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ABSTRACT
In sensor arrays or sensor networks, tracking each sensors
utility helps in excluding those which do not sufficiently con-
tribute to the task at hand, thereby reducing energy consump-
tion or avoiding model overfitting. In a linearly-constrained
minimum variance (LCMV) beamformer, the utility of a
sensor is defined as the increase in the beamformer’s out-
put noise power when the sensor would be removed and
the beamformer coefficients re-optimized. An expression
to efficiently compute this utility metric has been found for
the case where each sensor removal corresponds to a sin-
gle beamformer coefficient. However, in a filter-and-sum
implementation, a single sensor is filtered by a group of
beamformer coefficients. Furthermore, sometimes one wants
to track the joint utility of a group of sensors. In this paper
we derive a generalized expression to efficiently calculate the
utility of such groups as a whole, called the group-utility. We
show that the computational complexity of this generalized
expression is negligible if the number of groups is larger than
the group sizes, leading to a very efficient group-utility com-
putation compared to the straightforward implementation.
Furthermore, an efficient updating equation re-optimizing the
LCMV beamformer when a group of G beamformer inputs is
removed is found as a by-product.

Index Terms— Sensor subset selection, beamforming,
group-utility, sensor networks

1. INTRODUCTION

An array of sensors often improves the detection of physical
phenomena or the estimation of signals compared to single
sensor systems [1, 2]. Tracking the usefulness of individual
sensors in a sensor array or a sensor network allows to per-
form sensor subset selection to reduce energy consumption
[3], to avoid injecting noise in the system to avoid model over-
fitting or for sensor deployment topology identification [4]. In
this paper, we address the issue of finding this usefulness of
sensors in the context of beamforming.
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A beamformer aims to estimate a target signal that is cap-
tured by an array of sensors in the presence of noise and in-
terfering signals [5]. Although, beamforming was originally
formulated for analysis of radar and sonar signals [5], it has
been used in various other applications ranging from speech
enhancement in linear arrays [6] or acoustic sensor networks
[7] to analysis of event-related potentials (ERPs) in electoren-
cephalography (EEG) [8]. Specifically, we consider the pop-
ular linearly-constrained minimum variance (LCMV) beam-
former which minimizes the output power of the beamformer
under a set of linear constraints designed to pass the signals
coming from the desired directions while signals coming from
the interfering directions are rejected.

In literature, the ‘utility’ metric has been proposed to track
the usefulness of sensors for various signal estimation prob-
lems [9, 10]. In [9], the utility of an individual sensor in an
LCMV beamformer was defined as the increase in the total
power of the beamformer output signal if the input variable
corresponding to this sensor is removed from the estimation
problem and the remaining beamformer coefficients are re-
optimized using the remaining input variables. However, in
many practical scenarios, it makes sense to consider a group
of input variables as a single entity. For instance, when a
single sensor device consists of many sensors thereby provid-
ing multiple input variables or when multiple time-delayed
versions of a single sensor signal are combined by the beam-
former, thereby allowing it to perform time-domain filtering.
Therefore, in these cases it is essential to obtain the utility of
a group of input variables in the LCMV beamformer, which is
defined as the increase in the beamformer output signal power
when the entire group of variables are removed at once. Note
that this is different than the sum of the utilities of the indi-
vidual input variables in the group. Similar to [10], which
focuses on the case of minimum mean squared error estima-
tion, we term this utility of a group of input variables in an
LCMV beamformer as the ‘group-utility’. In this paper we
derive an expression to efficiently compute it, thereby gen-
eralizing the derivation in [9] to a groupwise metric. As a
by-product in the derivation, we also obtain an expression to
efficiently update the LCMV beamformer coefficients when a
group of input variables is removed, which extends existing
efficient LCMV beamformer updating methods for a single
sensor removal [9, 11] to a group-wise removal. We also per-
form a complexity analysis, which proves that the computa-



tional cost to compute the group-utility metric for K groups
of size G can be brought down to only O(KG3), i.e., lin-
early in the number of groups K. This is to be compared with
the straightforward calculation directly based on the group-
utility definition, which would have having a complexity of
O(K(K − 1)3G3).

The outline of the paper is as follows. The LCMV beam-
forming problem is introduced in Section 2.1 followed by
Section 2.2 which defines group-utility. In Section 3, effi-
cient expressions to compute the group-utility and to update
the LCMV beamformer coefficients are derived. In Section 4
an analysis of the computational complexity is performed and
compared to the naive computation of the group-utility. Fi-
nally, conclusions are drawn in Section 5.

2. PROBLEM FORMULATION

2.1. LCMV Beamforming

A filter-and-sum beamformer using an array of N sensors es-
timates the desired signal d at time t as:

d(t) =

N∑
n=1

J−1∑
τ=0

wn(τ)yn(t− τ) (1)

where yn is the signal from sensor n, wn is the n-th beam-
former coefficient and J is the number of filter taps used for
each sensor signal, i.e., the length of the delay line [5]. Ex-
pression (1) can be re-written in vector form as:

d(t) = wTy(t) (2)

where w is the M -dimensional vector containing M = NJ
filter coefficients wn(τ), y(t) is the M -dimensional vector
stacked with signals fromN sensors and their J time-delayed
versions yn(t − τ) for τ = 0, · · · , J − 1 [5]. We further
simplify (2) by the following expression which estimates the
desired signal d at t = 1, 2 · · ·T time samples in the vector
d ∈ RT as:

d = Yw (3)

where Y is a T×M matrix containing in its T rows y(t)T for
t = 0, 1, · · · (T − 1). In the remaining of this paper, we will
refer to the M columns of Y as input variables which in the
present case represents sensor signals and their time-delayed
versions.

LCMV beamforming is achieved by calculating the mul-
tichannel filter ŵ which minimizes the output signal power
P (w) which is defined as:

P (w) =

T−1∑
t=0

|wTy(t)|2 = wTRY Y w (4)

where RY Y = YTY, while satisfying a set of Q linear con-
straints. Thus, the LCMV beamformer ŵ is the solution of:

ŵ = arg min
w

P (w)

subject to CTw = f
(5)

where C is the M × Q matrix containing the Q constraints
and f is the response vector of length Q [5]. Typically, the
columns of C consist of known transfer functions to specific
sources, and f contains the desired beamformer response for
each of these sources (e.g., 1 for a desired source, and 0 for
an interfering source) The solution to (5) is given by

ŵ = R−1
Y Y C

(
CTR−1

Y Y C
)−1

f (6)

where, RY Y is assumed to be of full rank.

2.2. Definition of Group-Utility

We define the utility of a group of G input variables as the in-
crease in output power P when the G corresponding columns
of Y are removed and the remaining coefficients in w are
re-optimized. In practice, this scenario could correspond to
the removal of a subarray with multiple sensors, or a single
sensor with multiple time lags or a combination of both. To
contrast from the utility of a single variable defined in [9], we
term this utility of a group of variables as the group-utility.

Let us term the new LCMV solution after removal of G
input variables as ŵ−G. Then by definition, the group-utility
of G variables is:

UG = P (ŵ−G)− P (ŵ). (7)

The straightforward method to compute this group-utility
is to use (4) to calculate costs after obtaining the new LCMV
solution ŵ−G which is defined as:

ŵ−G =
(
RY Y−G

)−1
C̄−G

(
C̄T
−G
(
RY Y−G

)−1
C̄−G

)−1

f

(8)
where RY Y−G

= YT
−GY−G with Y−G defined as Y with the

G columns removed that correspond to the G removed input
variables, and similarly C̄−G is the matrix C with the corre-
sponding G rows removed. To obtain

(
RY Y−G

)−1
which is

required to solve (8), an inversion of the submatrix RY Y−G

of RY Y can be carried out. This operation is associated with
a computational complexity of O

(
(M −G)3

)
. Moreover, to

evaluate the group-utility of K such groups, the inversion of
an RY Y−G

matrix has to be carried out K times. Assum-
ing each group consists of G variables, the total complex-
ity for obtaining the group-utility of all the K groups would
be O(K(K − 1)3G3). In this paper, we derive an efficient
expression for calculating this group-utility with a computa-
tional complexity of only O(KG3).

3. EFFICIENT CALCULATION OF GROUP-UTILITY

To efficiently calculate the group-utility metric, we introduce
the variables T and L here:

T = R−1
Y Y C (9)

L =
(
CTR−1

Y Y C
)−1

=
(
CTT

)−1
(10)



With this new notation, (6) and (8) can be written as:

ŵ = TLf , ŵ−G = T−GL−Gf (11)

It is important to notice the difference between a variable
with and without overline notation, e.g., the difference be-
tween T̄−G and T−G. When using an overline notation as in
T̄−G, we refer to the result of removing the lastG rows of the
matrix T, where the latter is the full matrix used to solve the
full beamformer ŵ, i.e., before removing any variables. T−G
on the other hand is a new matrix of which the coefficients do
not overlap with the first M −G rows of T. T−G is defined
as:

T−G =
(
RY Y−G

)−1
C̄−G (12)

which would be used to compute the optimal beamformer co-
efficients after removal of G input variables. Similarly L−G
is then defined as:

L−G =
(
C̄T
−G
(
RY Y−G

)−1
C̄−G

)−1

(13)

We also define a few block partitionings of some of the ma-
trices where we assume without loss of generality that the
group of G input variables of which we aim to compute the
group-utility corresponds to the lastG columns of Y (this can
always be obtained by reshuffling the input variables). The
matrix RY Y is partitioned as follows:

RY Y =

[
RY Y−G

B
BT D

]
(14)

where D is a G × G matrix and B being an (M − G) × G
matrix.

The variables ŵ,C and T are partitioned as follows:

ŵ =

[
w̄−G
w̄G

]
(15)

C =

[
C̄−G
C̄G

]
(16)

T =

[
T̄−G
T̄G

]
(17)

Applying the matrix inversion lemma [12] to invert the
block matrix form of RY Y given in (14), it can be verified
that

R−1
Y Y =

[ (
RY Y−G

)−1
+ VGΓGVT

G −VGΓG
−ΓGVT

G ΓG

]
(18)

where,
VG =

(
RY Y−G

)−1
B (19)

ΓG =
(
D−BTVG

)−1
. (20)

Using the definition in (9) and (18), we can also write T
in block matrices as:[

T̄−G

T̄G

]
=

[
(RY Y−G)

−1
C̄−G+VGΓGVT

GC̄−G−VGΓGC̄G

−ΓGVT
GC̄−G+ΓGC̄G

]
.

(21)

Comparing the upper block in (21) and using (12):

T̄−G = T−G + VG

(
ΓGVT

GC̄−G − ΓGC̄G

)
(22)

Comparing with the lower block of (21), we get:

T−G = T̄−G + VGT̄G (23)

Substituting the block representations of R−1
Y Y and C

from (18) and (16) respectively in the definition of L from
(10) it can be verified that

CTR−1
Y Y CT = C̄T

−G
(
RY Y−G

)−1
C̄−G

+
(
C̄T
−GVG − C̄T

G

)
ΓG
(
C̄T
−GVG − C̄T

G

)T
.

(24)

For notational purposes, we introduce the matrix VG=

[
VG

−IG

]
where IG is an identity matrix of size G × G. Combining
(24) and (13) we get:

L−G =
(
L−1 −CTVGΓGVTGC

)−1
(25a)

=
(
L−1 − T̄T

GΓ−1
G T̄G

)−1
(25b)

where the second step uses: VTGC = −Γ−1
G T̄G, which fol-

lows from combining (16), (17), (9) with the lower part of
(18). Applying the matrix inversion lemma on (25b), we find

L−G = L + LT̄T
G

(
ΓG − T̄GLT̄T

G

)−1
T̄GL (26)

Finally, the new LCMV beamformer when a group of G vari-
ables is removed can be computed using (8), where L−G and
T−G can be efficiently calculated using readily available vari-
ables from the computation of the full beamformer (11) as
shown in (23) and (26).

We now derive an expression for group-utility UG as de-
fined in (7). By plugging (6) into (4), it can be verified that
P(ŵ) = LTf , such that (7) becomes:

UG = fT (L−G − L)f (27)

Now, we substitute (26) in (27) and use the fact that w̄G =
T̄GLf to obtain the following efficient expression to compute
the group-utility:

UG = w̄T
G

(
ΓG − T̄GLT̄T

G

)−1
w̄G (28)

The variables w̄G,ΓG, T̄G and L required for the computa-
tion of (28), are already available from the computation of the
full beamformer ŵ. Indeed, from the knowledge of R−1

Y Y , we
know ΓG through (20), from the computation of L and T in
(13) and (12) respectively, we know L and also T̄G through
(17). It is noted that the sensor utility expression derived in
[9] is a special case of (28) when the group size G = 1.
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Fig. 1. Comparison between the naive computation (27) and efficient computation (28) of the group-utility of all K groups of
size G in an LCMV beamformer. (a) G = 5, K is varied (b) K = 5, G is varied. The number of constraints is Q = 2 in both
cases.

The computational complexity for the group-utility eval-
uation of a single group of G variables is only O(G3), for the
inversion of the G×G matrix in (28) or O(Q3) for the multi-
plication of T̄G and L ifQ > G. Therefore, for the evaluation
of the group-utility ofK such groups, the computational com-
plexity is O(KG3). Comparing this with the computational
complexity of straightforward group-utility evaluation given
in Section 2, (28) is clearly less complex.

4. COMPLEXITY ANALYSIS

In Section 3, expression (28) was derived for the evaluation of
group-utility which is significantly less complex than a naive
computation by straightforward application of the definition
(7), leading to (27). In this section we present a compari-
son of the computational complexity between the naive and
efficient group-utility calculation in terms of floating-point
operations (flops). A flop is an addition or a multiplication
of two floating point numbers. For the analysis, we assume
R−1
Y Y ,L,T, and ŵ, are already known from computing the

full beamformer (11). We further assume the following num-
ber of flops associated to common matrix operations:

1. Inversion of an M ×M matrix requires M3 flops.
2. Multiplication of an M × N matrix with an N × P

matrix requires 2MNP flops.
3. Addition or subtraction of twoM ×N matrices require
MN flops.

Using these assumptions, the naive calculation of group-
utility according to (27) for a single group of G variables
requires (M−G)3+2(M−G)2Q+2(M−G)Q2+Q3+3Q2+2Q flops,
which translates to anO(K(K−1)3G3) complexity for allK
groups. However, the efficient expression (28), requires
only G3+G2(3+2Q)+2G(Q2+1) flops, which is of O(KG3)
complexity when the group-utility computation of all K
groups are considered.

In Fig. 1, the number of flops are plotted as a function of
the number of groups K and the group size G for both the
naive implementation (27) and the efficient implementation
(28). In Fig. 1a, we fixed the group size G to G = 5 and var-
ied the number of groupsK from 2 to 200. It can be observed
from this figure that when the number of groups K >> G,
the efficient computation of group-utility using (28) requires
significantly less flops than the naive computation using (27),
up to 6 orders of magnitude difference. In most of the prac-
tical scenarios where sensor arrays are deployed, the number
of groups (K) would be considerably larger than the number
of input variables per group (G). This significant reduction in
complexity is very useful in real-time tracking of the impor-
tance of sensor nodes using group-utility.

For the sake of completeness, we would like to note that,
in the case of G >> K, the advantage of efficient computa-
tion is not as large as when K >> G. This is demonstrated
in Fig. 1b where we fixed the number of groups to K = 5
and group size G was varied from 2 to 200. Here, the gain in
complexity is smaller, yet the efficient computation still offers
a computational advantage.

5. CONCLUSIONS

In this paper, we have defined a group-utility metric for the
LCMV beamforming problem and derived an elegant expres-
sion to efficiently compute it. The efficient expression has
significantly less computational complexity compared to a
straightforward naive calculation of group-utility. We have
also verified and demonstrated this by calculating complexity
in terms of flops. Thus the online tracking of importance of
sensors in a sensor array using group-utility can be carried
out easily with minimal computational overhead.
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