following the terminology explained in
[15], we will define a dynamical system ¥ to consist of a triple, ¥ = (T, W, B), with
T a subset of R, called the time axis; W a set called the signal space; and B a subset
of WT(:= all maps from T to W), called the behavior. Thus the behavior consists of
a given family of trajectories w: T — R.

We will consider continuous-time dynamical systems with time axis T = R and
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with signal space W = K9, with K = R (the real case) or K = C (the complex case).
We will treat both cases in parallel. As we will see, there are distinct advantages,
stemming from the theory of group representations, not to limit attention to the
real case, although, admittedly, it is the real case that is of interest in applications.
However, in §7.4 we see that rotation symmetries actually lead to complex systems!

The dynamical system ¥ = (R, K%, B) is said to be linear if B is a linear subspace
of (K?)R (the set of all maps from R to K9) and time-invariant if o'B = B for all
t € R;o® denotes the backward t-shift (specifically, for f : R — K? and ¢t € R,
otf : R — K? is defined by (otf)(t') := f(t +t')).

In the present paper, we study behaviors B that are the solution set of a system
of constant coefficient linear differential equations

(1) R(%)w=0

defined in terms of a polynomial matrix R € K*®*9[s]. The solution set of (1) is
formally defined as follows:

B= {w € C™(R;KY) | (R (%) w) (t)=0forallte R} :

The assumption that w is infinitely differentiable is used mainly for convenience. The
results may be generalized without difficulty to the case that B also allows locally
integrable functions, or distributions. However, for the purposes of the present paper,
the smoothness assumption simplifies the analysis somewhat. In other applications,
the C*° assumption may be very awkward.

The class of dynamical systems studied in this paper consists of those whose
behavior is the kernel of a constant coefficient linear differential operator (with, for
R € KP*4[s], R(d/dt) viewed as a map from C®(R;K?) to C*(R;KP)). We will
denote this class of dynamical systems as £? and refer to its elements as differential
dynamical systems.

The above shows that (K®*9[s],w) is a parametrization of £? with for R €
K**[s], n(R) := (R,KY, ker R(d/dt)). This induces the equivalence relation ~ on
R**4[s] defined by (R; ~ Rz) :& (n(R1) = m(Rz2)). Note, in fact, that 7 is not
injective. Indeed, if R € KP*4([s] and U € GL(p,K[s]) (thus U is unimodular), then
clearly UR ~ R.

We will call the system of differential equations (1) or, equivalently, R, a behavioral
equation representation of m(R); (1) or, equivalently, R is called a minimal (behavioral
equation) representation of m(R) if (R; € KP1*4[s], R € KP*Y[s], and R; ~ R)
implies (p1 > p). Let ¥ € L7 and let R be a minimal behavioral equation of X.
Obviously, the number of rows of R € K**?[s] will depend only on ¥ but not on the
particular minimal representation R of 3. We will denote the number of rows of R by
p(X). Actually, p(X) is equal to the number of output variables in any input/output
representation of X (see [10]).

The following characterization of minimal representations will play an important
role throughout the paper.

PROPOSITION 1. (1) is minimal if and only if R € K;: 9[s] (that is, R € K**4][s]
is of full row rank). Moreover, if (1) is minimal and if Ry € K**[s], then (Ry ~
R and R, is also minimal ) < (R; and R both belong to KP(®)X4[s], and there exists
a U € GL(p(X),K[s]) such that Ry = UR). Finally, this U is unique.

Proof. For the proof, see [10]. O
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This proposition implies that all minimal representations may be obtained from
one by acting (as premultiplication) with the unimodular group. The freedom that
this implies on the representations of a given dynamical system in terms of (minimal)
behavioral equations will allow us to choose R’s in (1) that have an appealing form,
reflecting symmetries.

3. Symmetric systems. The purpose of this paper is to study symmetries of
dynamical systems in £9. A symmetry is induced by a transformation group, the
basic idea being that we have a group of transformations mapping a dynamical system
¥ = (R,K%,B) € L4 into another such dynamical system. If this transformation does
not change ¥, then we will call ¥ symmetric. We will now formalize this.

3.1. Transformation groups. Let S be a set and G be a group. Let T be a
map from G into the group of bijections on S. We will denote the T-image of g € G by
T,. Then T is said to be a transformation group on S if T is a group homomorphism,
that is, if Ty,g, = Ty, Ty,. (The multiplication g1g; refers to the multiplication in
the group G, while Ty, T, refers to composition of maps on S.) For s € S, the set
O, := {s' € §| g € G such that s’ = T,s} is called the orbit through s. It is
easily seen that, for s1,s2 € S, either Oy, = Os,, or Oy, N O,, = B, the first situation
occuring if and only if s, € Og,. The collection of orbits {O; | s € S} hence defines a
partition of S and thus an equivalence relation on S.

3.2. Symmetries. Let T be a transformation group on £4. We will call the
dynamical system X € L9, T-symmetric if TyX = ¥ for all g € G. Thus, for a
symmetric element ¥, the orbit Oy is equal to the singleton {3}.

Let us now consider a few examples of symmetries on £9.

Ezample 1 (time-invariance). Let G = R and define, for ¥ = (R,K?,B) € £9,T,%X
as TyX = (R,K?,09B) (with o9 the backward g-shift). It is easy to see that T,X = X
for all g € R, and hence all elements of £? are symmetric in this sense. It is this
symmetry that we call time-invariance. It formalizes the fact that the laws governing
a dynamical system do not depend explicitly on time.

Ezample 2 (time-reversibility). Many examples of symmetries involve the group
consisting of only two elements, G = {1,g},1# g =g !. Then T, = (Ty)~}; i.e. Ty is
an involution. Define, for ¥ € L9, T,% as TgX := (R, R?,rev B) with for w : R — R9,
revw : R — RY, the time-reverse of defined by (revw)(t) := w(—t). This ¥ will
be symmetric with respect to this transformation group if and only if B = revB.
This symmetry is called time-reversibility. It expresses the fact that the system looks
identical when viewed backward in time. We have studied this symmetry in detail in
[2] and will return to it later in this paper.

3.3. Static symmetries. Let T be a transformation group acting on K%; T
induces a symmetry on £? by defining for ¥ = (R,K%,B) € L%, Ty as T,X :=
(R, K9, TyB) with TyB := {w : R — R? | 3w’ : R — K9 such that w(t) = Tyw'(t) for
all ¢ € R}. Note that, by a minor abuse of notation, we use the same symbol T, as
acting on £7, on B, and on K?. Thus ¥ is symmetric in this sense if w € B implies
Tow € B for all g € G. Since T, transforms the trajectories w in B by applying
the memoryless map T, (that is, since it transforms trajectories w in a nondynamic
way), we will call such a symmetry a static symmetry. In fact, we will be particularly
interested in the case where T is linear for all g € G. Such transformation groups
are the subject of the theory of group representations. It is customary to denote T
by p in that case.
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3.4. Group representations. Let V be a vector space over the field K. A
group homomorphism p : G — GL(V) is said to be a (linear) representation of the
group G on V. If V is finite-dimensional, then the representation is called finite-
dimensional, and the dimension of V as a vector space is called the order of the
representation. In particular, if V is n-dimensional and if we represent elements of
GL(V) as matrices with respect to a fixed basis on V, then a representation of G will
correspond to each element of the group G, a nonsingular (n x n) matrix over K such
that group multiplication goes over in multiplication of matrices. In particular, the
identity matrix will correspond to the unit element in G.

Ezample 3 (permutations). As a specific example of a static symmetry, let S
denote the group of permutations of q elements. This group is called the symmet-
ric group; it is a finite group consisting of q! elements. Now consider the map p :
Sq — GL(K?), which associates with the permutation g : {1,2,...,q} — {1,2,...,4}
the linear bijection on K7 that takes the vector col (z1,x2,...,Z,) into the vector
col (mg(l),wg(g),...,wg(q)). Clearly, p defines a representation of S, on K?. Thus
p in this case maps onto the group of ¢ x ¢ permutation matrices. A dynamical
system ¥ = (R,K?%,B) will be symmetric in the sense of the static symmetry in-
duced by this representation of S,, provided that w = col (w;,ws,...,wg) € B if
and only if w' = col (wy, w5, ...,wy) € B with (w,ws, ..., wy) any permutation of
(w1, wa, ..., wq). We can think of this symmetry as occurring when ¥ models the dy-
namics of the positions of ¢ identical particles on the line: feasible motions will remain
feasible motions after we interchange the positions of the particles. More meaningful
symmetries as representations of S, (involving particles in the plane or in 3-space),
or of subgroups of S,, will be considered later.

Let p: G — GL(V) be a representation of G on V, with V a finite-dimensional
vector space over K. Throughout this paper, we will assume that G is either finite or
compact. In the compact case, G is assumed to be a compact Hausdorff topological
space with the group multiplication and the inverse continuous maps. A representa-
tion p: G — GL(V) is then always assumed to be continuous.

A subspace Vi C V is said to be invariant if pgV; C Vi for all ¢ € G. The
representation p is said to be irreducible if its only invariant subspaces are V and {0}.
When V; is invariant, then p"?, defined by p** : G — GL(V}) with p}* := pg |v;, yields
another finite-dimensional representation of G : p} is called a subrepresentation. It is
a standard result form the theory of group representations that, if G is compact, then
a finite-dimensional subrepresentation can be written as the direct sum of irreducible
representations.

Let p' : G — GL(V}) and p? : G — GL(V,) be two finite-dimensional repre-
sentations of the same group G. Then they are said to be isomorphic if V; and V;
have the same dimension and if there exists an isomorphism S : V3 — V; such that
p2 = Spy S~ for all g € G. Isomorphism of p; and py will be denoted by p; = p,. If
p1 is not isomorphic to py, then p; and po are said to be distinct.

Thus the above implies that a representation p admits a decomposition of the
following type:

p=Emip1 ®mopr @ - - © mypg,

where p; - - - px, are distinct irreducible representation and where

mip; :=p;Dp; - Dp;.

m;—times
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Ezample 3 (continued). Recall that S, denotes the group of permutations of ¢
elements. It is a finite group containing ¢! elements. The irreducible representations
of S, have been studied in much detail in the literature. However, we will need only
two of them. Consider the following representations of Sg:

1. The identity representation, p1 : Sq — GL(K) with p; 4 = 1 for all g € S,.
This representation is of order 1 and hence irreducible;

2. The representation p defined as follows. Let V' be the subspace of K¢ con-
sisting of those vectors col (z1, T2, . . .,x4) such that Y 7_, z; = 0. Let Sq act on V' by
p2,gc0l (T1,T3,...,2q) := col (Tg(1), Tg(2), - - -, Tg(q))- It is €asy to prove that pp defines
an irreducible representation of S;. Since dimV = ¢q — 1, its order is ¢ — 1.

Let p : S; — G{(K?) be the representation of S, introduced in Example 3:
pgcol(x1, T2, ..., xq) = col(Tg1), Tg(2),---,Tg(q)). Write K? = V1 & Vo with V; =

{col(z1,z2,...,24) €EK? | 21 = 3 = --- = x4} and Vo = {col(z1,22,...,24) € K|
z1 + 2+ -+ + x4 = 0}. Clearly, V; and V; are p-invariant subspaces, p"* = p; and
p¥2 = py. Hence, in this case, the decomposition of p in terms of the irreducible

representations of S; becomes p = p; @ pa. (We hence have m; = my = 1, while all
the other m;’s are zero. Furthermore, n; =1 and np =q—1.)

4. Representation questions for symmetric systems. Assumethat p: G —
GL(K9Y) is a representation of the group G on K? and assume that ¥ = (R, K?, B) € £?
is symmetric in the sense of the static symmetry induced by this representation.
The problem studied in this paper is the following: Can this symmetry be put into
evidence by an appropriate behavioral equation representation of ¥ as (1), in which the
polynomial matriz R is such that this static symmetry becomes evident? Otherwise
stated, we want to come up with a parametrization, with a canonical form for the
behavioral equations of systems with a static symmetry.

To give an example of the type of results that we seek, we repeat the main result
of [2]. This result involves time-reversibility, which, it should be noted, is not a static
symimetry.

THEOREM 2. X € L7 is time-reversible if and only if it allows a minimal behav-
toral equation representation (1) with R(s) = JR(—s) with J a matriz of the type

I O
=[5 %)
where I and Iy are identity matrices.

Observe that R(s) = JR(—s) is equivalent to stating that (1) consists of a number
of scalar differential equations, some of which contain only even-order derivatives,
while the others contain only odd-order derivatives. If the equations in (1) are indeed
of this form, then time-reversibility is obvious. Note, in particular, that time-reversible
systems cannot always be represented by differential equations containing only even-
order derivatives. (Actually, any representation as obtained in Theorem 2 will have
the dimension of I; and I as invariants.)

While this paper is only concerned with static symmetries, it is worthwhile not-
ing that it is possible to view also reciprocity, a much-studied property of electrical
networks [17], as a (dynamic) symmetry.

5. The main result. Assume in this section that p : G — GL(K?) is a given
representation of a compact group G on K?. Then p defines a static symmetry on £9
as described in §3.4; ¥ = (R,K?,B) € L9 is thus p-symmetric if and only if p,B = B
for all g € G.
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Let (1) be a minimal representation for such a p-symmetric ¥ € £9. It then follows
immediately from Proposition 1 that, for each g € G, there will exist a unimodular
polynomial matrix Uy(s) such that R(s)pg = Ug(s)R(s). Our main result tells us that
R can be chosen such that Uy(s) is a constant nonsingular matrix, thus independent
of s!

THEOREM 3. Let p: G — GL(K?) be a representation of the compact group G
on K9. ¥ € L9 is p-symmetric if and only if there exists a minimal representation
R(d/dt)w = 0 of ¥ and a representation p' : G — GL(KP®)) of the group G on KP(*)
such that

R(s)pg = pgR(s)

for all g € G. Moreover, o' will be isomorphic to a subrepresentation of p.

Proof. To prove the “if” part, assume that R(s)p, = pyR(s). Then, since
Py is an invertible matrix (hence a unimodular polynomial matrix), ker R(d/dt) =
ker R(d/dt)py. Hence psB = B for all g € G; p-symmetry follows. As a general
feature of the type of representation results that we seek, note that also here (as in
Theorem 2) the “if” is immediate: if R(s)p, = p}, R(s) for all g € G, then p-symmetry
of (1) is basically immediate. The converse however is more difficult.

The “only if” part is based on Theorems 4 and 5 and will be proved later.

To see that p’ is isomorphic to a subrepresentation of p, pick an element A € R
such that R(A) has full row rank p(X). Since R is minimal and hence of full row rank
as a polynomial matrix, such a A € K exists. Now observe that R(\)p; = pyR())
for all g € G. Let N := ker R()\). Obviously, N is p-invariant. Hence there exists
a linear subspace M of K? such that M is p-invariant and K? = N @& M. Therefore
R(X\) |m pg M= pyR(A) |m. Since R(A) |um is a bijection, this shows that p’ is
isomorphic to the subrepresentation p™ of p. 0

6. Canonical forms for symmetric systems. We will now show that estab-
lishing Theorem 3 is equivalent to establishing the existence of a very nice explicit
canonical forms for symmetric systems. At this point, it becomes necessary to treat
the complex case (K = C) and the real case (K = R) separately.

6.1. Complex systems. The representations p : G — GL(C?) and p' : G —
GL(CP®) obtained in §5 can be decomposed in terms of irreducible ones as

pEmMipr @ mop2 @ - -+ ® Mypk,
P = mip ®mhpr @ - - O mypy.

Since p’ is isomorphic to a subrepresentation of p, it follows that the integers m) € Z
satisfy

0 <m} <m;, i=12,...,k

The above decomposition of p implies that there exists a nonsingular matrix
V € C?%? such that

VPgV_l = diag (m1p1,g; - - -, MkPr,g) =t Py,
where

m;p;,q := diag (Pi,y’ < ,Pi,g)-

m;—times
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Proceeding in a similar manner for o/, we obtain a nonsingular matrix V' €
CP(®)xp(D) gyuch that

V' (V)™ = diag (m)p1,g, M3P2,g, - - -, MikPE,g) =t By

Note that applying the nonsingular transformation V corresponds to changing the
signal variables in ¥ = (R,C?,B) from w : R — C? to w : R — C? with w(t) := Vw(t);
in other words, it corresponds to choosing a convenient basis in the signal space C9.
We will call such a basis a p-adapted basis, and the corresponding coordinates p-
adapted coordinates (these are sometimes called normal coordinates). On the other
hand, premultiplying R in (1) by nonsingular matrix V' corresponds to choosing a
convenient basis in the equation space CP(*), By Proposition 1, this does not change
the behavior, and hence we can always assume that we are using such a basis on the
equation space.

Now, assume that p and p satisfy the conditions of Theorem 3. It follows thus
that in a p-adapted basis the system ¥ = (R,C?,B) € £? will admit a minimal
representation

(2) R (%) W =0,
where R € CP(®*4[g] satisfies
3) R(s)pg = fyR(s).
Now partition R conformably as j and 7/, yielding
Ryy(s) Ruia(s) -+ Ruk(s)

@ R(s) = Rzl.(s) Rzzf(s) Rzlf(s)

Binls) Bials) - Run(s)

Then (3) implies that R;;(s)m;p; = mip;Ri;(s). By the Schur lemma [9], these
equalities imply the following strong conclusions about R:

(5) Rij=0 fori#j
and
Mi($)n,  M2(8)ny 0 Aimi(8) I,
~ A21 (S)I’ni A2z (S)Ini te )‘2"711 (S)Ini
Rii(s) = : : . : ’
Ami1($) I, Ami2($)In, -+ Amim, (8)In,

where n; is the order of the representation p;. In the Kronecker product notation, R;;
may be written as

(6) Rii(s) = Ai(s) ® I,
where
28 5 A
2 A 2(8 oo mi S
A,(s) = 1 ? ? . . ? .

Ami1(8)  Amzz(8) o0 Amimi(s)
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This proves that, for K = C, Theorem 3 is equivalent to the following theorem.

THEOREM 4. Let G be a compact group and let p : G — GL(C?) be a rep-
resentation of G on C4. Assume that p =2 mipy ® maeps ® + -+ & mypr, with p; :
G — GL(C™),i = 1,2,...,k, distinct irreducible representations. Assume that
the basis in C? is p-adapted (to emphazise this, we write the signal variables as W,
W = col(w,Ws,..., W) with w; : R — (C*)™). Then ¥ = (R,C?,B) € L is p-
symmetric if and only if there exist m} € Z,, 0 < m} < m;, and polynomial matrices
A € C’}ﬁxm" [s] such that ¥ admits a minimal representation

d . ,
) (Ai (E)g)["i) w; =0, i=1,2,...,k
Note that, from the above theorem, we may conclude that the p-adapted variables
Wy, Wa, . .., W are completely noninteracting!

6.2. Real systems. In the case (K = R) of systems with signal space R?, Theo-
rem 4 remains, of course, valid but may yield a representation (7) with complex coef-
ficients. However, in this case, we want to obtain differential equations in a canonical
form analogous to (7) but with real coefficients. The theory becomes more involved,
since the irreducible representations p; introduced in §6.1 are irreducible over C and
need not be real. In particular, Schur’s lemma in the form in which it was used in §6.1
would yield complex representations. Nevertheless, quite explicit results may also be
obtained now.

As it is shown in [9], a irreducible representation p : G — GL(C™) can be of
real type, of complex type, or of quaternionic type; p is of real type if it is the com-
plexification of a real representation. Now, if p is an irreducible representation of
complex or of quaternionic type, then so will be its complex conjugate, p* (thus the
matrices pgy and pj are complex conjugates for all g € G). By combining p & p*, these
complex representations lead to real ones. All together, this leads to the following
decomposition of a real representation.

A real representation p : G — G£(R?) of a compact group G admits a decompo-
sition

(8a) P pr @ pc D pu

with pR, pc, and py referring to the further decomposition into irreducible represen-
tations of real, complex, or quaternionic type. These representations can indeed be
further decomposed as follows:

(8b) PR = MR,1PR,1 © MR 20R 2 © - * * D MR, kg PR, kg »
(8c) pc = mc,1pc,1 © mc,20c,2 D * -+ © MC ke PC, ke
(8d) PH = Mu,10H,1 D Mu,1PH,2 D - - - D K ky PH, ky

with pr; : G — GL(R"®) such that its complexification is irreducible over C; pc; :
G — GL(R?"c:) such that the complexification of pc, is isomorphic (over C) to
pe,i ® pt; with pci : G — GL(C"e+) irreducible over C; similarly, pu; : G —
GL(R*"™4), py; = pu; @ fyy ; With pui : G — GL(C?™+) also irreducible over C.
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The representations pr,1, ..., PRkss PC,15 - - -3 PC,kcs PC,10- -+ » PCkes PH,1y -+ - » PH,H
are the distinct irreducible representations of real, complex, and quaternionic type,
respectively, involved in the decomposition of p,

NR,15 -+« +» MRkg ) MC, 19+« + y NC,kcs H, 19+ - + » TVH, kg »

their respective orders, and

MR,1y .-+ y MR,kg; MC,1y -+ - s MC, ke MUH, 1y -+ - s TUH, kg »

their respective multiplicities.

A real subrepresentation p’ of p will allow a similar representation as (8), but
with the analogous multiplicities mg ;, mg; and my ; satisfying 0 < mg ; < mg;,0 <
m&,i <mc; and 0 < me < my;.

Now, assume that p and p’ satisfy the conditions of Theorem 3. Proceeding as
in the complex case, we obtain (in the analogous partition of R) that, in a basis
compatible with (8), ¥ = (R,R%,B) € L7 will admit a (real) minimal representation
as (2) with (5) still satisfied. Hence the off-diagonal blocks of R will still be zero: the
components of @ will again be noninteracting.

However, Schur’s lemma allows us to conclude the simple form (6) for the diagonal
blocks of R only for the diagonal blocks corresponding to the real representations, the
PRr,;’s. The diagonal blocks of R corresponding to the pc;’s and the py;’s will be
more complicated, and it is here that the difference between the real, complex, and
quaternionic type plays a role. To obtain a convenient form for the corresponding
diagonal blocks of R, we should choose the basis in the R2"ci’s such that pc,: takes
the form

~ | Aci —Bcg
(9a) PC,i = [ BC,i AC,i )

and in the R*"#.i’s such that py ; takes the form

Ani; —Bu; —-Cui —Dug;
Bu; Aui Du; —Chy
9b i = ’ ’
(9b) P, Cui —Dui; Ani; Bu,
Duy; Cui —Bui Ang

It can be shown that there exists a (real) choice of the basis in R? that is compatible
with the decomposition (8a) and in which the pc;’s and the py;’s have the above
form. We will call such a basis choice real p-adapted.

Schur’s lemma then allows to conclude that in a real p-adapted basis in R? and
in a real p’-adapted basis in RP®) we will obtain a representation (2) with

(10a) Rij(s) =0 fori#j
and
(10b) Rii (3) = Ai (S) ® InR,i

for the diagonal blocks corresponding to the pg;’s

Ai(s) —Bi(s)

Bi(s)  Ag(s) | ©Tnes

(10¢) Ruto) = |
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for the diagonal blocks corresponding to the pc ;’s, and

Ai(s) —Bi(s) —Ci(s) —Di(s)
Bi(s)  Ai(s) —Di(s) Ci(s)
Ci(s) Di(s)  Ai(s) —Bi(s)
D;(s) —Ci(s) Bi(s) Ai(s)

(IOd) Rii(s) = ® Inﬂ,s

for the diagonal blocks corresponding to the py ;’s.

The notation may be further streamlined by using complex numbers in (9a) and
(10c) and quaternions in (9b) and (10d). Coding a typical vector col(wg ;, Wg ;) €
R?"c.i in (9a) as the complex vector u")(l:ﬂ. + 'iu")%,i € C"ci, ensures that multiplication
by (10c) corresponds to multiplication by the complex polynomial matrix (A;(s) +
iB;(5)) ® Inc,. Coding a typical vector wy; = col(wnl_l’i,ﬁ)ﬁ,i,tbﬁ,i,ibfnyi) in (9b) as
the quaternionic vector wj ; + wf ; + jbj ; + Ky ; ensures that multiplication by
(10d) corresponds to multiplication by the quaternionic polynomial matrix (Ai(s) +
iB;(s) + jCi(s) + kD;(s)) ® I, ;. For the multiplication rules for quaternions, see
Example 8 and §10.

In the following theorem, we assume that the real p-adapted basis has been
streamlined in this way. These considerations prove that, for K = R, Theorem 3
is equivalent to the following theorem.

THEOREM 5. Let G be a compact group and let p : G — GL(R?) be a representa-
tion of G on R. Assume that p is decomposed as (8) and that the basis in R? is real
p-adapted. To emphasize this, we write the signal variables as W,

W = col(WR, Wc, Wn),
WR = COl(WR,1,WR,2, -+ -, WR,kg) With wr;: R — (R"®)MRi
we = COl(’lIJ(;Yl, 'lf)cyg, . ,"I)C,kc) with ’LT}C,i ‘R — (CnC,i)mC,i,
Wy = col(Wm,1, Wm,2; - - - W k) with @y R — (H™M)™:,

as explained in the preamble.
Then X = (R,RY, B) € L9 is p-symmetric if and only if there exist mp ; € Z4,0 <
mg; < Mr; ;5 me; € Zy,0 < mg; < mci mlHIz € Z4+,0 < mH, < my;, and

polynomial matrices A; € Rm" RG], Oy € Cmc M) H; € ]H[m“ XTI S] such
that ¥ admits a minimal representatzon

(A (;lt)®1ﬂnt)wk,i=0? i=1,2,...,kg,

(11) (C (;t) ®Incl> dei=0, i=12,..., ke,

(Hi (%) ® InHﬂ') wy,i = 0, i=1,2,...,kn.

7. Applications.

7.1. Permutation symmetries.
Ezample 4 (simple permutations). Our first class of examples all involve the
symmetric group S, defined in Example 3, and we use the notation introduced there.
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Let us now apply Theorem 5 to a system ¥ = (R,R?, B) € £? with p: S; — GL(R?)

where pgcol(wy,ws, ..., wg) = col(wg(l),wg(g), ,wg(q)) We obtain a suitable p-
adapted basis by taking as new coordinates %, := Zgy, %2 1= AZg,...,%q 1= Az,
with Z4 := (1/¢)(x1 + 22 + -+ + z4) and Az; = T; — T4y (1 = 1,2,...,q). Clearly,
Vi = {col(Z1,Z2,...,&q) € Rq | #p =+ =%, =0} and Vo = {col(:il,:'ﬁ2,...,§:q) €

R? | £ = 0}. Observe that both the representations p; and ps introduced in Example
3 are of real type. Hence the decomposition p = p; @ p2 applies to the real case. It
follows that, in terms of the notation of Theorem 5, mg; = mg 2 = 1 and that all the
other multiplicities are zero. Furthermore, ng; = 1 and ng 2 = ¢ — 1. Thus we must
consider the following choices of mg ;’s:

The first case corresponds to the trivial situation B = C*° (R, R?). In the second
case, p-symmetry corresponds to a minimal representation of the form

d
(dt)wav—o

with wg, = (1/¢)(w1 + w2 + - -+ + wq). This representation is determined by the
nonzero polynomial 74, € R[s]. The third case yields

TA(d)Awt—O, i=2,...,q

with Aw,; := w; — we,. This representation is completely determined by the nonzero
polynomial 7o € R[s]. Note that these equations imply the redundant equation
ra(d/dt)Aw; = 0, and hence, by letting the above equation range over ¢ = 1,2,...,q,
we obtain an equivalent but not minimal representation. In the fourth case, we will
obtain one equation on w,, and one on each of the Aw,’s, and these equations are all
identical.

It is clear that, by allowing nonminimal representations, all four cases can be
captured in one. It follows that ¥ € £ will be p-symmetric in the case of these
simple permutations if and only if there exist (not necessarily nonzero) polynomials
Taw € R[s], ra € R[s] such that ¥ is described by

d
<dt) Wav =0,

rA( )Aw1—0 i=1,2,...,q

with wg, = (1/¢) (w1 +wa+- - -+w,) and Aw; := w; —w,,. Hence a symmetric system
is governed by two equations. One equation governs the dynamics of the average
(consider it an equation governing the center of mass in the case of motion of identical
particles on the line). The second equation is identical for each of the components and
governs the dynamics of the distance from the average and is identical for each of the
components (consider this equation as governing the motion of the displacement of
the particle from the center of mass). Note that either one or both of these equations
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may be absent (when 74, = 0 and/or ro = 0). The most important feature of the
above equations is the fact that the different variables w; interact only through their
average value. For an analogue nonlinear situation of this example, see [17].

Ezample 5 (permutations of identical subsystems with feature vectors). Next,
consider the system ¥ = (R, (R™)", B) € L™". Think of ¥ as modelling n identical
subsystems, each of which is described by m features. Thus w = col(w, ws, ..., wy)
with each of the w; : R — R™,i = 1,2,...,n, where w;(t) € R™ denotes the feature
vector of the ith subsystem at time £. In the case of the motion of n particles, this
feature vector could be the position of the particle in the plane (m = 2) or in 3-space
(m = 3), or we could consider each particle being described by a position and an
external force acting on it (thus m = 2, 4, or 6, depending on whether these particles
are considered on the line, in the plane, or in 3-space).

Let p: S, — GL((R™)™) act as follows:

pgcol(wy, wz, . .., wn) = col(Wy(1), Wy(2y, - - - , Wy(n))-

In this case, the decomposition of p into irreducible components leads to p = mp; &
mpe with p; and py as in Example 3 or Example 4. The p-adapted basis may

now be chosen as follows. Define, for z = col(z1,z2,...,2n) € (R™)", xgp =
(1/n)(z1 + z2 + -+ + z5) and Ax; := x; — T4, Represent z by the coordinate
vector col(zgy, ATs,...,Az,) and define V; by Azy = --- = Az, = 0 and V3 by

Zgy = 0. Then mp; = ply, and mpy = ply,. The further decomposition of mp; and
mps into their irreducible components is rather obvious but will not be given, since
it will not be needed in the following.

In terms of the notation of Theorem 5, we have mg 1 = mr,2 = m and ng,; =
1,ng2 = n — 1. Thus we should consider all the cases where 0 < m&)z,mkz <m.
Proceeding exactly as in Example 4 we obtain that a system ¥ = (R, (R™)", B) € L™"
will be p-symmetric if and only if there exist mg,, ma € Z4 (we could, but need not,
restrict mg, and ma to be < m) and polynomial matrices R,, € R™>*™[s] and
R € R™a*™[g] such that ¥ is described by

d
Rav (a) Woy = 0,
d

RA(EE)AW=O’ i=12,...,n

with wey := (1/n) (w1 + w2 + -+ + wy) and Aw; := w; — Wey-
As a more specific example, consider a system of n identical particles in 3-space
with external forces. Such a system will hence be described by differential equations

of the form
d d
Pa'u (?d—t) Jav = Qav (—CE) Fava
Pa(3)(gi-auw)=0a (L) (Fi-F), i=12....n
A dt qi —qdav) = KA dt % av)y = L4500y

with g; the position of the ith particle, F; the external force acting on it, and gy, Foy
defined in the obvious way. Thus the motion of the center of mass is governed by a
law involving the mean force, while the laws governing the motion of the displacement
from the center of mass involves the difference of the force acting on the particle and
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the mean force and is identical for each of the particles. In particular, the particles
interact only through the center of mass and the mean force.
Ezample 6 (permutations with two kinds of subsystems). Now consider the system

¥ = (R, (R™)™ x (R™)"2,B) € Lmanitmang

Think of ¥ as modelling n; identical subsystems of one kind with each m; features
and ng identical subsystems of a second kind each with my features.
Let p: Sp, X Sp, — GL((R™)™ x (R™2)"2) act as follows:

/ / 1" " —— / / " "
Pg1,92C0L (WY, - o o, Why s WY,y Wy, ) 1= COMWh, (1), - -+ Wy (n1)» Way (1)1 - -+ Waa(na))-

The decomposition of p into irreducible components now becomes p & (my +mz)p1 ®
m1 05 ® mopy with p; the identity representation and (m; + mg2)p1 = p |v, with
Vi = {col(zl,...a), ,2f,...,ap,) |2y = ==, 2] =--- =2, }.

Furthermore, pf, and pj are the analogues of what we denoted by p, before: p)
corresponds to the analogue of ps as an irreducible representation of S, and pf
corresponds to the analogue of pe as an irreducible representation of S,,. Pro-
ceeding as before, Theorem 5 will show that ¥ is p-symmetric if and only if there
exist Mgy, my,m{ € Z; and polynomial matrices R,y € R™mavx(matma)[g] R €
R™a*™1[g], and R € R™a*™2[s] such that ¥ is described by

Rg(%)wg—w;,,)ﬂ, i=1,2,...,m,

R} <%) (wj —wg,) =0, j=1,2,...,n9.
This shows that the two groups can only interact through their averages, while all the
respective displacements are independent.

An interesting special case can now be obtained by taking ne = 1. We can then
view the situation as modelling the dynamics of the interaction of a central control
station with n identical substations. In the obvious notation, the dynamical laws then

take the form
d Waw
r ()] Y

Weentral
R d (w; — wey) =0 i =1,2
A dt 7 av) — Y, t=14,...,n.

Thus the central controller influences only the average of the feature vectors of the
substations.

Remark. The above examples all involve the action of the whole symmetric group
Sn. Actually, identical results may be obtained by considering a doubly transitive
subgroup G of S,. A subgroup G C S, is said to be transitive if, for all o, €
{1,2,...,n}, there exist g € G such that g(a) = B; it is said to be doubly transitive
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if, for all o/, 8',a",8",€ {1,2,...,n},a’ # ", and B’ # (", there exists g € G such
that g(a') = B’ and g(o”) = 3”. An example of a doubly transitive subgroup is the
subgroup of even permutations.

It can be shown that the representations of Examples 4-6 remain valid without
changes if we assume invariance of B for a doubly transitive subgroup G of S, in
Example 5 and doubly transitive subgroups G; of S, and G; of S,,, in Example 6. In
particular, this shows that permutation symmetry for one doubly transitive subgroup
implies permutation symmetry for the whole of S,, in Example 5 and analogously for
the whole of S, X S,, in Example 6!

Ezample 7 (cyclic permutations). Let Z, denote the group consisting of

{0,1,...,(]—1}

with the group operation addition modulo ¢. It is more convenient to denote this
group as {1,r,7%,..., 7971} with r? = 1. Note that Z, is a subgroup of S,. It is called
the group of cyclic permutations. Let Z, = {1,r,... ,7971} act on K? as in the case
of permutations. Thus

preol(z1,Z2, ..., Tq—1,Zq) 1= col(zq, T1,Z2,...,Tq—1)
from which p,, ..., pra-1 follow.
Because the group Z, is commutative, its irreducible representations over C are all
one-dimensional. There are g such irreducible representations given by p1, p2,...,pq

with py : Z, — GL(C) given by pi, = AF with X := €!?7/9). A simple calculation
shows that p = p; @ p2 @ -+ ® pg, with the invariant subspace corresponding to pi
given by span col(1,A"%, A2k . A=(¢=Dk) This now allows us to compute the
p-adapted basis. We omit the detailed calculations.

Theorem 4 implies that ¥ = (R,R?,B) € £? will be symmetric with respect to
the cyclic permutations if and only if there exist polynomials ry,72,...,74 € Cl[z],
p(X) of which are nonzero, such that

q
i (%) (Z)\"*wk) =0, j=12...¢
k=1

forms a minimal representation of 3. This set of equations can be edited a bit further
and leads to the following canonical form for this cyclic symmetry. ¥ will be symmetric
if and only if there exist polynomials 71,72, ...,7q € C[s] and a representation of X of
the following form:

™ (:ii_t) T2 (%) Tg-1 (%) Tq (% w;
Tq (%) 1 (adz) e T2 (%) Tq—1 %) ufz =0.
72 (%) 7s(&) - fa(f)  F(R) Ya

Note that this representation (which is possibly nonminimal) puts the cyclic symmetry
nicely into evidence.

In the real case where K = R, we must combine the complex conjugate irreducible
representations. Similar calculations to the above ones lead to (possibly nonminimal)
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behavioral equations

forj=1,2,...,§—1, if ¢ is even.

In the case that g is even, there is an additional equation

"4 (t‘%) (kz::l(*l)kwk) =0,

where 79,75, 77, 7472 € R[s].

The above calculations are easily generalized to cyclic permutation symmetries

with feature vectors. In this case, it suffices to interpret the r’s as matrices.

7.2. A quaternionic symmetry.

Ezample 8. Consider (R,R?,B) € £4 with ¢ = 4. Now assume that this system

is symmetric in the following sense:

w1y —wa —W3 —W4

w2 w w —W:
€eB|=> L 4, S 1eB

w3 —Wy wi w2

Wy w3 —Ws2 w1

As we will see, this is a quaternionic symmetry. We will not give a physical example

where such a symmetry can occur.

The group of quaternions consists of H = { £ 1, 1, £ j, £ k} with multiplication

table
P=3l=k=-1,ij=—ji=k, jk=—kj=1i, ki = —ik = —j.

The following defines a representation of H on C?

10 , 0 -1
:i:lv—-):l:[o 1], :i:ZH:I:[l ]

. i 0 0 3
sima§ 0], wes[0 2],

This representation is irreducible. It is obviously not real and, since all the above
matrices have real trace, it is a complex representation of quaternionic type. The
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representation induced on R* by combining this representation with its complex con-
jugate yields
] , i My =

kHM3Z=

[y

1 ,

[==J e R ]

OO MO
= o oo
oo~ O

ji——)M2:=

HOOO O~ OO

0
0
1
0

OO O

-1
0
0
0

—ooco oo

0

0
-1

0

0 -
-1

0

0

ocroo PO

SO O~

Note that M, My, M3 are precisely the matrices defining the static symmetry under
consideration.

It follows from Theorem 5 that the X’s that are symmetric in this sense are
precisely those that admit a representation for the form

d d d d
a(a)’wl—b(d—t>UJ2—C(EZ>'(U3—d(Ez)1U4—O,

with a,b,¢,d € R[s].

7.3. Symmetries with Lie groups. A Lie group G is a topological group with
the structure of a C*° differentiable K-manifold in which the group multiplication and
the inverse are C* maps. A C* group homomorphism p : G — GL(K") is said to be
a representation of the Lie group G on K”. Let g¢(K™) denote the set of n x n matrices
over K endowed with the usual commutator product [4, B] = AB — BA; g¢(K") is
the Lie algebra of GL(K™). Let G be the Lie algebra of G. The representation
p: G — GL(K") of the Lie group G on K" induces a Lie algebra homomorphism
p: G — gf(K™) of the Lie algebra G on K". Let Xy, X»,...,Xn € K™ be a set of
generators of 5(G). Then we have the following result.

THEOREM 6. Let G be a compact connected Lie group and let p : G — GL(K?)
be a representation of the Lie group G on K9. Let X1,Xs,..., XN € K?7%? be a set
of generators of p(G) with p the induced representation of the Lie algebra G on K9.
Then the following are equivalent for ¥ = (R,K9,B) € L%:

(1) X is p-symmetric;

(2) XBC B for all X € p(G);

(3) X;BCB fori=1,2,...,N;

(4) There exist matrices Y1,Yz,...,Y, € KPE)*P(E) and a R € KP(E)X4[s] such
that R(d/dt)w = 0 is a minimal representation for ¥ with Y;R(s) = R(s)X; for
i =1,2,...,N. Moreover, the subspace generated by the Y;’s is a Lie subalgebra of
gl(KP®)) and yields through the association X; — Y; a subrepresentation of the Lie
algebra representation p : G — gf(K™).
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Proof. Assume without loss of generality that G is a subgroup of GL(K?) and
that p is the canonical injection.

We will run the circle (4) = (3) = (2) = (1) = (4). The first two implications
are trivial.

To show that (2) = (1), assume that X € G and consider the exponential exp X.
It is well known that there exist ai,as,...,a, € K such that expX = Yo a; X :,
This implies, by (2), that (exp X)B C B. Since G is compact connected, exp: G — G
is surjective, and hence (1) follows.

(1) = (4): From Theorem 3, it follows that there exist R € KP(*)X4[s] and a
representation p’ : G — GL(KP®)) such that p'R(s) = R(s)p. Now consider the
one-parameter subgroup of G given by G; := {exp uX; | p € K}. Then p'(G;) is also
a one-parameter subgroup of GL(KP(®)). Hence there exists a Y¥; € gf(KP(*)) such
that p’(exp uX;) = exp uY;. Hence (exp uY;)R(s) = R(s)(exp uX;). Differentiating
at p = 0 yields Y;R(s) = R(s)X;. The last part of (4) follows from the observation
that R(s)X;X; = Y;R(s)X; = Y;Y;R(s). Hence R(s)[X;, X;] = [Y;,Y;]R(s). This
shows that the vector space generated by these Y;’s is a Lie subalgebra of gf(KP(*))
and that X; — Y; generates a Lie algebra homomorphism. 0

7.4. Rotation symmetries.

Ezample 9 (rotations on R™ with m > 2). Consider the group SO(m) of real
orthogonal m x m matrices with determinant 1. SO(m) is a compact group, and
it can be shown that, when m > 3, the canonical injection of SO(m) into GL(C™)
(which will also be denoted as SO(m)) is irreducible over C.

Now consider the system ¥ = (R, (R™)", B). Assume that SO(m) acts on (R™)"
by M € SO(m), taking col(w;y,ws,...,wy,) into col(Mw;, Mw,, ..., Mw,). Now
consider the static symmetry induced by this action. To interpret this situation
physically, think, for example, of m = 3 and of ¥ as modelling the motion of n
(not identical) particles in R3 under the influence of rotation invariant laws. Another
possibility is to think of the situation m = 3 and n = 2n’ with ¥ modelling the
position and the force acting on n' particles.

Applying Theorem 5 and using the irreducibility of SO(m) for m > 2 immediately
shows that ¥ will be symmetric if and only if there exists a polynomial matrix R’ €
R**™[s] such that ¥ is represented as

wq

w
(r(2)em) | 7 [0

Wnp

Ezample 10 (rotations on R?). The above example must be modified in the case
where m = 2, since the canonical injection of SO(2) into G L(C?) is reducible over C.
SO(2) can be written as SO(2) & p @ p* with

cos @ —sin 0 — it
P sin @ cos @ T

Applying Theorem 5 leads to the following representation of rotation symmetric

systems for m = 2:
(@) B ),
R (%) HRu(g) L™
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with Ry, Ry € R(/2p(E)xn,
This result can also be obtained from Theorem 6. Indeed, since [_01 3] generates
SO(2) through exponentiation, symmetry implies the existence of an R such that

0a/2mx  I/2)p(®) ] [ 0, I, ]
R(s) = R(s ,
[ —Ia2p)  01/2)p(x) (s) = R(s) -I, 0,

where I and Oy denote the k X k identity and zero matrices, respectively. This also
yields the above representation.

Finally, systems with this rotation symmetry can also be represented by intro-
ducing the complex signal w := w; + twe with w : R — C. The differential equation

governing
w1
w2

then becomes R (d/dt)w = 0 with R € C(L/2p(E)xn[g],

Ezample 11 (rotations over 2mw/n degrees on R?). Let G = Z, = {0,1,
...,n — 1} (see Example 7 for notation) with n > 3. Now consider the represen-
tation p of G on R?, defined by

s 2mk
prkes |G o i |
Then (R, R2, B) € £2 being p-symmetric means symmetry in the sense of Example 10,
by rotations of 2w /n degrees. This is a subgroup of SO(2). Since the representation p
is also irreducible, we immediately obtain from Theorem 5 the representation obtained
in Example 10. This allows the interesting conclusion that ¥ € £? being symmetric
with respect to rotations of 27 /n degrees will imply that it is symmetric with respect
to all rotations. The Lie algebra line of reasoning in Example 10 showed this already
for n = 4, that is, for 90° rotations.

8. State space models. Many useful models encountered in applications in-
volve auxiliary variables in addition to the variables that the model aims at describing.
To distinguish between these two kinds of variables, we call the variables of primary
interest manifest and denote them as w, and we call the auxiliary variables latent,
and—usually—denote them as £.

Proceeding with the terminology of [15], this leads to a dynamical system with
latent variables, defined as Xy = (T, W, L, By) with T C R the time axis, W the signal
space of manifest variables, L the signal space of latent variables, and By C (W x L)T
the full behavior. Xy induces the manifest dynamical system ¥ = (T, W, B) with
manifest behavior B = {w | there exists an £ such that (w,¢) € By}.

In the context of systems described by differential equations, this leads us to
consider linear differential equations

d d
linking the manifest variables w € C*°(R,KY) to the latent variables £ € C°(R,K%).

Here R € K**9[s] and M € K**¢[s] are two polynomial matrices with the same num-
ber of rows. Formally, (12) defines the latent variable dynamical system (R, K¢, K¢, By)
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with By = ker[R(d/dt): — M (d/dt)]. Obviously, (R,K+4,B;) € £I4. We will de-
note this class of latent variable dynamical systems as £%¢. This family of models is
hence parametrized by pairs of polynomial matrices (R, M).

This model with latent variables induces the manifest dynamical system (R, K9, B)
with B = (R(d/dt))~! im M (d/dt). It can be shown that (R,K?,B) € L9, that is,
that (R (d/dt))~! im M (d/dt) can itself be described as the solution set of a system
of constant coefficient differential equations. In other words, there exists a polynomial
matrix R’ € R**9[s] such that the manifest behavior of (12) is described by

(13) R (%) w=0.

The matrix R’ can be obtained as follows. By premultiplying M by a suitable uni-
modular polynomial matrix U, UM can be brought in the form

0
UM=[M;,]

with M" € ]K;,’fd[s]. Partitioning UR conformably as

RI
UR = [ i ]

yields the desired R’. The result that (13) then defines the manifest behavior of (12)
follows easily from the observation that M" (d/dt) is surjective (in other words, if
P € R} *"™[s], then P (d/dt) : C=(R;K"™?) — C°(R; K™) will be a surjective map).

A very useful class of systems with latent variables are the state space systems. In
this case, the latent variables are denoted by z instead of by £. In [15], [16], we have
defined state space models abstractly in terms of concatenation of trajectories. For
differential systems, the result is that state space systems are precisely those latent
variable systems whose full behavior can be described by the following special type
of differential equations linking the state trajectory x € C°°(R; K") to the manifest
trajectory w € C°(R; K9):

(14) (E%+F)w+H'w=0

with E, F, H matrices over K of suitable dimension. The crucial feature of (14) is
that this differential equation is first-order in x and zeroth-order in w.

Let us denote the state space systems with manifest signal space K?, and state
space K™ by £2". It follows that £%™ is parametrized by K*®*(2**9) by associating

with the element [E:F:H] € K**(2"+9) the behavioral equations (14). We denote the
state space system described by (14) simply as (E, F, H).

It follows immediately from the elimination of latent variables that the manifest
behavior of ¥; € L2 leads to a system in £?. However, the converse also holds:
for any ¥ € L9, i.e., for any polynomial matrix R € K**[s|, there exist nonnegative
integers n, f € Ny and matrices E,F € Kf*", H € Kf*9 such that the manifest
behavior of (14) is represented by (1). If ¥, € £%™ induces in this sense the system
¥ € L9, then we call &, (or (E,F,H) € K**21+9) a state space representation of
¥ € £7 ( or of (1)). We denote this as (E,F,H)~ X, or (E,F,H)~ R.
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Let E,F € Kf*" H € Kf*4, and (E,F,H) ~ X € L£%. We call this state space
system minimalif (E', F' € K'** H' € Kf'*9, and (E', F', H') ~» £) implies (f < f’
and n < n'). In [15], [16], it is shown that any system ¥ € £? admits a minimal state
space representation (in other words, both f and n can be simultaneously minimized).
This implies that, in a minimal state representation, the number of state variables
will depend on X, but not on the particular minimal state space representation of X.
We denote this minimal number of state variables by n(X). Similarly, f(X) denotes
the minimal number of equations in (14) representing X. It is easy to see [15] that
f(X) = n(X) + p(¥). The following proposition play a crucial role in our proof of
Theorem 3.

PROPOSITION 7. Let (E,F,H) ~ X € L be minimal. Then (E',F',H') ~ X
will also be minimal if and only if there exist V € GL(K/®) and T € GL(K™®)
such that

E'=VET, F' =VFT, and H =VH.

Finally, for given (E,F,H) and (E',F',H'), this V and T are unique.

Proof. For the proof, see [15]. O

This proposition states that minimal representations of a given manifest behavior
differ only in their choice of the basis in the state space and in the equation space.

THEOREM 8. Let p : G — GL(K?) be a representation of the compact group
G onK9. Let ¥ € L% and let ¥y = (E,F,H) € L%" be a minimal state space

representation of X. Then X is p-symmetric if and only if there exist representations
P : G — GLK"®) and p" : G — GL(Kf®) such that

(15) o'E=Ep, p'F=Fp, and p'H = Hp.

Proof. The “if” part is clear. To see the “only if” part, observe that (E, F, Hp,)
is also a minimal state space representation of ¥. By Proposition 7, this implies that
there exist V, € GL(Kf®) and T, € GL(K"®)) such that E = V,ET,, F = V,FT,
and Hp, = VyH. Define p' : g — V, and p” : g — (T,)~!. We claim that p’ and p”
are also representations of G. In fact, from the uniqueness condition in Proposition
7, it follows immediately that Vg, g4, = V5, Vg, and (Ty,q,) " = (Ty,) 71 (Ty,) 7. 0

9. Canonical forms for state space models of symmetric systems. We
now use Theorem 8 and the ideas of §6 to obtain canonical forms for state space
systems. It is convenient to distinguish again between the complex case where K = C
and the real case where K = R.

9.1. Complex state space systems. Write the representations p, o/, and p”
of Theorem 8 in terms of irreducible representations as

pEm1p1 ®@mep2 @ - - O myp,
0 2 mips ®mhps @ - - D mipk,

P = mip ®@myps @ - © mygpy.
Now choose a p-adapted basis in the manifest signal space C%, a p’-adapted basis in
the state space C*®)| and a p”-adapted basis in the equation space C/*). Now apply
Schur’s lemma to (15). This yields that, in these bases E, F, and H will take the
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form

E =diag(F1 @ I,,, E2® I,,,, ..., Ey ®I,),
F=diag(F1 ® I,,,F,®1I,,,...,Fk,®1,,),
H = diag(H1 ®I,,H® I,,...,Hy ®Ink)~

This yields the following result.

THEOREM 9. Let G be a compact group and let p : GL(C?) be a representation
of G on C9. Assume that p = mip1 ® map2 & - - ® mepx with p; : G — GL(C™),
i = 1,2,...,k, distinct irreducible representations. Assume that the basis in C? is
p-adapted, as in Theorem 4. Then ¥ = (R,C?,B) € L is p-symmetric if and only
if there exist m},m} € Z, and matrices E;, F; € C™ *™i H; € C™ *™ such that £
admits the minimal state space representation of the form
(16) ((E,%'i‘ﬂ)@lnt) mi"‘(Hi@Ini)ﬁji:O, i=1,2,...,k
with W as in Theorem 4, and where x; : R — (C"i)mé, z = col(zy,xg,...,2k), is the
state trajectory.

9.2. Real state space systems. To obtain a canonical form for real symmetric
state space systems, we proceed in complete analogy to §6.2. By considering the
components of real, complex, and quaternionic type in the decomposition of p, the
following result is obtained.

THEOREM 10. Let G be a compact group and let p : G — GL(R?) be a represen-
tation of G on RY. Assume that p is decomposed as in (8) and that the basis in R is
p-adapted, as in Theorem 5. Then ¥ = (R,R%,B) € L2 is p-symmetric if and only if
there ezist

mlIR,iv mé:,h m,lHl,i’ mlll{,i’ mg,i) mlll;l,i € Z+
and matrices

" ’ ”

Mo XM Mp . XMR 5.

Fryi, Fri € R™: XMk Hy ;€ R X8
" ! ”

M s XM Mme . XMC,5.

Ec,;, Foi € CésXmes He ;€ CméaXmes,

" ’ "
my  Xmy my XMy ;
E]H[,i,FH,i € H™u.: H,i H]HI,i € CMu,i i

such that ¥ admits a minimal state space representation of the form

d .
((ER,z'a + FR,i) ® Inn,i) ZR,i + (HR,i ® Ing )R, = 0, 1=1,2,... kg,

d - .
(17)(<EC,i% + FQ,;) ® InC,i) e, + (HQ,; ® Inc'i)wc,i =0, 1=1,2,...,kc,

d . .
((Eﬂ,i% + FH,i) ® In,.,,») zH,i + (Hu,i ® Ing ,)WH,: = 0, i=1,2,...,ky
with @ as in Theorem 5, and where x = col(zg, Zc, TH) s the state trajectory;
ZR = col(zr,1,ZR,2, - -y TR kg ), With TR;: R — (R"R"')mﬁ,i;
zc = col(zc,1,Zc,2,- -1 TCke), Withzci: R — (C"C”')méﬁ;

. : /
oy = col(Th,1,TH,2, .- THky), With zy,;: R — (H)mhi,
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10. Proof of Theorem 3.

10.1. The complex case. As already shown in §6, it suffices to prove that,
if ¥ = (R,C9,B) € L7 is p-symmetric, then it allows a minimal representation, as
given in Theorem 4. By Theorem 9, it allows a minimal state space representation
as (16). Now consider in the ith equation of (16), x; as a latent variable. Using the
elimination of latent variables procedure as explained in the beginning of §8, we can
conclude that the ith equation of (16) constrains W; to satisfy an equation of the form
(A; (d/dt) ® I,,)w; = 0. This yields the ith representation of (7) and results in the
desired representation of Theorem 4.

10.2. The real case. For the real case, we can use this elimination of latent
variables procedure unchanged for each of the real and complex equations in (17).
These will yield the corresponding real, respectively complex, term in (11) of Theorem
5. However, the quaternionic equations in (17) require separate attention, since the
quaternions H do not form a field. This brings us to the following algebraic excursion.

Let R be a ring with an identity. Let R[s] denote the ring of polynomials with co-
efficients in R, and R™ *"2(s] the n; Xny matrices with elements in R[s]. Furthermore,
let GL(n,R[s]) denote the group of units of the ring R™*"[s], i.e., the set of polyno-
mial matrices over R with a polynomial inverse. We call these matrices unimodular.
Now consider the problem of bringing a given element P € R™*"2[s] into a conve-
nient canonical form by premultiplying it by a suitable element U; € GL(n1,R[s])
and postmultiplying it by a suitable element U; € GL(ng,R[s]). We will say that
P can be brought in diagonal form if there exist such U;, U, yielding for U; PU; a
matrix of the form

with D a diagonal polynomial matrix. It is well known that any P can be brought in
diagonal form if R =R or C.

For what rings R such a diagonalization is possible? We now show that it is
sufficient for R to be a division ring. Recall that a ring is a division ring (also called
a skew field) if its nonzero elements form a group (R must contain an identity distinct
from the zero, and a # 0 must imply that it is a unit of R (i.e., it has an inverse
a~l € R)).

LEMMA 11. Let R be a division ring. Then each P € R™*"2[s] can be brought
in diagonal form.

Proof. The proof is an adaption of the case of a skew field of the proof of the
Smith form for real or complex polynomial matrices as given in [3].

If P = 0, there is nothing to prove. Otherwise, let Py, be the element of P of least
degree. By permuting rows and columns we can assume that this element is in (1,1)
entry. Now assume that the (1,2) entry is also nonzero. Then divide P;2 by P;; with
remainder, yielding P2 = Pp;d + r with degree r < degree P;;. Now postmultiply
with the unimodular matrix



1290 FABIO FAGNANI AND JAN C. WILLEMS

This replaces the element P by r. If r # 0, move it to the (1,1) position. Repeat
this process for each element of the first row and first column (using the division with
remainder Pp; = dPj; + r and premultiplication). Each time the division is carried
out with a nonzero remainder, the degree of the (1,1) element must decrease. Hence
after a finite number of steps, we will obtain a matrix of the form

*x 00 --- 0

0 * * .-+ x

0 * * --- %
and we obtain the lemma by induction. 0

Now consider the ring H of quaternions over R: expressions of the type a + i3 +
jv + kb6 with «,8,7,6 € R and ¢, j, k elements satisfying the multiplication rules as
in Example 8. With the obvious rules of addition and multiplication, H is a ring.
However, H is not commutative, but it is easy to see that it is a division ring. Hence
a polynomial matrix P € H™ *X"2[s] can be brought in diagonal form.

Now consider a system of differential equations.

d d
(18) R(dt)w*M(dt)e’
where w € C®(R;H?), £ € C®°(R;H?), R € Hf*4[s], and M € Hf*4[s]. Note that
this is a differential equation with latent variables as (12) but in which the signals
and coefficients take their values in the skew field of quaternions H. We would like to
eliminate the latent variables in (19), using only operations in H.
Observe that the manifest behavior of (19) remains invariant if we replace R with

U1 R and M with U; MU, with U; and Uz both unimodular polynomial matrices with
coefficients in H. By Lemma 11, U; and U, can be chosen such that

0

o= [ 3]
with D = diag(dy,ds,...,d,) and 0 # d; € H[s]. Denote the conformable partition of
U 1R by

R/
UiR = [ B ] .

Now observe that, if 0 # d € HJs], then the operator d (d/dt) : C*°(R; H) — C>°(R;H)
is surjective. To see this, it suffices to write this as a differential operator from
C>(R;R?) into itself and use the fact that the corresponding (4 x 4) polynomial

matrix with real coefficients has a nonzero determinant.
This implies that the manifest behavior of (19) is governed by

(19) R (%) w =0,

Applying this elimination result to each of the quaternionic equations in (17) yields
the corresponding quaternionic equations in (11).
This establishes that Theorem 10 yields the desired representation of Theorem 5.
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11. Group representations in GL(n,K[s]). Theorem 3 implies an interesting
result about abstract group representations. A mapping p : G — GL(n,K][s]) (the
unimodular n x n polynomial matrices over K), which is a group homomorphism and
continuous (in the sense that the map g € G — pyg(A) € GL(K") is continuous for
each fixed A € K and the map A € K — py()\) € GL(K"), is continuous uniformly in
g € G), is called a representation of G on GL(n,K][s]). Two such representations p;
and p, are said to be isomorphic if there exist a U € GL(n,K[s]) such that ps 4(s) =
U(s)p1,4(s)(U(s))~. The representation p is said to be a constant representation if
pg(8) is actually a constant matrix for all g € G, that is, if p : G — GL(K?), if p
is actually a representation of G on K™. We now show that Theorem 3 implies that
every representation of G on GL(n,K[s]) is isomorphic to a constant one. This result
can be deduced from [7], where a more general theorem is proved using very different
methods. Our proof, which, as we have seen, relies on the state space representation
of dynamical systems in £9, provides a nice alternative “system theoretic’ proof of
this result in the theory of algebraic groups. On the other hand, we also note that
Theorem 3 can be easily deduced directly from Corollary 12 (and hence from [7]).
Hence Theorem 3 and Corollary 12 are fully equivalent.

COROLLARY 12. Let GL(n,K[s]) denote the group of unimodular nxn polynomial
matrices over K(= R or C). Let G be a compact group and let p : G — GL(n,K]s])
be a representation of G on GL(n,K[s]). Then p is isomorphic to a constant repre-
sentation.

Proof. 1) Consider, for each A € K, the mapping p* : G — GL(K") defined by
p;‘ := pg(A). It is easy to see that p* is a representation of G on K™. We first prove that
all the representations p* are isomorphic. It is well known that two representations
of G on K™ are isomorphic if and only if their characters are equal. Hence it suffices
to prove that the characters X,» : G — K, defined by X,x(g) := Trace(pg(})), are
independent of A € K. Let p* 2 m3p; ®m3p2 @+ ®mppr @ - - be a decomposition
of p* in terms of irreducible representations. We prove that m£ is independent of
A. Now mg is given by mp =< Xp*» Xpr -= fG Xp* X}, 49, where dg is the normalized
Haar measure [9] of G. This implies that mj is continuous as a function of A for
X € K. However, since m} it is integer-valued, m} must therefore be constant for
A € K. This shows that all the p*’s are isomorphic.

2) The first part of the proof yields the existence of a map M : K — GL(K")
such that

(20) pg(MM(X) = M(X)p,(0)

for all A € K and g € G. We now show that this implies the existence of a polynomial
matrix R € K"*"[s] with detR # 0 such that

(21) pg(s)R(s) = R(s)py(0)
for all g € G. In other words, we show that the set of equations
(22) pg(s)X(s) = X(s)pg(0), g€@G

has a polynomial solution X € K"*"[s] with det X # 0. Note that we can rewrite
(22) in vector-matrix notation as

(23) Ay(s)z(s) =0, geqG
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with z € K™ [s] and Aq € K" *"*[s]. The vector z corresponds to the elements of X
in (22), while the matrix A, corresponds to the coefficients of the linear equations in
(22). Since (23) must be satisfied for each g € G, there are, in principle, an infinite
number of linear equations in (23). Now consider the rows of the matrices A, and
view them as vectors of rational functions, as elements of K*"* (s). Write (23) as

[ A'(s) ]
= ae) =0
A"(s)

with A’ such that its rows form a basis over K(~) for the span of the rows of all the
matrices Ay, g € G. Now observe that, by premultiplying  and A’ by a unimodular
matrix, we may as well assume that A’ is in Smith form, as follows:

A'(s) = [D(s) : 0]

with D(s) = diag (di(s),d2(s),...,dk(s)) and d; # 0 for ¢ = 1,2,..., k. This yields

that in a conformable partition A” will be of the form A”(s) = [A”(s) : 0]. Obviously,
this implies that each vector polynomial

z(s) = col(z1(s), ..., zk(8), Tk+1(8), . - -, Tn2(8))

with 1 = 3 = - - - = zx = 0 yields a solution X (s) of (23).

To show that there is at least one of these solutions with det X 3 0, we will use
(20). This equation yields, for each A € K, a solution m(}) to (23) with, in (23), s
replaced by A. Pick a A € K such that d;(A) # 0 for ¢ = 1,2,...,k. Clearly, m(}\)
must be of the form col(0, .. ., 0, g1, - . ., My2). Now pick a solution xz(s) of (23) such
that £(A) = m(\). The solution X (s) of (22) thus obtained will have X(\) = M()\),
whence det X # 0. This shows that (21) has a solution with det R # 0.

3) Now consider the dynamical system ¥ = (R,K", kerR (d/dt)). Obviously, by
(21), X is p(0)-symmetric, and R (d/dt)w = 0 is a minimal representation of X. By
Theorem 3, there exists a U € GL(n,K][s]) and a representation p' : G — GL(K")
such that

(24) paU(s)R(s) = U(s)R(s)pg(0)

for all g € G. Comparing (21) and (24) yields

pg(s) = (U ()71 pgU(s),

which is the claim of the corollary. O

Remark. Let p : G — GL(q,K[s]) be a representation of G on GL(q,K[s]). Let
¥ = (R,K9,B) € L7 be p-symmetric, meaning that py (d/dt) B = Bfor all g € G. Note
that this is a dynamic symmetry, in contrast (see §3.3) with the static symmetries
studied in this paper. However, Corollary 12 shows that, by a dynamic change of
variables w — U (d/dt)w, with U a suitable unimodular polynomial matrix, the
study of this type of dynamic symmetry reduces to a static symmetry.
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